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ABSTRACT:

Introduction/purpose: This paper illustrates the existence of a generic Green’s function for a boundary value problem of arbitrary order
that appears in many phenomena of heat convection, e.g. in the atmosphere, in the oceans, and on the Sun’s surface.

Methods: A fixed point theorem in the Leray—Schauder form has been used to establish the existence of a fixed point in the problem.
Results: The existence of a solution bas been shown for an arbitrary order of the problem. Some practical examples are proposed.
Conclusions: The boundary problem has a solution for an arbitrary order n.

KEYWORDS: fixed point, boundary value problem, Leray—Schauder fixed point theorem.

Pe sioMme:

Beacnne/umean: B AaHHOM cTaThe NPUBEACHO CYIECTBOBAHKE IIPOUSBOAAICH GyHKIMH [prHA AASL pelIeHNsT KPAeBOIl 3aaa4n
HPOU3BOABHOTO IIOPSIAKA, KOTOPAs BCTPEYAETCSI BO MHOTHX SIBACHHAX TEIIAOBOM KOHBEKIIHU KaK B aTMOCQepe, B OKEaHAX, TAK U
Ha nosepxHoctu CoaHrra.

Metoapr: B cratbe mpumenena teopema HemoaBwkHOI Touku Aepe - Illayaepa, ¢ 1ieAbI0 MOATBEP)KACHHUS CYIECTBOBAHUS
HEITOABVDKHOM TOYKH B AAHHOM 3aAade.

Pesyabrarsr: AOKa3aHO CyLIECTBOBAHHE PEHICHHUS IO IPOU3BOABHOMY IOPSIAKY M IIPEAAATAIOTCS HEKOTOPBIC IPAKTHYECKHE
IpUMEpBL.

BriBopsr: Kpaesast sapaua umeer pemreHue mo mpousBoAbHOMY N-My HOPSIAKY.

Kunoue BB e CJ 0B a: HEMOABWKHAS TOUKA, KpacBas 3aaaua, reopema Aepe — [llayaepa o HermoABHXKHOI TOUKe.

ABSTRACT:
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YBoa/1us: Y paay ce mpHKasyje mocTojame reHepuuke Ipunose pyHxiuje 3a npo6AeM IPaHUYHE BPEAHOCTHU MPOU3BOSHOT peAd
KOjH C€ jaB/a KOA MHOTHX I10jaBa KOHBEKIIHj€ TOIAOTE Y, HA TPUMEP, aTMocdepH, okeaHHMa U Ha nospunHy CyHIa.

Merope: Kopucru ce Teopema HemoxperHe Tauke THIA Leray-Schauder xako 6u ce YTBPAUAO IOCTOjak€ HEMOKPETHE TaYKE Y
HaBEACHOM IpobaeMy.

Pesyararu: ITpukasano je peliere 3a MPOU3BOLSAH PEA npo6AeMa. I'peasorenu cy HEKH NPaKTHYHU IPUMEPH.

Saxwydak: [panmann npo6AeM HMa pelliekhe 32 IPOU3BOAHU N-TH PEA,.

KEYWORDS: HEMOKPETHA TAYKa, npo6AeM I'PaHUYHE BPEAHOCTH, TCOPEMA HEIIOKPETHE TAYKE THIIA Leray-Schauder.

THE PROBLEM

We consider the generic differential equation of order 2n, n > 1, with the boundary conditions:

-

y[Eﬂ,} (.’L‘)

x(x, y(x),y" (z))
y©(0) =y (0) = ... = y™(0) =0
{n+2j(1) _ = yw”_l}(]_) = ().

[

=
=
_|_
=
p—
—
f—t
R
|
&
S Sy

(1)

This kind of equations occurs, for instance, when studying the problem of the beginning of thermal
instability in horizontal layers of fluid heated from below. This kind of phenomena could be observed in
convection patterns in several situations, for instance, in the atmosphere, in the oceans, when considering
the coupling with a strong electromagnetic field, or on the Sun’s surface (Chandrasekhar, 1961). This work
will extend the results of (Fabiano et al, 2020), (Ahmad & Ntouyas, 2012) and (Ma, 2000) to an equation
of a generic order 2n.

Introduce the Green’s functions Gi(x, s, n) and G,(x, s, n) of problem (1) where G(x, s, n) is defined for
0<x<s<land Gixs, n)isdefined for0 <s<x<1,(x,5) > G(x,s,n); (x,5) € [0,1] x [0,1], G, €

C?" over ® such that solve the following equation:

E} 2?’1
_ Grr(x,s.,n) =d(s —x).
dx '
(2)
The complete Green’s function is thus obtained by the linear combination of the above two,
G(x,s,n) =0(s —2)Gy(x,s,n) + 0(x — s)G.(x,s,n), .

6 is the Heaviside step function. Given the inhomogeneous problem solved by x > f(x), x € [0, 1], f €
C over,
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() (z) =f(x)
y©@0) =yM(0) = ... = y™(0) = 0

ky(n+1j(1) :y(n-l—ﬁj(l) e yﬂﬂn—lj(l) — : »

o

the Green’s function provides solution to (4) in the integral form

1
y(x) = A G(z,s,n)f(s)ds .
(5)

The functions Gi,(x, s, n) are multivariate polynomials in two variables x and s of the order 2n — 1 to be
sought in the form

TL

Gi(z,s,n) = Z c(k, n)zh—152nk

k=1 ()
and
n
G(x,s,n) = Z c(k,n)st g2k
k=1 )

where the coefficient c(k, n) is clearly given in combinatoric terms, k < n
Imposing boundary conditions (4) to the Green’s function, we obtain that

g i =...= (%) Gi(z,s,n)

GI(D:' S, ?1-) - (r_) G! (T" S, ?1-)

ox =0

#=0 (8)

and
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)

So, we could infer the following results.

For Gi(x, s, n) the powers of x range from n to 2n — 1, while for the powers of s we have the range from
0 to n — 1. For G,(x, s, n) we find the same situation when swapping s with x. Therefore, the coefficient c(k,
n) has to be symmetric under this exchange.

We conclude that the coefhicient c(k, n) of both functions Gy,(x, s, n) is given by:

(=1)% /2n—1 (—1)%
ctk:n) = 5= 1)!(;9— 1) T k—1)2n—k)!"

(10)

Notice that |c(k, n)| < 1 for all k, n. This observation will be useful in the sequel.

The resulting Green’s function G(x, s, n) and its x derivatives are continuous up to order 2n—2, and present
the discontinuity in —1 at order 2n—1, because of the Dirac’s § function.

The above discussion concludes the proof of the following lemma:

Lemma 1. Let x > y(x), x # [0, 1] be a function of class C*” in, let (x, %2) >y 2)x#[0,1](y,2)# R
* be a function of class C in ® and let y be a function of class C in ®. Then the Green’s function of the problem
(4) obeying to equation (2) is given by formulas (3), (6), (7), and (10).

Another property of these Green’s functions is their homogeneity. In fact, under the scaling
transformation (x, s) > (ax, as) for & > 0 one has

G!,T'(ﬂ:mw s, R) — G:EH_IGI.T(IT 5, R)j
that is, Gi,(x; s, n) is homogeneous of degree 2n — 1.

SOLUTION

In this section, we will provide the main result of this work: the solution of the problem in (1) for a generic n.
Define the integral operator 7 as follows:

T 1
Yy(a) = [ Grlasm)fds+ [ Gile.s.m)f(s)ds.
0 T
(11)
According to Lemma 1, this operator provides a solution of problem (4) for a generic order n provided
that it has a fixed point.

We shall make use of the following theorem of (Bekri & Benaicha, 2018) and (Shanmugam et al, 2019),

the Leray—Schauder form of the fixed point theorem appears in (Isac, 2006), (Deimling, 1985) and (Zvyagin
& Baranovskii, 2010):

Theorem 1. Let (E, || - ||) be a Banach space, let U # E be an open bounded subset for which 0 # U and let
T .U - £ beacompletely continuous operator. Then only one of the following possibilities is true:
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1. 1 possesses a fixed point i e U

2. there exist an element « < ov and a real number ) > 1 such that t x = )x.

Therefore, in order to establish the existence of a solution it is necessary to prove that our integral operator
T possesses a fixed point. The following two theorems are devoted to this problem.

Theorem 2. Let x > y(x), x # [0, 1] be a function of class C*" in &, let (x, 9, 2) > y(%, 3, 2); x # [0, 1],(y, ) #
R 2bea function of the class Cin ® and |y(x, 0, 0)| # 0. Suppose that there exist three nonnegative functions
x> (u(x), v(x), w(x)) # L' [0, 1] such that

X(2,y, 2)| < w(z)|y| + v(z)[2] + w(z).

Define the kernel
2n—1
] E k
JK:'”, [: ?) . — S
k=1
and suppose that

1
A= /ﬂ ICo(s)[u(s) + v(s)]ds < 1.

Then the problem (1) has at least one nontrivial solution x > £(x), x # [0, 1] of class C" in & .

Proof. Define the constant
1
= / Kn(s)w(s)ds.
0

From our hypothesis A < 1 and w(s) > 0. Observe that «.) >0 forall s € [0, 1]. As |x(x, v, z)| < u(x)|y]
+ v(x)|z| + w(x), forall x € [0, 1] and (y, z) € ® * and according to the fact that y(x, 0, 0) # 0 for all x
€ [0, 1], there exist an interval [a, b] # [0, 1] such that max [x(x, 0, 0)| > 0. Therefore, [x(x, 0, 0)]
> 0 and also w(x) > 0, for some x € [a, b] # [0, 1]. This 1mphes t?he inequality ! ku(uis)ds = [ Ka(s)utsids > 0. We
conclude that A < 1and B > 0.

Define L := B(1 — A)™" which is positive by construction, and the set U = {y € E : ||y]| < L}. Assume
thaty € 90U and} > 1. As vy =y, then AL =)||y|| = || ry|| = max |(ry)(x)|- Adopting the simplified
notation dy = [x(s, y(s), y"(s)|ds we have:

/\L—m[c(a}.}ﬂ'f? {/G;T?ﬂdﬂ—k/(?grsnd;z}
Te

T

Z‘(k*n){A k=1 2n— kd‘qu/ k-1 2n- Ld'u} <
k=1 *

x€ [0, 1]
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(12a)

n T 1
c(k,n) max {/ sk_ls.':zn_kd;.z.—k-/ :ir:k_lsz'”_kd;;} =
. z€[0,1] LJo -
k=1
T 1 . 1
c(k,n) {/ sk_ldp:—i—/ Szn_kdﬂ} =
k=1 0 0
1 F
c(k,n) {/ ("1 4+ 32”_;"](1;1} <
! 0
mn 2n—-1

1 1 1
{/ (s + s"z"_k)d‘u} = Z f stdp = / ICn(s)dp .
=1 /0 k=1 0 0

x(x, 0, 0)| has an upper bound for all x € [0, 1]. So, one has

T

k=

o=

(12b)

from our hypothesis,

[ o). 0.0)ids < [ Ka(6) [u(o)u(o)] + 005" (5)| + w(s)) ds <
0 0

ds <

1
/ﬂ Kn(s) [u(-@) Jnax ly(s)| +?—f(8)srél[g§] ly"(s)] +w(s)
1
/O Kn(5) [1(5)[5(5)]oo + 0(3) [y (5) oo + w(s)] ds <
1
]0 Kn(5) [u()|[9]] + v(5)[y]] + w(s)] ds =

|| o) o) + o) ol + [ Kas)uls)ds —
0 0

Allyl|+ B=AL+B. (13)

Using equation (12ab), we obtain the bound AL < AL + B which implies that
B B

A<A4+—=A - =1,
SAT T AT Ba AT ¢

which contradicts the hypothesis for which ) > 1, that is point (2) of Theorem 2.1 is ruled out, while point
(1) is fulfilled. Therefore, we conclude that there exists at least a nontrivial solution §(x) of problem (1).

Up to this point, we have established the existence of a solution for the boundary value problem. In
the following theorem, we show some parameter dependent bounds that actually lead to the existence of a
solution.

Theorem 3. Let (x, 9, 2) > y(x, 5, 2); x # [0, 1],(y, 2) # R 2,;(1'5 of class Cin ® and |y(x, 0,0)| * 0. Suppose
that there exist three nonnegative functions x > (u(x), v(x), w(x)) # L' [0, 1] such that

Theorem 3. Lez .x, y, z) >> .(x% 3, 2); . € [0, 1], (5, 2) € R2, yis of the class Cin . and |.(x, 0, 0)| f= 0.
Suppose that there exist three nonnegative functions x > (.(.), v(.), w(.)) € ..[0, 1] such that
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X(@ 3, 2)| < u(@)ly] + v(@)]2] + w(z).
Define

2n—1

Kn(s) := Z s*
k=1

and suppose that either one of the following conditions holds:
1. There exists a constant ¢ > —2 such that

st

Y(2n+£4+1) =YL+ 2)

u(s) +v(s) < ,0<s<1,

where

P(z) := 4 log'(z)] and I'(z) := /DG e ¥ Ldt.
0

dz

2. There exists a constant m > —1 such that

m? 4+ m
1—(m?+m)B(m,2n+1)

u(s) +v(s) < (l—s)™ 0<s<1,

where

['(m)'(2n + 1)
r2n+m+1)

B(m,2n+1) =

3. here exists a constant a > I such that

[ /ﬂ (s + v(s))“ds] " < - EU}T)

=
-+

|
-

and

1
/ﬂ K,.(s)[u(s) + v(s)]ds < 1.

Then problem (1) has at least one nontrivial solution x > §(x), x € [0, 1] of class C*" in &.
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Proof. In order to prove this theorem, one has to show that the integral operator (11) has 4 < 1, 4 being
defined in Theorem 2.

1 ! ¢
./ICH u(s) +v(s )]d9<d.(2_ TIED o1 D) / Kn(s)s'ds =
1 2n—1
(k+6) 3. _
V@n+l+1)—P(l+2) Z/ ds =
1 2n—1 1
G@n+I+1) - ol +2) & k+i+1
1
h(2 C+1)—y(f+2)- =1,
[W(2n+ £+ 1) — (€ +2)] V(n+ 0+ 1) —p(l+2) - (14)

and when ¢ > —2, one has

1

. - > 0.
V(2n+£41) —Y(f+2)

For point 2, we have

m? —|— m
Kl ds < Kl s)"ds =
/ n( $)+u(s)lds 1—(m?+m)B(m,2n+1) ] a 5

2n—1

m?2 +m
_ fnd
1—(m?2+m)s m?n—l—l)zf o
2n—1
m? +m
Ak, m) =
1— (m?+m)B(m,2n+1) ; Ak, m)
m? +m 1
: -3 2 1) =1,
{1 — (m? +m)B(m,2n + 1)] [mﬁ +m (m, 2n + )] (15)
and when 72 > —1, one has
mE +m >0
1—(m2+m)B(m,2n+1)
In the case of point 3, we make use of Holder inequality for which r i < (oera o0, whenever fand

g are measurable functions on the domain Sand 1/a+ 1/b=1. We have
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[ o s < [ [ o oo 52 [ [l -

2n—1 1 b —
k=1 (karl) k=1 (16)

EXAMPLES
Example 1

Consider the problem for a genericn > 1

y2) () :%ﬂyze_yz + %% siny” + e
| 420 =0 =...y"0) =0
Ly () =2 (1) = .y 0(1) =0, .
This problem satisfies all requirements of Theorem 2. In fact, one has
_ z® o —y° z* 2 . =
X(:}:,y,z)—?ye —|—§mhmz—l—e 2
together with
u(x) = T—u v(x) = I—ﬂ, w(r) = E_g

For a generic « > 0, following Theorem 3, hypothesis 1, we have that (u(x), v(x), w(x)) € L'[0, 1] are
nonnegative functions. Moreover,

X (2,9, 2)| < u(@)ly| + v(z)[z] + wlz)

forallx € [0, 1]and forall (y,z) € r Z,
Setting o = ¢ one has to consider the inequality
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1

: - — 1|zt >0
v(2n+£€41) — (£ + 2)

(18)

for all x € [0, 1]. In the parameter space (2, ¢, n), the above inequality is satisfied, for instance, for the
case o = ¢ = n, whenever

1<n<12, -
In this case, the existence of a nontrivial solution §(x) € C*" [0, 1] is guaranteed for problem (17).
Example 2
Consider the problem for a genericn > 1
(2n) 1 ! [ o, i
y(z) == (1 —x)%ycosy + E{J—J;] y' tanhy" + coshz
0 0) =M ) =... =y (0) =0

This problem satisfies all requirements of Theorem 2. In fact, one has

1 1 _
xlz,y,z) = _—1{1 —x)"ycosy + E{l — )%z tanh z + cosh x
together with
1—x)° 1 —x)*
u(x) = %, v(ir) = %, w(x) = cosh.

For a generic a > 0, from hypothesis 2 of Theorem 3, we have that (u(x), v(x), w(x)) € L'[0, 1] are

nonnegative functions. Moreover,

Ix(x,y, 2)| < ulx)ly| +v(z)|z| + wlz)

forallx € [0, 1] and forall (y,z) € r 2,

Setting & = m, one has to investigate the following inequality:
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2
l me T “1-(1—2)™>0

1—(m2+m)3(m.2n+1) (21)

forall x € [0, 1]. In the parameter space (2, m, n), the above inequality is satisfied, for instance, for the
case @ = m = n, whenever

n = 1. (22)
In this case, the existence of a nontrivial solution §(x) € C*"[0, 1] is guaranteed for problem (20).
Example 3
Consider the problem for a genericn 2 1
[Ert)( j -y tanhy + ;ra{ H}E —(y")? +eT 43
1 I =— Al T el e £ %
Y 2 yira YT
y(0) =y (0) =...4™(0) =0
y{rH_L] {1} :_y[n+2}{1] - y{En—L] {1] —0. -

This problem satisfies all requirements of Theorem 2. In this example,

P 3 e )
xlz,y,z) = ?;ﬂt:mhy + ?zzﬂ_”2 +e" +3
together with
ik O
ul(xr) = % v(x) = % w(x) =" + 3.

For a generic a > 0, following assumption 3 of Theorem 3, we have that (u(x), v(x), w(x)) € L' [0, 1] are
nonnegative functions. Moreover

Ix(x,y, 2)| < ulx)ly| +v(z)|z| + w(zx)

forallx € [0,1]and (y,2z) € r 2,

We have

u(z) + v(r) = =%,
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that leads to the relation

1

1 a 1
R < ]
aa + 1 o In—1 ( 1 ).'l

k=1 kb1 (24)
Settinga = b = 2, inequality (24) becomes:
( 1 ) T 1 B V2
20 + 1 n 2n—1 1 { ‘:{%%J_‘:{éml"—%J
k=1 2Ek+1 (25)

where

oo
‘:-1?’ Z
L[}A—i_q

is the Hurwitz zeta function, defined for s # 1 and #() > 0. In our problem, it is always well defined since
q>0ands=1/2.
In the parameter space (¢, n), setting o = n, for instance one obtains that inequality (25) is satisfied

whenever
< n<T.
l<n<7 26)
Letting o = n* we obtain that inequality (25) is satisfied whenever
n = 1. 27)

For the above choice of parameters, the existence of a nontrivial solution §(x) &€ C*"[0, 1] is guaranteed

for problem (23).
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