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ABSTRACT:

Introduction/purpose: This paper considers, generalizes and improves recent results on fixed points in rectangular metric spaces.
The aim of this paper is to provide much simpler and shorter proofs of some new results in rectangular metric spaces.

Methods: Some standard methods from the fixed point theory in generalized metric spaces are used.

Results: The obtained results improve the well-known results in the literature. The new approach has proved that the Picard
sequence is Cauchy in rectangular metric spaces. The obtained results are used to prove the existence of solutions to some nonlinear
problems related to chemical sciences. Finally, an open question is given for generalized contractile mappings in rectangular metric
spaces.
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Conclusions: New results are given for fixed points in rectangular metric spaces with application to some problems in chemical
sciences.

KEYWORDS: fixed point, rectangular metric space, contractive map, Green function.
Pe s310M e ;

Beeaenne/near: B poanHOI cTaThe O6Cy)KAaIOTC$I, CYMMUPYIOTCS U YAYYHIAIOTCA HEAABHHE PE3YABTAThI O HEMOABIIKHBIX TOYKAX
B IPSIMOYTOABHBIX METPHYECKHX IPOCTPAHCTBAX. LIeABIO AQHHOM CTAaThU SBASCTCS IPEACTABACHHE IOpasa0 6oAce IMPOCTHIX U
KOPOTKI/IX AOKa3aTCABCTB HCKOTOPI)IX HOBBIX PCByAbTaTOB B O6AaCTI/I HPHMOYI‘OAI)HI)IX MCTPI/I‘ICCKI/IX HPOCTP&HCTB.

MCTOAI)I: B CTaTbE HPI/IMCHCHBI CTaHAaPTHbIe MECTOABI TCOPI/II/I HeHOABH){(HOﬁ TOYKHU B O606H.[€HHI)IX MeTpI/I‘ICCKI/IX HPOCTpaHCTBaX.
PCSyAbTaTbI: HOAy‘ICHHbIC PCSyAbTaTbI AAQHHOI'O MCCACAOBAHUA yAy‘II_HaIOT HU3BECTHBIC PeayAI)TaTbI CyU_[CCTBy}OHICI‘;I AI/ITCPaTbeI.
baaropapst HOBOMy MOAXOAY AOKasaHa mocaepoBareabHOCTh Komm-TTukapa B IpsIMOYrOABHBIX METPHYECKUX MPOCTPAHCTBAX.
HOAy‘ICHHbIC PC3yAbTaTI)I TAaKKE I/ICHOABSYIOTCH AAA AOKA3aTCABCTBA 3K3HMCTCHLIMAABHBIX pCH_ICHI/Hjl HCKOTOPI)IX HCAI/IHCI;‘IHI)IX
33Aa4, OTHOCSILUXCS K XMMUICCKUM HayKaM. B KOHIje CTaTb 3aA2€TCSL OTKPBITBL BOIPOC B CBASH € OOOOIICHHBIMU CXKaTHIMU
OTO6P&)KCHI/IHMI/I B HPﬂMOyI‘OAbeIX MeTpI/I‘ICCKI/IX HPOCTP&HCTB&X.

BbIBOAI)I: B CTaTbe HPI/IBCACHI}I HOBBIC PeayAI)TaTI)I, KacCarouiuecsa TCOPI/II/I HCITOABMD>KHBIX TOYCK B HP}IMOYI‘OAI)HI)IX MCTPI/I‘ICCKI/IX
HpOCTPaHCTBaX, HPI/IMCHCHHI)IC B pCI_HCHI/II/I HCKOTOPI)IX HPOGACM B O6AaCTI/I XUMHUYCCKUX HayK.

KnoueBo e CJl 0B a: HENOABIKHAS TOUKA, IPIMOYTOABHOE METPUICCKOE IIPOCTPAHCTBO, CKATOE OTOOpaXKeHHE,
¢ynxuns [puna.

ABSTRACT:

VBoa/umm: Y 0BOM paay ce pasmarpajy, YOIIUTaBajy U MOOOMIIABAjY HEAABHU PE3YATATH O HEIIOKPETHHM TauKaMa y OKBUPY
IIPaBOYraoHUX METpHYKMX mpocropa. Llum oBOr pasa je Aa Py MHOTO jeaHOCTaBHHje M Kpahe AoKase o HeKMM HOBUM
PE3yATaTHMA y IPAaBOYTAOHUM METPUYKHM MPOCTOPHMA.

Mertope: Kopucre ce craHAapAHE METOAE M3 TECOPHjE HEITOKPETHE TAYKE Y FEHEPAAU3OBAHUM METPUYKHM ITPOCTOPHMA.
Pesyaratn: Aobujenu pesyararu no6osmasajy A06po mosHate pesyarate y auteparypu. Kopucrehu HoBu npucryn aoxasyje ce oa
je IMukapos Hus Kowmujes y okBupy npaBoyraoHux METPHYKHX HPOcTOpa. AOOUjeHH Pe3yATaTH KOPHCTE CE 32 AOKA3 CT3UCTEHLIM]jC
pellicrba HEKUX HEAHHEAPHUX pobAeMa KOjH ce IPUMEIYjy y xemujckuM Haykama. Ha kpajy ce Aaje jeaHO oTBOpeHO muTame 3a
reHEPAAM30BaHA KOHTPAKTUBHA IPECAMKABAKA Y IPABOYTAOHUM METPHYKUM IPOCTOPHUMA.

3axmydak: AaTH Cy HOBH PE3YATATH 3a HEIOKPETHE TAaYKE y IIPABOYTaOHHM METPUYKHMM IPOCTOPUMA Ca NPHMECHOM HA HEKE
npobaeMe y XeMHjCKUM HayKaMa.

KEYWORDS: HEMOKPETHA Ta4Ka, IPABOYTaOHU METPUYKHU IPOCTOP, KOHTPAKTUBHO IIPECAUKABAKC, FpHHOBa (l)yHKqua.

INTRODUCTION AND PRELIMINARIES

It is well known that the Banach contraction principle (Banach, 1922) is one of the most important and
attractive results in nonlinear analysis and mathematical analysis in general. The whole fixed point theory
is a significant subject in different fields: geometry, differential equations, informatics, physics, economics,
engineering, and many others. After solutions are guaranteed, numerical methodology is established to obtain
the approximated solution. The fixed point of functions depends heavily on considered spaces defined using
intuitive axioms. In particular, variants of generalized metric spaces are proposed, e.g. partial metric space, b-
metric, partial b-metric, extended b-metric, rectangular metric, rectangular b-metric, Gmetric, Gp—metric,
S-metric, Sp—metric, cone metric, cone b-metric, fuzzy metric, fuzzy b-metric, probabilistic metric, etc. For
more details on all variants of generalized metric spaces, see (Budhia et al, 2017), (Collaco & Silva, 1997).

In this paper, we will discuss some results recently established in (Alsulami et al, 2015) and (Budhia et al,
2017). Firstly, we give the basic notion of a rectangular metric space (g.m.s or RMS by some authors).

Definition 1. Let X be a nonempty set and let dr : X x X » [0, +o0) satisfy the following conditions: for all x,
y #X and all distinct u, v # X each of them different from x and y.

(i) dr (x, y) = 0if and only if x =y,

(ii) dr (x, y) = dr (3, x),

(iii) dr (x, y) < dr (x, u) + dr (u, v) + dr (v, y) (quadrilateral inequality).
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Then the function d, is called a rectangular metric and the pair (X, d,) is called a rectangular metric space
(RMS for short).

Notice that the definitions of convergence and Cauchyness of the sequences in rectangular metric spaces
are the same as the ones found in the standard metric spaces. Also, a rectangular metric space (X, d,) is
complete if each Cauchy sequence in it is convergent. Samet et al. (Samet et al, 2012) introduced the concept
of a—y—contractive mappings and proved the fixed point theorems for such mappings. In (Karapinar, 2014),
Karapinar gave contractive conditions to obtain the existence and uniqueness of a fixed point of & — V¥
contraction mappings in rectangular metric spaces. Salimi et al. (Salimi et al, 2013) introduced modified o
— contractive mappings and obtained some fixed point theorems in a complete metric space. Alsulami et
al. (Alsulami et al, 2015) established some fixed point theorems for a—y—rational type contractive mappings
in a rectangular metric space.

Let ¥ be the family of all functions  : [0, +0) > [0, +00) such that  is nondecreasing and 5o~ for each
t > 0. Obviously, if ¢ € Y, then ¥ (t) < t for each t > 0.

Definition 2. (Salimi et al, 2013) Let T be a self mapping on a metric space (X, d,) and let o, 5 : X x X > [0,
+00) be two functions. It is called an a—admissible mapping with respect to y if @ (x, y) 2 5 (x, y) implies thar
a(TxTy)zy(Tx Ty)forallx y#X.

Ify (x,y) = 1 forallx,y € X, then T is called an a—admissible mapping.

It is called a triangular a—admissible mapping if for all x, y,z € X holds: (« (x,y) 2 1 and a (y,z) 2 1)
implies a (x,z) > 1.

Otherwise, a rectangular metric space (X, d;) is a—regular with respect to 7 if for any sequence in X such
that & (Xn, Xn+1) = 1 (X, Xn41) foralln € v and x, > xas n > +oo, then a (x,, x) 2 1 (X4, X).

For more details on a triangular a—admissible mapping, see (Karapinar et al, 2013), pages 1 and 2. In this
paper, we will use the following result:

Lemma 1. (Karapinar et al, 2013), Lemma 7. Let T be a triangular a—admissible mapping. Assume that

there exists xo # X such that o (xo, T x0) 2 1. Define the sequence {x,} by x,, = T"xy. Then
a(Tm,x,) > 1forallm,n € NU{0} withm < n.

In (Budhia et al, 2017), the authors proved the following result:
Theorem 1. Let (X, d,) be a Hausdorff and complete rectangular metric space, and let T : X > X be an o
—admissible mapping with respect to . Assume that there exists a continuous function y # ¥ such that

z,y € X,a(x,y) > n(z,y) implies d, (Tz, Ty) < (M (z,y)).

Theorem 1. Let .X, d.. be a Hausdor(f and complete rectangular metric space, and let T : . > X be an
a.admissible mapping with respect to 5. Assume that there exists a continuous function y € Y such that
where

d, (z,Tx)d, (y,Ty)
1+d, (.‘I,‘, y)

M (z,y) = max {d-,- (z,y),d; (z,Tx) ,dy (y, Ty) ,

dy (z,Tx)d, (y,Ty)
1+d, (Tz,Ty) |

Also, suppose that the following assertions are hold:
1. there exists xg € X such that a (xo, Txo) = 1 (x0, Tx0),
2.forallx,y,z € X,(a (x,y) 21 (x,y) and a (y, z) = 1 (y, z)) implies a (x, z) = 1 (x, 2),
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3. either T is continuous or X is a—regular with respect to ».

Then T has a periodic pointa € X and if & (a, Ta) > % (a, Ta) holds for each periodic point, then T hasa
fixed point. Moreover, if for all x, y € F(T), we have a (x, y) = # (x, y), then the fixed point is unique.

Taking 7 (x,y) = 1 forx,y € X, the authors obtained the following corollary:

Corollary 1. Let (X, dr) be a Hausdor(f and complete rectangular metric space, and let T : X > X be an
—admissible mapping. Assume that there exists a continuous function v # ¥ such that

x,y € X,a(x,y) > 1implies d, (Tz,Ty) < (M (z,y))

where

kﬂxﬁ):nmX{dinyL¢(mI¢L¢(mTw7¢LTi?ff3fyx

d (z,Tz)d, (y, Ty)
1+d, (Tz,Ty)

Also, suppose that the following assertions are hold:

1. there exists xo € X such that & (xo, Txg) > 1,

2.forallx,y,z € X (a2 (x,y) 2 land a (y,z) 2 1) implies & (x,z) > 1,
3. either T is continuous or (X, d,) is a—regular.

Then T has a periodic pointa € X and if & (a, Ta) > 1 holds T has a fixed point. Moreover, if for all x, y
€ F(T), we have ¢ (x, y) 2 1, then the fixed point is unique.

Further, taking « (x, y) = 1 for x, y € X authors obtained the following corollary:
Corollary 2. Let (X, d,) be a Hausdorff and complete rectangular metric space, and let T : X > X be an
—admissible mapping. Assume that there exists a continuous function y # ¥ such that

r,y € X,1>n(z,y)implies d, (Tz,Ty) <1 (M (z,y))

where

d (z,Tx)d, (y,Ty)
1+d, (z,y)

M (z,y) = max {d,. (r,y),dr (z,Tx),d (y,Ty),

dr (T‘ -"‘-”3:) nr! (y‘ I‘y)
1+d; (Tz,Ty)

Also, suppose that the following assertions are hold:
1. there exists xg € X such that 1 > 1 (xo, T x),

2.forallx,y,z € X(127(x,y)and 1 2 % (y,z)) implies 1 2 # (x, z),
For ¥ (t) = kt, 0 < k < 1 then the authors obtained

Corollary 3. Let (X, d,) be a Hausdorff and complete rectangular metric space, and let T : X > X be an a
—admissible mapping with respect to 5. Assume that

where



VOINOTEHNICKI GLASNIK/MILITARY TECHNICAL COURIER, 2021, VOL. 69, NO. 1, JANUARY-MARCH, ISSN: 0042-8...

ﬂfuxm==nmx{dwuam,¢mm:nw,¢«nzy}ﬁﬁ(&1$)?‘“lyl

d, (x,Tz)d, (y,Ty)
1+d, (Tz, Ty)

Also, suppose that the following assertions are hold:

1. there exists xo € X such that a (xo, Txo) = 1 (x0, Tx0),

2.forallx,y,z € X (a (x,y) 21 (x,y) and a (y, z) = 1 (y, z)) implies & (x, z) = 1 (x, z),

3. either T is continuous or (X, d,) is a—regular.

Then T has a periodic pointa € X and if & (a, Ta) > 11 (a, Ta) holds, T has a fixed point. Moreover, if for
allx,y € F(T), we have a (x, y) 2 # (x, y), then the fixed point is unique.

The following two lemmas are a rectangular metric space modification of a result which is well known in
the metric space, see, e.g, (Radenovié et al, 2012), Lemma 2.1. Many known proofs of fixed point results in
rectangular metric spaces become much more straightforward and shorter using both lemmas. Also, in the
proofs of the main results in this paper, we will use both lemmas:

Lemma 2. (Kadelburg & Radenovié, 2014a), (Kadelburg & Radenovié, 2014b) Let (X, d,) be a rectangular
metric space and let {x,} be a sequence in it with distinct elements (x,, * x, forn * m). Suppose that d, (x,,
Xp+1) and dy (X,p Xy42) tend to 0 as n > +o0 and that {x,,} is not a Cauchy sequence. Then there exists ¢ > 0 and
two sequences {m (k)} and {n (k)} of positive integers such that n (k) > m (k) > k and the following sequences

tendtocask > +oo:

{di" ('T-n(k}! mm(k})} ) {d! ('T-n(k}-l—l ’ xm{ﬁcj)} ) {df ('Tn(k} : xm(kj—l) } ’

{dr( Tn(k)+1+ Tm(k)— )} {ﬂ} ( Tn(k)+1, Trn(k}-i—l)}

Lemma 3. Let (auiiheny = Toabueny = (Tsobenciy, 1 %9 = X9 be a Picard sequence in a rectangular metric space
(X, d,) induced by the mapping T : X > X and the initial point xo # X. If d,(x,» X,11) < dy(x,-1 x,,) for all n #
N thenx, * x, whenevern * m.

Proof. Let x, = Xy, for some n, m € & with n < m. Then xp41 = TX, = TXn = Xpm41. Further, we get

dr (l"rr.: :":n-i—l) = d: (-T-rrir l"n':.—f—l) < dr (-Tm—lw -Tm) <. < n’: (-T'rh -T-ra-i—l) 3

which is a contradiction.

In some proofs, we will also use and the following interesting as well as significant result in the context
of rectangular metric spaces:

Proposition 1. (Kirk & Shahzad, 2014), Proposition 3. Suppose that {q,} is a Cauchy sequence in a
rectangular metric space (X, d,) and suppose lim, 100 dy (@ q) = 0. Then lim,sio0 dy (9, p) = d,(q, p) for all p
#X. In particular, {q,} does not converge top if p * 4.
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MAIN RESULTS

In this section, we generalize and improve Theorem 2 and all its corollaries. The obtained generalizations
extend the result in several directions. Namely, we will use only one function o : X x X > [0, +o0) instead
of two o and 7 as in (Budhia et al, 2017), Definition 2.3. and Definition 3.1. This is possible according to
the (Mohammadi & Rezapour, 2013), Page 2, after Theorem 1.2. Note that we assume neither that the
rectangular metric space is Hausdorff, nor that the mapping d, is continuous.

The authors (Alsulami et al, 2015), page 6, line 6+, say that the sequence {x,} in a rectangular metric space
(X, d,) isa Cauchy if limy; 4o d: (%, Xn4k) = 0, forallk € n. However, it is well know that this claim is dubious.
Therefore, we also improve the proof that the sequence {x,} is Cauchy

Our first new result in this paper is the following:

Theorem 2. Let (X, d,) be a complete rectangular metric space and let T : X > X be a triangular a—admissible
mapping. Assume that there exists continuous function y # ¥ such that

r,y € X, a(z,y) > 1implies d, (Tz,Ty) < (M (z,y)), W

where

dy (z,Tz)d, (y,Ty)
1+dy(z,y)

d, (z,Tz)d, (y, Ty)
1+d, (Tz,Ty)

Also, suppose that the following assertions are hold:

1. there exists xg € X such that & (x0,Tx¢) > 1

2. either T is continuous or (X, d) a—regular

Then T has a fixed point.

Morover, if for all x, y € F(T) implies & (x, y) = 1 then the fixed point is unique.
Proof. Given xy € X such that

a(zg, Txg) > 1. 2)

Define a sequence {x,} in X by x, = Tx,-1 = T"xp for all n € . If xi; = x for some k €, then Tx; = x,
i.e., xi is a fixed point of T and the proof is finished. From now on, suppose that x, # x,4; foralln € v U
{0} . Using (2) and the fact that T is an a—admissible mapping, we have

a(xy,x2) = a(Txg, Tzy) > 1.

By induction, we get
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a(xn, xne1) > 1foralln e NU{0}.

In the first step, we will show that the sequence {d;(xX+1)} is nonincreasing and d,(xn,x,41) » 0 as n »
+o0. From (1), recall that

dy (:En: l"-"*.r?,+1) = dy (Tl"--'n—l_- T:En) < (JI (-'L'n—l: :E'.r?,)) .

3)

where

M (lf--'n—l 1 ﬁ;n) = max {dr I(-'L'ﬂ—l : lrn) Jdy {:L-ﬂ.—l: -I"n) Jdy {-'1-'11: Jrn—l—l) s

dy (3;?1—1: mn) dy (-'L'n: I’n+l) dy (:!'51'1—1: :E?l) dy (3’-"?1_- 3f'n+l)
1+d (xp_1,2n) ’ 1+dr (2n, xns1)
< max {d, (Tn_1,%n) ,dr (Tn, Tnt1)} -

Now from (3) follows

dy (33?11 :En+1) < (1'1'133‘1 {d} I(-'J]L'n—l: xn) , dy (:En: I"n+1)}) . (4)

If max {d(x-1,%n), de(XnXn+1)} = de(XnXn+1), We get a contradiction. Indeed, (4) implies

d, '[:-1'?1_1 I'hn-}—l) < (dr (In; xn-}—l)) < d, (-'ﬁn:-l'n+1) .

Therefore, we get that d,(x,,x141) < d;(Xn-1,%,). This means that there exists limn,cod,(Xp,%011) = d.*r = 0.
g

If d.* > 0, then from (3) follows

d’dr
1, < |max{d;, d.d7, ——, —

< (max{dy,d}) < d;,

which is a contradiction. Hence limy,; 4 eod (Xp,Xq41) = O.
Further, we will also show that lim;+eod:(xn,%n12) = 0. Firstly, we have that a(x,-1, x,) 2 1, i.e., & (xp-1, Xa
+1) = 1, because T is a triangular e —admissible mapping. Therefore,

dy (T, Tpy2) = dp (Taxp_1, Taeps) <V (M (-1, Tns1)) ,

where



MubAsIR YOUNIS, ET AL. SOME NEW OBSERVATIONS ON FIXED POINT RESULTS IN RECTANGULAR METRIC SPACES W...

M (2p—1,2p41) = max{d, (2n_1,Tn+1)dp (Bn—1,%n) , dp (Xpi1, Tna2),

d, (H:n.—l: ﬂjn) d, (33n+1: -'1:71—1—2) dy, (ﬂj'n—la ﬂjn) d, (-'L'n+l: 3;?1—1—2) }
1+d (Zn—1,%Tn41) ’ 1 +dy (n, Tnio)
Since d"(I’i:éfiﬁfiEi‘:ﬁ“”) <d; (Tn-1,Zn) dr (Tny1,Tny2) and

A (En—1,80 )de(Tnir Enss
L 1;;(2 .(;n—;zl}r = <d, ('Tﬂ—l:i"f'n) dy (3;n+1 : 33n+2) we get that

M (2p-1,Tpg1) < max{d, (Tp_1,Tns1) s dr (Tro1,Tn) ,
d, (-'L'n+l ; i"f'n+2) s d, (:En—l: iff'n) dr (i"f'n.-}-l s 33n+2)}
that is,

M (-'L'n—l ) icn-#—l) < max {dr (-'L'n—l ; Jf'n+l) ,d, (ff-':n—lu :1:11) ) dﬁ (-'ff'n—l 1 3371)}

‘:_:: max {d}* (rL-n__]_ . :j‘:-n__i_]_) 3 d}* (an_l rL-n_)} -

The last relation follows from the fact that d;(x,_1,X,) > 0 asn > +o0. Hence, for somenl € 1, we have that

dr (Tn, Tny2) < max{d, (zn_1,Tnt+1),.dr (Tp_1,Tn)},

whenever n > ny. Since, d;(x,_1, X,) > 0 as n > +oo it is not hard to check that also d;(x,, X,12) > 0 as n > +oo,
In order to prove that the sequence {x,} is a Cauchy one, we use Lemma 6. Namely, since according to
Lemma 1, a(Xn(k)Xm()) 2 1 if m(k) < n(k), then, by putting in (1) x = Xa() , ¥ = Xm(k), We obtain

d. (3:,_.1(;;;+1..’-'??m[k2l+1) <y (M (:a*:ﬂ(k;,:rm(k;)) ; (5)
where
M (:L'n[k),l”m[k}) =

= max {dr (Tn(k)s Tm(k)) » & (Tn(k)s Tn(k)+1) » A (Tm(k)s Tm(k)+1) »

dr (Tn(k)s Tn(k)+1) dr (Zme)s Tmk)+1)  dr (Tnk) Tne)+1) dr (Tm(k)> Tm(e)+1)
L+ dr (Zpys To(i)) ' 1+ dr (Tp)+1> Tm()+1)

m

0-0 0:-0
k_;.__:_c,o M (3"?1(k):$m(k)) = max {E, 0, D-, 1—_'_5: m} =

Now, taking in (5) the limit as
e<Y(e) <e,

which is a contradiction. The sequence {x,} is hence a Cauchy one. Since (X, d,) is a complete rectangular
metric space, there exists a point x* € X such that x, > x* as n > +oo. If T is continuous, we get that x,41 =
Tx, > Tx*asn > +oo. Let Tx* # x* Since d;(xp, Xn+1) < de(Xn-1, X,,) forall n € w U {0}, then, according to

15
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Lemma 7, we have that all x,, are distinct. Therefore, there exists n, € v such that x*, Tx* ¢ {X,}nsn2 Further,

by (iii) folows:
dr (2%, Tx") < dy (2%, 2n) + dr (Tn, Tns1) + dy (2pg1, Ta")

whenever n 2 ny, taking the limit, we obtain d,(x*, Tx*) = 0, i.e. x* = Tx*, which is a contradiction.

In the case that (X, d,) is a—regular, we get the following: Since a(x,, x*) 2 1 for all n € w, then from
(1) follows

dr (Txy, Tx™) < (M (z,,27)), ©

where

M (zy,2") = max {d, (xn,2") , dr (Tn, Tni1) . dy (2, T2") ,

— dy (", Tx").

n—+4oo

dr (T Tpir) dy (2%, Ta*) d (2, xp4q) dy (2%, Tx*)
1+d; (zp, %) : 1+d (zpy1, Tx*)

By takingin (6) the limit as n » +c0 and by using Proposition 8 and the continuity of the function v, we get
d.(x*, Tx*) < ¥ (de(x*, Tx*)) < do(x*, Tx*) if x* # Tx*, which is a contradiction. Hence, x* is a fixed point of T.

Now, we show that the fixed point is unique if « (x, y) 2 1 wheneverx,y € F (T). Indeed, in this case, by
contractive condition (1), for such possible fixed points x, y we have

dy (z,y) =dp (Tx, Ty) < (M (x,y)), -
where

d, (z,Tz)d, (y, Ty)
1+d, (z,y) ’

M (x,y) = max {fir (z,y),dy (2, Tx), d. (y, Ty),

d.(z,Tx)d, (y,Ty)
1+d, (Tz,Ty)

0-0 0-0

= max {d,— (z,9),0,0, 150’ m} =d, (x,y).

Hence, (7) becomes

which is a contradiction. The proof of Theorem 9 is complete.

Remark 1. In the proof of the case 2 on Page 96, the authors used the fact that the rectangular metric
d, (see the condition (3.12)) is continuous, which is not given in the formulation of (Budhia et al, 2017),
Theorem 3.2.

By putting in (1) instead of M(x, y), one of the following sets
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{d, (x,y)}, max{d, (x,y),d, (x,Tx),d; (y,Ty)},

| dp (2, T2)d, (y,Ty) d,(x,Tx)d, (y,Ty)
A 1+d, (x,y) " 1+4d,. (Tz,Ty) '

immediately follows as a consequences of Theorem 9.
Corollary 4. Let (X, d,,) be a complete rectangular metric space and let T : X > X be a triangular a—admissible
mapping. Assume that there exists a continuous function Y # Y such that

x,y € X,a(x,y) = 1implies d, (Tx,Ty) < ¢ (d, (z,y)) . (8)

Also, suppose that the following assertions hold:

1. there exists xo € X such that a (xo, Txg) > 1,

2. either T is continuous or (X, d,) is a—regular.

Then T has a fixed point. Moreover, if for all x, y € F (T), we have a (x, y) = 1, then the fixed point is
unique.

Corollary 5. Let (X, d,) be a complete rectangular metric space and let T : X > X be a triangular a—admissible
mapping. Assume that there exists a continnous function Y # ¥ such that for x, y # X,

a(x,y) > 1yields d, (Tz, Ty) < ¥ (max {d, (z,y),d, (z,Tx),d, (y,Ty)}) . (9)

Also, suppose that the following assertions hold:

1. there exists xo € X such that & (xo, Txg) > 1,

2. either T is continuous or (X, d,) is a—regular

Then T has a fixed point. Moreover, if for all x, y € F (T), we have a (x, y) 2 1, then the fixed point is
unique.

Corollary 6. Let (X, d,) be a complete rectangular metric space and let T : X > X be a triangular a—admissible
mapping. Assume that there exists a continuous function y # Y such that for x, y # X, a (x, y) 2 1

yields d, (T'z, Ty) < ¢ (l'lla:{ { dr (z,Tx) dr (y,Ty) dr (z,Tz)dr (y, Ty) })

1+d(z,y) o 1+4d, (Tz,Ty) (10)

Also, suppose that the following assertions hold:

1. there exists xg € X such that a (xo, Txo) > 1

2. either T is continuous or (X, d,) is a—regular

Then T has a fixed point. Moreover, if for all x, y € F (T), we have a (x, y) 2 1, then the fixed point is
unique.

In the book (Ciric’, 2003), Ciri¢ collected various contractive mappings in the usual metric spaces, see also
(Rhoades, 1977) and (Collaco & Silva, 1997). The next three contractive conditions are well known in the
existing literature:

- Ciri¢ 1: Ciri¢s generalized contraction of first order: there exists k; € [0, 1) such that forall x,y €

X holds:
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d(Txz,Ty) < k) max {d (z,y)

d(z,Tz)+d(y,Ty) d(z,Ty)+d(y,Tx) }
2 ’ 2 '

X holds:

- Ciri¢ 2: Ciri¢’s generalized contraction of second order: there exists k, € [0, 1) such that forallx,y €

A (x, T 1(y, Tx
d(Tx, Ty) < ko max {d (z,y),d(x,Tx),d(y,Ty), d(z,Ty) ; d(y, Tz) } ) 12)
12
In both cases, (X, d) is a metric space, T : X > X is a given selfmapping of the set X.
In (Ciri¢, 2003), Ciri¢ introduced one of the most generalized contractive conditions (so-called
quasicontraction) in the context of a metric space as follows:

- Ciri¢ 3: The self-mapping T : X » X on a metric space (X, d) is called a quasicontraction (in the sense of
Ciric’) if there exists k3 € [0, 1) such that for all x,y € X holds:

d(Tx,Ty) < kymax{d(x,y),d(x,Tz),d(y, Ty),d(x,Ty),d(y,Tx)}.

(13)
Since,

d(z,Tx) -2|' d(y, Ty) < max{d(z,Tz).d(y,Ty)}

and

d(z,Ty) —; d(y,Tz) < max{d(z,Ty).d(y,Tz)}

it follows that (11) implies (12) and (12) implies (13). In (Ciri¢, 2003), Ciri¢ proved the following result:
In (Ciric’, 2003), Ciri¢ proved the following result:
Theorem 3. Each quasicontraction T on a complete metric space (X, d) has a unique fixed point (say) z.
Moreover, for all x # X, the sequence (17213, T'x =x converges to the fixed point z as n > +oo.
Now we can formulate the following notion and one open question:
Definition 3. Lez (X, d,) be a rectangular metric space and let o : X x X > [0, +0) be a mapping. The mapping

T : X » X is said to be a modified triangular a—admissible mapping if there exists a continuous function y # ¥
such that

x,y € X,a(x,y) > limplies d, (Tx,Ty) < ¢ (M (z,y)),

(14)
where M(x, y)is one of the sets:
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i {dr (2.7). dy (2, Tx) -;— dr (y, Ty) | dy (z,Ty) ;— dr (y, Tx) }

max {dr (z,y).d, (2. Tz) . d, (y.Ty), dy (xz,Ty) —;— dy (y, Tx) }

max {d, (x,y),d, (x,Tx),d, (y, Ty) ,dr (2, Ty) ,dy (y, Tx)} .

AN OPEN PROBLEM

A suggestion for further research - it is logicalnatural to ask the following question:
Problem 0.1. Let T be a modified triangular a—admissible mapping defined on a complete rectangular metric
space (X, d,) such that T is continuous or (X, d,) is a—regular. Show that T has a fixed point.

APPLICATIONS

In this section, we will focus on the applicability of the acquiredobtained results.
An application to chemical sciences

Consider a diffusing substance placed in an absorbing medium between parallel walls such that 81, 82 are the
stipulated concentrations at walls. Moreover, let Q(r) be the given source density and Z(r) be the known
absorption coeflicient. Then the concentration x(r) of the substance under the aforementioned hypothesis
governs the following boundary value problem

— +E(r)e=Qr) ;re0,1]=1
#(0) = 61, 2(0) = 6o,

(1)
Problem (1) is equivalent to the succeeding integral equation
s(r) =8y + (02 — dy)r + Ale(r, @) (WNw) — E(w)x(w)), rel0,1], "
where O(r, $) : [0, 1] Xk > R is the Green’s function which is continuous and is given by
@{-r._m]={ -r(l.—m) 0<r<w<l,
w(l—r7r) D<w<r<l )

Suppose thatc(r®) = x is the space of all real valued continuous functions defined on I and let X be
endowed with the rectangular b-metric d, defined by
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&y (6, 5%) = |2 = %)

where |14 = sup{|x() : » € 1. Obviously (X, d,) is a complete rectangular metric space.
Let the operator = : X > X be defined by

1
Ese(r) = 5(r) = 61 + (02 — 61)r +L O(r,w) (Nw) — =(w)x»(w)) .

Then 5+ is a unique solution of (2) if and only if it is a fixed point of Z. The subsequent Theorem is
furnished for the assertion of the existence of a fixed point of =.

Theorem 4. Consider problem (2) and suppose that there exists # > 0 and a continnous function Z(w ) :
> R such that the following assertion holds:

a(x(w), #"(w)) > 1= 0 < |Z(w)x(w) — Z(w)»"(w)| < »"(w) — »(w).

Then the integral equation (2) and, consequently, the boundary value problem (1) governing the concentration
of the diffusing substance has a unique solution in X.
Proof. Clearly, for € Xandr &€ I, the mapping = : X » X is well defined. Also = is triangular a-admissible.

Z5(r) = Z5(r)
1
= / O(r,w) (YNw) — E(w)»(w)) dw — h(r)

J0
1

O(r,w) (Qw) — E(w)sx" (w)) dw

0

1
< [ 60:2) [0(m) - E@)(@)) - (A=) - S(@)s" ()| d
J0
1
= /{; O(r,w) |Z(w)x(w) — =(w)s*(w)|dw
1
< [ O(r, @) |(w) — ' ()| dw
1
< [ 8 m)lx() - ()

< (32 — 5| |sup]@rwdw

rel0,1]

SiIlCC J ©(r,@)dw = 5 and so SUpre(o,1) Jy o w)de =1,
Hence for alls«,:* € X, we obtain

dy (3, ") - M (3¢, ")
8 - 8 ’

d-(Z,53") <

where

20
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M (32, 3¢") = max {d, (3¢, 5¢") ,dy (3¢, T3c) ,dy (3", T5")

dy (2, Ts)d, (55, T*) d, (5, T5)d, (5, Tx")
1 +d,. (5, %) 1 4d, (T, Tse)

Taking ¢+ =) = I, we obtain
d, (T, ") < o) ( M (5, »* ))

Hence, all the hypotheses of Theorem 2 are contented. We conclude that = has a unique fixed point 5 in
X, which guarantees that the integral equation (2) has a unique solution and, consequently, the boundary
value problem (1) has a unique solution.

Application to a class of integral equations for an unknown function

We present the application of the existence of a fixed point for a generalized contraction to the following
class of integral equations for an unknown function u:

b
u(t) = g(t) —l—/ x(t, 2) f(z,u(z))dz, tE€ |a,b],

a (4)

where /: (0.5 x2 58 K 0. x 03] > 0.0, g : 01 » = R are the given continuous functions.
Let X be the set C[a, b] of real continuous functions defined on [a, b] and let d, : X x X > [0, o) be
equipped with the metric defined by

d-(u,v) = sup |u(t) —v(t)].
a<t<b 5)

One can easily verify that (X, d;) is a complete rectangular metric space. Let the self map T : X > X be
defined by

b
Tu(t) = g(t) + [ x(t, 2)f(z,u(z))dz, tE€ [a,bl],

(6)

then u is a fixed point of T if and only it is a solution of (4). Also, we can easily check that T is triangular
a-admissible. Now, we formulate the following subsequent theorem to show the existence of a solution of
the underlying integral equation.

21
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Theorem 5. Assume that the following assumptions hold:
( 1 ) SUPg<i<h f: [x(¢2)ldz < bT
2) Suppose that forallx,y €,

1
o(x(t). y(1) > 1 = [f(z.2) ~ F(z.)| < 5l2(0) — u(D)].
Then integral equation (4) has a solution.
Proof. Employing conditions (1) — (2) along with inequality (4), we have

de(Tur, Tus) = sup |[Tui(t) — Tusa(t)]

a=t<h

= o |alt) +_/:x(f-.f‘-lf(r.~?r-1(f})d2 — (a9 +_/:x(f., (2, wa(2)))

a<t<h

b

(x(t 2)f (2, 01(2)) = x(t, )f (2, ua(2)) ) 2| }

= 51
ﬂ‘gf};b{ <Ja
b b
sup { / x(t )z [ [fzu(z) - £z ua(2))]dz)
a<t<h
sup / Ix(t, /
:1<i<b
=4 sup / |x(t,z)|d ,_ /
:1<i<b
g{b_a . 5.[; |u1(z}—-u2(z}|dz}

b
< ;)/ sup |uq(t) — ug(t)|d=

(b—a) Ju a<t<p

1A

f(z,u1(2)) = f(z,u2(2)) |d=

}
i

) = f(z,u2(z))|dz

=35 s |u1(t) — u2(t)]

l\JIl—*l\J

i.e d,(Tuy, Tus) = %(dr{-ul, ugj) < Mluu) which amounts to say that

M (uy, us)

d‘r(z-‘u] » T'HQ j = 9

where

M (u1,u2) = max {dy (u1,u2),dr (w1, Tu) . dy (u2, Tua) ,

dy (uy, Tuy) dy (ug, Tus) dy (uy, Tuy) dy (ug, Tus)
1 +d, (uy,us) " 1+d, (Tuy, Tus)

Taking ¥(M(ul, u2)) = 1/2, the above inequality turns into

dp(Tur, Tuz) < (M (ur, u))

Thus, all the hypotheses Theorem 2 are satisfied and we conclude that T has a unique fixed point x* in X,

which amounts to say that integral equation (4) has a unique solution which belongs to X = Cla, b].
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