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ABSTRACT:

Introduction/purpose: Molodtsov introduced the concept of soft sets as a new mathematical tool for dealing with problems
containing uncertainties. In the literature, different kinds of operations of soft sets are defined and used in theory and applications.
Methods: This study is based on the paper "A New Operation on Soft Sets: Extended Difference of Soft Sets" by Sezgin, Ahmad
and Mehmood [Journal of New Theory 27 (2019) 33-42].

Results: In this paper, we define a new operation on soft sets, called extended symmetric difference and investigate its relationship
between extended symmetric difference and restricted symmetric difference and some other operations of soft sets.

Conclusion: The author believes that the obtained results represent a significant improvement of many known results in the
existing literature.

KEYWORDS: Soft sets, intersection, union, difference, extended symmetric difference.

Pe swowMme

Beeacnne/mean: A.A. MoAOAIIOB IPEACTABHA KOHLIEIIIIMIO MSATKHX MHOXKECTB B KA4E€CTBE HOBOI'O MATEMATHYECKOTO HHCTPYMEHTA
AASL PEIICHHUS 3aA24, COACPIKAIUX HEONPEACACHHOCTH. B AuTEpaType onmpeacAcHbl Pa3AUYHBIC BHABL ONCPALIUH HAaA MATKHMU
MHOXKECTBAMH, KOTOPbIE HCIIOAB3YIOTCSI B TEOPUH U Ha IPAKTHKE.

Meroapr: Aannast crartes ocHoBaHa Ha uccaepoBaHuu Cesruna, Axmapa u Mexmyaa «Hosast omepanust map Msarkumn
MHOXECTBAMHU: PACIIUPEHHAS PA3HOCTD MATKHX MHOXecTB>» |Journal of New Theory 27 (2019) 33-42].

PesyapraTsi: B aaHHOH cTaThe NpeACTABACHA HOBAsl ONEpaLMsi HaA MSTKUMH MHOXECTBAMH, Ha3blBae€Mas PaCIlMPEHHOMN
CHMMETPUYCECKOH Pa3HOCTBIO, a TAIOKE PE3YABTaThl HCCACAOBAHHS B3aMMOCBS3H MEXKAY PACIIMPEHHON CHMMETPHYCCKOM
PA3HOCTBIO ¥ OTPAHMYCHHON CHMMETPHYECKOH PasHOCTBIO M HEKOTOPBIMU APYTHMH ONEPALIMSMU MSATKUX MHOYECTB.

Br1BOABL: ABTOp CYHMTAET, YTO OAYICHHBIC HM PE3YABTATHI IPEACTABASIOT 3HAIUTEABHBIH BKAAA B HCCACAYIOMYIO O6AACTD.

Kinode BB e CJ 0B a: MIIKue MHOKECTBA, IEPeceicHUE, 00bEAUHCHHE, PA3HOCTb, PACUIMPECHHASI CAMMETPUICCKAST
PasHOCTb.

ABSTRACT:

VBoa/umm: MOAOACOB je IPEACTaBUO KOHLENT cOPT CKyIla Ka0 HOBO MATEMATHYKO CPEACTBO 32 pellaBame MpobAeMa y KojuMa
e jaBma HEHUSBECHOCT. Y AMTEPATypH Cy PasAMYMTE BPCTE OIepanuja codT cKymosa scdunucade u xkopuuheHe y Teopuju u
PasAMYUTHM 06AMIIMMA TPHMEHA.

Metoae: OBaj pa 3acHoBaH je Ha papy ,Hosa onepanuja cor ckymnosa: npoumpena pasauka copr ckynosa” ayropa Cesrnna,
Axmapa u Mexmyaa [Journal of New Theory 27 (2019) 33-42].

Pesyararu: Aedunucana je HOBa onepanuja coT CKyIOBa, Koja ce HasuBa MPOIIMPEHA CUMETPHYHA pasanka. McrpaxkeHa je Besa
usMelyy nmpommpene 1 orpaHuYeHe CUMETPUYHE Pa3ANKE U HEKUX APYTHX OIlepaliyja cOPT CKyNoBa.

3akaydak: AyTop Bepyje Aa AOOUjCHH PE3YATATH IIPEACTABAR]Y 3HAYAjaH AOIIPUHOC AOCAAAIIIBUM ITO3HATHM PE3YATATHMA.

KEYWORDS: co(])T CKYITOBH, IIPECEK, yl—mja, pasAuka, IpOIIMpPEHA CHMETPUYHA Pa3AUKA.
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INTRODUCTION

Problems with uncertainties are a major issue in many fields such as economics, engineering, environment
and so on. One of the theories that deal with uncertainties is the soft set theory which was introduced by
Molodtsov in 1999 (Molodstov, 1999) as a new mathematical tool. In the soft set theory, the problem of
setting the membership function does not arise, which makes the theory easily applied to many different
fields including game theory, operations research, probability theory, and measurement theory.

In the literature, different kinds of operations of soft sets are defined and used in the works on the soft set
theory and its applications. Well known operations of soft sets and their properties are given by Maji et al.
(Maji et al, 2003). However, some of these definitions and their properties have a few gaps, aspointed out by
Ali etal. (Ali et al, 2009) and Yang (Yang, 2008). To make some modifications to the operations of soft sets
and fill in these gaps, Ali et al. (Ali et al, 2009). Cagman and Enginoglu (Cagman & Enginoglu, 2010), Pei
and Miao (Pei & Miao, 2005), and Sezgin and Atagun (Sezgin & Atagun, 2011) have made contributions.

In 2011, Sezgin and Atagun (Sezgin & Atagun, 2011) discussed the fundamental theorems about
operations of soft sets i.e; union and intersection of soft sets and other operations, see (Perovi¢ et al, 2008).
In that paper, they defined union and intersection operations of soft sets both with restricted and extended
conditions but defined the difference operation only with the restricted condition. In 2019, Sezgin, Ahmad
and Mehmood (Sezgin et al, 2019) defined the extended difference operation.

Here in this paper, we have defined a new operation on soft sets called extended symmetric difference and
also proved some of its properties. Moreover, we have also proved the interesting results which show the
relationships between extended symmetric difference and other operations. The main objective of this paper
is to make the soft set theory more effective and solid by enhancing the conceptual feature of operations on
soft sets. This paper is one theoretical study of soft sets.

PRELIMINARIES

In this section, we recall some basic notions in the soft set theory. Let U be an initial universe set and Ey;
be the set of all possible parameters under consideration with respect to U. The power set of U is denoted
by »@) and A is a subset of E. Usually, parameters are attributes, characteristics, or properties of objects in
U. In what follows, E; (simply denoted by E) always means the universe set of parameters with respect to
U, unless otherwise specified.

Molodtsov (Molodtsov, 1999) defined the soft set in the following manner:

Definition 2.1. (Molodtsov, 1999) Let Ube an initial universe set, E be a set of parameters, 7w the power
setof U. A pair (F,E) is called a soft set over U, where Fis a mappingof E into the set of all subsets of the set U.

In other words, a soft set over U'is a parameterized family of subsets of U. For e € £, F(e), may be considered
as the set of e-elements of the soft set (F,E) or as the set of e-approximate elements of the soft set.

Definition 2.2. (Maji et al, 2003) For two soft scts (F,4) and (G,B) over a common universe U, we say
that (F,4) is a soft subset of (G,B), denoted by .1 2 @ 5), if it satisfies:

® AcCBh,

o for all e € 4, Fe), and G(e) are identical approximations.

Similarly, (F,4) is called a soft superset of (G,B) if (G,B) is a soft subset of (F,A4). This relation is denoted
by (F,4) 5 (G, B).

Definition 2.3. (Maji et al, 2003) Two soft sets (F,4) and (G,B) over a common universe U are called soft
equal if ¢.0 @5 and 45 @.5).

Definition 2.4. (Ali et al, 2009) The relative complement of a soft set (F,4) is denoted by (4 and is
defined by .4y - .0, where r:4- P@) is a mapping given by ) = n\ree), foraie e a..
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Clearly .4y =u, —z (7.4), and «. 4 = &), It is worth noting that in the above definition of complement, the
parameter set of the complement (r, 4y is still the original parameter set 4 (Ali et al, 2009).

Definition 2.5. (Maji et al, 2003) A soft (F,4) set over U is said to be a null soft set denoted by P, if for
alle e 4, Fe) = 0, (null set).

Since some researchers are in some conflict about a null soft set due to its notation, like others (Sezgin
& Atagun, 2011), so we prefer to use @, instead of P for the null soft set of (F,4) as Ali et al. (Ali et al,
2009) used.

Definition 2.6. (Maji et al, 2003) A soft set (F,4) over U is said to be an absolute soft set denoted
by, ifforalie € 4, F(e) = v.

Note that we use the notation 1, instead of 4 as in (Ali et al, 2009) throughout this paper.

Definition 2.7. (Ali et al, 2009) Let (F,4) and (G,B) be two soft sets over a common universe U
such thatan g = 0. The restricted intersection of (F,4) and (G,B) s denoted by (7.4)a 6.5 and is defined
as(r.4)m (6.B) = (4,¢), where ¢ = 4n B and for all eec, H#e) = Fle)nG(e).

Definition 2.8. (Ali et al, 2009) Let (F,4) and (G,B) be two soft sets over a common universe U
such thatans = 0. The restricted difference of (F,4) and (G,B) is denoted by ¢.4) @5 and is defined as
(F.A) —x (6,B) = (H,C), where ¢ =anB and for all e e ¢, H(e) = F(e)\G (e).

Definition 2.9. (Ali et al, 2009) Let (F,4) and (G,B) be two soft sets over a common universe
U such thatang=9. The restricted union of (F,4) and (G,B) is denoted by &4 @5 and is defined
as(F.4) —x (6.B) = (1,0), where ¢ = 4n B and for all e e ¢, H(e) = Fie) u Gee).

Definition 2.10. (Sezgin & Atagun, 2011) Let (F,4) and (G,B) be two soft sets over a common universe
U such that 4n 8 = 0. The restricted symmetric difference of (F,4) and (G,B) is denoted by ¢4 5 @.» and is
defined as ¢ 4)Z 6.5) = ((F, 4 ug (6, BY) —x ((F,4) 0 (6,BY) = (1,¢), Where ¢ = AnB.

Definition 2.11. (Ali et al, 2009) The extended union of two soft sets (F,4) and (G,B) over a common
universe U is the soft set (H,C), where ¢ = auB, and forall e e ¢;

F(e), e € A\B,
H(e) =4G(e), e € B\A,
F(e)UG(e) e€ANB.

We write (7, 4) us (6.B) = (#.C).
Definition 2.12. (Ali et al, 2009) The extended intersection of two soft sets (F,4) and (G,B) over a
common universe U is the soft set (H,C), where ¢ = 4uB, and for all e e ¢;

F(e), e € A\B,
H(e) =1G(e), e € B\4,
F(e)nG(e) e€e ANB.
We write (F,4)n; (6,8) = (H,¢).

Definition 2.13. (Sezginet al, 2019) The extended difference of two soft sets (F,4) and (G,B) over a
common universe U is the soft set (H,C), where ¢ = auB,and forall e € ¢;
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F(e), e € A\B,
H(e) ={G(e), e € B\A,
F(e)\G(e) e€ ANB.

Thus, the relation is sown by (7,4) ~. (6.5) = (#,0).
EXTENDED SYMMETRIC DIFFERENCE

For the fundamental properties and theorems related to operations of soft sets such as restricted union,
extended union, restricted intersection, extended intersection, restricted difference, extended difference, we
refer the readers to the papers Ali et al. (Ali et al, 2009), Cagman and Enginoglu (Cagman & Enginoglu,
2010), Pai and Miao (Pei & Miao, 2005), Sezgin and Atagun (Sezgin & Atagun, 2011) and Sezgin, Ahmad
and Mehmood (Sezgin et al, 2019).

Now we are ready to give the definition of extended symmetric difference of soft sets and its basic
properties.

Definition 3.1. The extended symmetric difference of two soft sets (F,4) and (G,B) over a common
universe U is the soft set (H,C), where ¢ = au s, and forall e e ¢;

F(e), e € A\B,
H(e) =4{G(e), e € B\A4,
F(e) AG(e) e€e ANB.

Thus, the relation is shown by .4 2. 6.5 = @.0).
Example 1. Let £ be the universe set of parameters, 4 and B be the subsets of £ such that

E={e; e e36€,6s5¢6}, A={e,ezese}, B={e,e,eseq}

Let (F,A4) and (G,B) be two soft sets over the same universe U={h,h2h3h,} such that
(F.A) = {(er, {hy, h3}), (82, {1y }), (€5, {ho, hy}), (€6, {hy, 1)},

(G.B) = {(e1,{h4}), (€4, U), (€5, {hy, hz, 1y }), (€6, {hy, ha D}

Now let us determine (F,4) 2, (6.8) = (5.4 u B), where

F(e), e € A\B,
H(e) ={G(e), e € B\4,
FleAG(e) e€eANB,

forall e € AU B. Since A\B = {e,}, B\A = {e,} and AN B = {e,. &5, &), then,

(F.A4) A (G, B)
= {(ez, {h1}). (es. U), (1, {hy, Rz, hy}), (€5, {11 }), (€6, {2, Ra})}-

Theorem 3.2. The properties of the extended symmetric difference (4,) operation
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(@) (F,A) A ®, = (F, 4).

(b) (F,A) Ag (F,A) = @y,

() (F,A) Ag (G,B) = (G, B) A (F, A).

(d) (F.A) A (G,B)) Ag (H,C) = (F,A) Ag ((G,B) Ag (H.C)).
(€) (F,A) Az (G, B) = ((F,A) ~¢ (G,B)) Ug ((G, B) ~¢ (F, A)).
(1) (F,4) A (G,B) = ((F, 4) Ug (G, B)) ~¢ ((F,A) m (G, B)).

Q) (F.A) &g (G, B) = ((F,A) Uz (G, B)) ~¢ ((F, 4) Mg (G, B)).

Proof.
(a) Let @4 = (s.4)and (F.4) &c @, = (F.4) £ (5.4) = (1.4), where
F(e), e € A\4,
H(e) ={S5(e), e € A\A4,

F(e)AS(e) eeANA,

foralle e AU A.
Since S(e) =@ for all e € AU 4, it follows that Fe)as(e) = F(e) 20 =F(e). This means that ' and H are the same

mappings. This completes the proof.
(b) Let g0y 00 (Foa) -0, — H1,4), where

F(e), e € A\4,
H(e) = 4 F(e), e € A\A,
F(e)AF(e) eeAnNA,

foralle € AU A.
Hence, F(e) a F(e) = 0 = H(e).. This completes the proof.
(c) Let ,4) 2¢ (6,5) = ¢, 4u B) where

F(e), e € A\B,
H(e) = { G(e), e € B\4,
F(e) AG(e) e€ANB,

forallee 4uB.
Since,

F(e), e € A\B, G(e), e € B\A,
H(e) =4{G(e), e €B\A, ={F(e), e € A\B,
F(e)AG(e) e€AnB, |Ge)AF(e) e€BnA,

foralle e AuB =B U 4, it follows that (H, B U 4) = (G, B) A¢ (F, A).

(d) The proof can be illustrated by similar techniques used to prove (a), (b) and (c), and is therefore
omitted.

(e) For the left-hand side of the property, let (7,4) &¢ (6,8) = ¢1,4u B), where
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F(e), e € A\B,
H(e) =4G(e), e € B\A,
F(e)AG(e) e€ANB,

forallee AuB.
For the right-hand side of the property, let ,4) ~¢ (6,8) = t,4u B), where
F(e), e € A\B,
I(e) =4 G(e), e € B\4,
F(e)\G(e) e€e AnB,

forall e € AU B. Suppose that ©,8) ~ (.4) = ¢,auB), where

G(e), e € B\4,
J(e) = {F(e), e € A\B,
G(e)\F(e), e € ANB.

Assume that, (1LAUB)UR (J,AUB) = (K,(AUB)N(AUB)), where Key=I(eYu[(e)foralle € (AUBYN(AUB)=AUB.

Now, we have

I(e)UJ(e), e € A\B,
K(e) ={I(e)U]j(e), e€ B\A,
I(e)UJ(e), e€EANB,
F(e) UF(e), e € A\B,
={G(e) UG(e), e € B\4,
(F(e)\G(e)) U (G(e)\F(e)), e€ANB,

forall e e (4uB)u (4uB) = 4u B It shows that H and K are the identical mapping when we are assuming the

attributes of operations about the set theory. Hence the proof is completed.
(f) For the left-hand side of the property, let ,4) a¢ (6,8) = @1,4u ), where

F(e), e € A\B,
H(e) =4 G(e), e € B\A4,
F(e)AG(e), e€E ANnB,

forall e € Au B. For the right-hand side of the property, let (r,4) u; 6,8 = (,4u B), where

F(e), e € A\B,
I(e) =4 G(e), e € B\4,
F(e)uG(e), e€ ANB,

forall e € AU B. And suppose that (6,B) a (F,4) = (J, An B), where ) = 4@ nse) forall ee 4nB.
Assume that @,4uB) ~ ¢,4nB) = (k,(auB) U @n By, where
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I(e), e € (AUB)\(ANB), jgg 2 E gti'
K(e) = {J(e), eE(ANBN\MAUB), =1 > o
I(e)\J(e), eE(AUB)N(ANB), ' ‘

I(e)\J(e), e €EANB,

i.e.

F(e), e € A\B,
K(e) =4G(e), e € B\4,
(F(e) UG(eD\(F(e)NG(e)), e€ANB,
F(e), e € A\B,
=1{G(e), e € B\4,

F(e)AG(e), e€EANB,

for all e e auB)uanB) = auB. This leads that A and K are the identical mapping. Hence this completes

the proof.
(g) For the left-hand side of the property, let ¢.4) 2 .5 = ¢1.4u5), where
F(e), e € A\B,
H(e) =4G(e), e € B\A,

F(e)AG(e), e€EANB,

foralleeAuB.
For the right-hand side of the property, let ,5) uz .4) = ¢, 40 B), where 1(e) = a(e) U B(e) forall e € 4 .
And suppose that,a) e 6,8) = ¢,4v B), where

F(e), e € A\B,

J(e) ={G(e), e € B\A,
F(e)NnG(e), e€AnB,

forallee AuB.
Assume that, (,4nB) ~¢ (AU B) — (K.(4n B) U (4 U B)), where

I(e), e € (ANB)\(AU B), jE§§ 2 E i\B
K(e) = {J(e), eE€(AUB)\(ANB), = }(3)’ e € B\A'
I(e)\J(e), eE€E(ANB)N(AUB), \ )

I(e)\J(e), e€ANB,

i.e.
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F(e), e € A\B,
K(e) =yG(e), e € B\A4,
(F(e) UG(e)\(F(e) N G(e)), e€ ANB,
F(e), e € A\B,
={G(e), e € B\A4,

F(e)AG(e), e€EANB,

forallee (AuB)U(AnB)=AUB.

This leads that A and K are the identical mapping.

Hence this completes the proof.

Now we will illustrate Theorem 3.2.(parts (e) and (f)) with a corresponding example.
Example 2. Let £ be the universe set of parameters, 4 and B be the subsets of £ such that

E= {Ell €3, €3, €y, €x, EG}: A= {elr €3, g, e&}r B = {BJ_J €4, €5, 36}'
Let (F,A) and (G,B) be two soft sets over the same universe U={h,h2h3h.} such that

(FJ A) = {(6‘1, {hlr h.’i })J (821 {hl})l (851 {th h—'l‘})x (EGJ {hlJ' hq,})},

(GJ B) = {(EIJ {hzl‘]'}l (34,, U]J (851 {hlr hz- hq.]}. (eﬁu {hlf hz}}}

Now let us determine (F,4) Ag (G, B) = (H, A u B), where

(F(e),  e€A\B,
H(e) =4 G(e), e € B\ 4,
F(e)AG(e) e€ANB,

foralleeAauB.
Since a\8 - {e,}, B\A = fe,}and 40 B — fe,.e5,¢.}, then,

(F,A) Ag (G, B)
= {(E‘z, {hl]')J (8411 U), (ElJ {h]_; h;;, hrl-}]r (35: {hl]')J (EEI {h} hrfl-})]'

On the other side, we can easily determine that it is

(d(F,fl) ~g (G, B)) = {(e2, {h1}), (€4, U), (e, {h1, h3}), (€5, BY), (6, {ha D)},
an

((G,B) ~¢ (F,A)) = {(e2, {1}), (e4, U), (eq, {Na}), (€5, {h1}), (€6, {Ra])}-

Based on Definition 2.9. we have that

((F,A) ~¢ (G,B)) Ug ((G,B) ~¢ (F,A))
= {(Ez, {h’l})ﬂ (84}! U)r (Elr {hla h3! h4})r (35: {hl})ﬂ (EEI {hm h4})}

Therefore,
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(F,A) &g (G,B) = ((F,A) ~¢ (G,B)) Uz ((G,B) ~¢ (F,A4))
Similarly, we can easily determine that it is

((F,4) ug (G,B))
= {(821 {hl})r (941 U), (81, {hll hg, hal.}). (35! {hll h21 h4})r (36: {hll th hdl-})}!

and
((F,A) im (Gr B)) = {(ell E})l (85, {hZJ h4})r (661 {hl})}
Based on Definition 2.13. we have that

((F,A) ug (G,B)) ~¢ ((F,A) m (G, B))
= {(E‘z, {hl})J {:844 U), (ElJ {hh hg, hrl-}): (e5: {hl}); {:EEI {hg, hrfl-})]'

ThCl‘CfOI‘C, (F,A) &g (G,B) = ((F,A) ug (G,B)) ~¢ ((F,A) m (G,B))
CONCLUSION

In this paper, we have illustrated a brief analytical review of operations of soft sets. We have defined the
extended symmetric difference of soft sets and also proved some of its properties. Moreover, we have shown
the relationship between extended symmetric difference and some other operations of soft sets.
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