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ABSTRACT:

Introduction/purpose: This article establishes several new contractive conditions in the context of so-called F-metric spaces. The
main purpose was to generalize, extend, improve, complement, unify and enrich the already published results in the existing
literature. We used only the property (F1) of Wardowski as well as one well-known lemma for the proof that Picard sequence is
an r-Cauchy in the framework of F-metric space.

Methods: Fixed point metric theory methods were used.

Results: New results are enunciated concerning the F-contraction of two mappings S and T in the context of F—complete #-
metric spaces.

Conclusions: The obtained results represent sharp and significant improvements of some recently published ones. At the end of
the paper, an example is given, claiming that the results presented in this paper are proper generalizations of recent developments.

KEYWORDS: F-metric space, F -contraction, fixed point..

Pe sioMe:

BeeacHne/mean: B paHHOI cTaTbe yCTAHABAMBAETCS HECKOABKO HOBBIX COKMMAIOIIMX YCAOBHH B KOHTEKCTE TAK HA3BIBACMbIX
F-MeTpudecKux npocTpaHcTB. OCHOBHAS LICAb CTAThU 3aKAKOYACTCS B 0OOOLICHHH, PACUIMPCHUY, YAYYLUICHHH, AOTIOAHCHUH,
06beAUHEHHH paHee OMyGAMKOBAHHBIX PE3YABTATOB B CYIIECTBYIOIEH AHTepaType. Mbl ncnoabsoBasu Toabko coiictso (F1)
BapaoBckoro, a Takoke 0OAHY XOPOIIIO H3BECTHYIO AEMMY AASI AOKA3aTEABCTBA TOTO, YTO [TOCAEAOBATEABHOCTD I InKapa ToxxAecTBeHHA
F-Komm B paMKax F-MeTpHYIECKOrO IIPOCTPAHCTBA.
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Z.0RAN D. MITROVI#, ET AL. REVISITING AND REVAMPING SOME NOVEL RESULTS IN F-METRIC SPACES

MCTOABI: B craTtpe TIPUMCHCHBI MCTOADI MCTPI/I‘{CCKOI‘/’I TEOpHH HCHOABH)KHOﬂ TOYKH.

PCSyAbTaTbI: C(l)OPMYAI/IPOBaHI)I HOBBIC PE3YABTATHI O F-cxxaruu ABYX 0TO6P3)KCHI/II>1 Su T B xoHTEKCTE JF-TIOAHBIX F-METPHICCKUX
NPOCTPAHCTB.

BLIBOAI)I: HOAy‘{CHHbIC Ppe3yAbTaThl 3HAYMTCABHO YAYYIICHBI IIO CPAaBHCHHIO C HCEKOTOPDBIMH HCAABHO OHy6AI/IKOBaHHbIMI/I
pe3yApTaTaMHu. B sakarouenun NPHUBOAMTCS IIPHUMED, AOKa3LIBaIOH.H/II‘/JI, YTO PE3YAbTAThl, MPCACTABACHHBIC B AaHHOﬁ CTaThC,
SIBASIIOTCSI COOTBCTCTBYIOIIUM O606H.ICHI/ICM HCAABHHX PC3YABTATOB.

KnwdyeBbBeEe cJado0B a: F-MCTPI/I‘{CCKOC TIPOCTPAHCTBO, F-C)KaTI/IC, HCIIOABHIKHA TOYKA.

ABSTRACT:

yBOA/LH/IA)Z OBaj PaA yCHOCTaBA)a HEKOAUKO HOBHUX KOHTpaKTI/IBHI/IX yCAOBa y KOHTeKCTy TAaKO3BAaHUX ~;F—MCTPI/I‘IKI/IX HpOCTOPa.
ThaBHU 1uMm je TeHepaAMsalldja, NpOILIMpPEre, MoGosIabe, AOyHa U objeanmbere Beh AoOMjeHnx pesyarara y mocrojehoj
AMTEpATypH. KOPI/IH_IhCHO je caMo cBOjCTBO (Fl) Bapaosckor, xao u jeAHa Ao6po MO3HATA AEMA 32 AOKa3 AQ j€ INukapos Hus r-
Koumwjes y okBupy F-MeTpuuKOr mpocropa.

Meroae: Kopumhene cy Mmetoae metpuake Teopuje GUKCHE TauKe.

Pesyaratn: Ob6jaBsbeHM Cy HOBU PE3yATaTH y Be3d ca F-KOHTpakimjama 3a ABa NPECAMKABaHa Y OKBUPY F-KOMIIACTHHX F-
MCTPI/I‘IKI/IX HPOCTOP&.

3akmydak: AOOHjEHU PE3YATATH NPEACTABAA)Y 3HAYajHA OOOMSINAKA, KAO U NPABY CHEPAAU3ALIN]Y HEKUX HEAABHO O0jaBAoCHUX
PE3YATATa, IITO MOKa3yje NPUMEP HABEACH Ha KPajy pasa.

KEYWORDS: F-merpnuxu npocrop, F-konTpakunja, pukcHa Tauxa.

INTRODUCTION AND PRELIMINARIES

It is exactly one hundred years since S. Banach (Banach, 1922) proved the famous principle of contraction
in his doctoral dissertation. Since then, many researchers have been trying to generalize that significant
result in many directions. In one direction, new classes of metric spaces were created and the renowned
results were extended to these spaces. Among them, b-metric and #-metric spaces stand out. The former
ones were introduced by Bakhtin (Bakhtin, 1989) and Czerwik (Czerwik, 1993) and the latter were recently
introduced by Jleliand Samet (Jleli & Samet, 2018). Not that these two cases of spaces are intangible. Namely,
there is ab-metric space that is not F-metric, and vie versa, there is an r-metric that is not b-metric. Note that
convergence, Cauchyness and completeness of both types of spaces are defined for ordinary metric spaces.
Also, it is worth mentioning that b-metric and #-metric do not have to be continuous functions with two
variables as is the case with ordinary metric. In both types of spaces, a convergent sequence is a Cauchy and it
has a unique limit. This is what they have in common with ordinary metric spaces. The continuity of mapping
in both classes of spaces is sequential, i.e., the same as in ordinary metric spaces. Let us now list the definitions
of each of the mentioned types of spaces. For more new details on #-metric spaces and new developments
in the metric fixed point theory, one can see some noteworthy papers (Asif et al, 2019), (Aydi et al, 2019),
(Derouiche & Ramoul, 2020), (Jahangir et al, 2021), (Kirk & Shazad, 2014), (Mitrovi¢ et al, 2019), (Salem
ctal,2020), (Som etal, 2020), (Vujakovi¢ et al, 2020), (Vujakovi¢ & Radenovi¢, 2020), (Younis etal, 2019a),
(Younis et al, 2019b).

Definition 1. (Bakhtin, 1989; Czerwik, 1993) Let X be a nonempty set and s = 1 be a given real number.
A function dy, : X x X » [0, +00) is said to be a b-metric with the coefficient s if for all x, y, z # X the following
conditions are satisfied:

(dpl) dp (z,y) =0ifand only if z = y

(dp2) dp (x,y) = dp (y, x)
(dp3) dp (x,y) < sldp(x,2) +dp (2,9)] -
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Let 7 be the set of functions f: (0, +00) > (—c0, +0) satisfying the following conditions:
7 1) fis non-decreasing,
7 2) For every sequence {t,} # (0, +0), we have

lim t, =0ifandonlyif lim f(t,) = —oc.

n—+4+00 n—r+400

Definition 2. (Jleli & Samet, 2018) Let X be a (nonempty) set. A function iz : X X X » [0, +o0) is called a
F -metric on X if there exists (f, &) # 7 X [0, +00) such that for all x, y # X the following conditions hold:

(dFl) dr (xz,y) =0ifand only if x = y.

(d72) dF (2,) = dF (y,7).

(dx3) Forevery N € N, N > 2 and for every {u?-};\_;l C X with (u1,uy) =
(x,v), we have

N-1

dr (xz,y) > 0vyields f (dr (x,y)) < f (Z dr (u;, 'Ul?'+]_)) + a.

i=1

In this case, the pair (X, ) is called a 7—metric space.
Wardowski (Wardowski, 2012) considered a nonlinear function F : (0, +c0) > (—oco, +o0) with the
following characteristics:

(F1) F is strictly increasing.
(F2) F>) above.
(F3) There exists [ € (0, 1) such that lim, o+ t'F (t) = 0.

Wardowski (Wardowski, 2012) called the mapping T : X » X, defined on a metric space (X, d), an F
—contraction if there exist T > 0 and F satisfying (F1)-(F3) such that

T+ F(d(Txz,Ty)) < F(d(xz,y)) wheneverd (Tz,Ty) > 0.

The authors in (Asif et al, 2019) take 5 = {F : (0, +00) > (—o0, +0) : F satisfies 7 ;) and 7 ,)} .

In 2019, A. Asif et al, (Asif et al, 2019) formulated and proved the fixed-point and common fixed-point
results for single-valued Reich-type and Kannan-type F-contractions in the setting of 7-metric spaces:

Theorem 1. Suppose (f, 2) # B x[0, +0) and (X, s )isan 5 —complete F -metric space. Let S, T : X > X
be self-mappings. Suppose there exist F# 7 and v > 0 such that

T+ F(dr (Sz,Ty)) < F(a-dr (z,y) +b-dr (z,Sz)+c-dr (y,Ty)) 1)
fora, b, c#[0,. + o) such thata + b + ¢ < 1 with

min {dr (Sx,Ty) ,dr (x,y) ,dr (x,Sz),dr (y,Ty)} > 0,
Jorall (x, y) # X x X. Then S and T have at most one common fixed point in X.

Corollary 1. Suppose (f, 2) # B %[0, +00) and (X, ir ) isan 7 —complete r -metric space Let S, T : X > X
be self-mappings. Suppose that k # [0, 1), there exist F# ¥ and © > 0 such that
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T+ F(dr (Sx,Ty)) < F (% (dr (x,Sx)+dr [y,Ty}))

(2)
with min { ir (Sx, Ty), dr (% y), dr (x Sx), ax (3, Ty)} > 0, for all (x, y) # X x X. Then S and T have

at most one common fixed point in X.

By replacing S with T, the authors obtained the following result for single mapping,

Corollary 2. Suppose (f, 2) # B [0, +0) and (X, dr )isan r —complete r -metric space Let T : X > X be
self-mapping. Suppose that for k # [0, 1), there exist F# 5 and 7> 0 such that

T+ F(dr (Tz,Ty)) < F (% (dr (x,Tx) + dr (y, T;f;)))
3)

with min { iz (Tx, Ty), dr (x, Tx), = (y, Ty)} > 0, for all (x, y) # X x X. Then T have at most one fixed
point in X.

Definition 3. Let (X, dr bean r —complete r -metric space and S, T : X > X be self-mappings. Suppose that
a+b+c<lfora b c#/[0, +). Then the mapping T is called a Reich-type F-contraction on B (x¢ v) # X if
there exist F# 5 andt > 0such that for allx, y # B (x¢ 1)

T+ F(dr(Sxz,Ty)) < F(a-dr(z,y)+ b -dr(z,Sz)+c-dr (y,Ty)). 4
Theorem 2. Suppose (f, &) # B [0, +00) and (X, ir isan F —complete F -metric space. Let T be a Reich-
type F-contraction on B (xg, ) # X. Suppose that for xg # X and r > 0, the following conditions are satisfied:

(a) B (xg,r) is F—closed,

(b) dr (zo, 1) < (1 — A)r, forz; € X and X = &2,

(c) There exist 0 < = < r such that £ ((1— A**!)r) < f(e) — o, where
k € N.

Then S and T have at most one common fixed point in B (xo, r).

Taking S = T in Theorem 2, the authors in (Asif et al, 2019; Corollary 3.) obtained the following result
for single mapping,

Corollary 3. Suppose (f, ) # B %[0, +o0),(F, 7) # B X (0, +),(X, ir)isan r —complete F -metric space
and T : X > X is a self-mapping. Suppose thata + b + ¢ < 1 for a, b, ¢ # [0, +o0). Suppose that for xo # X and
r > 0, the following conditions are satisfied:

(a) B (xg,r) is F—closed,

(b) T+ F (dr (Sz,Ty)) < F(a-dr(z,y) + b-dr (x,8z) + ¢ dr (y,Ty))for
all z,y € B(xg,r),

(€)dr (zg,21) <(1—X)r,forzy € X and X\ = %E,

(c) There exist 0 < < r such that f ((1 — \**1)r) < f () — a, where
k e N.
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Then T has at most one fixed point in B (xo, r).

Corollary 4. Suppose (f, &) # B %[0, +0),(F, 7 ) # B X (0, +°0),(X, dr )isan r —complete F -metric space.
Let S, T : X > X be a self-mappings and k # [0, 1). Suppose that for xg # X and r > 0, the following conditions
are satisfied:

(a) B (xo,r) is F—closed,

(b) T+F (dx (Sz,Ty)) < F(a-dr(z,y) + b dF (z,Sz) + c- dF (y,Ty))for
all z,y € B (xo,7),

(€) dr (zo,21) < (1 —A)r, forz; € X and A = 75,

(c) There exist 0 < = < r such that f ((1— A1) r) < f(c) — o, where
ke N.

Then S and T have at most one common fixed point in B (xo, r).

Further in the same paper (Asif et al, 2019; Definitions 6, 8, Theorem 5, Corollary 5.), the authors gave
the following:

Definition 4. Let (X, dr ) be a metric space. Let CB (X) be the family of all non-empty closed and bounded
subsets of X. Let H : CB (X)xCB (X) » [0, +00) be a function defined by

H (A, B) = max ¢ supD (x, B) ,supD (y, A)
TeA yelb o
5

where D (x, B) = inf{ ar (x, y) : y # B}). Then H defines a metric on CB (X) called the Hausdorff-Pompeiu
metric induced by dr .

Definition 5. Let (X, dr ) be an r -metric space. Suppose F# B and H : CB (X) x CB (X) » [0, +0) be the
Hausdorff-Pompein metric function defined in Definition 2. A mapping T : X > CB (X) is known as a setvalued
Reich-type contraction if there is some T > 0 such that

2r+ F(H (Tx,Ty)) < Fla-dr (z,y) +b-dr(x,Sz) +c-dr (y,Ty)) ©)

Jfor (x, ) #X x Xand a, b, c # [0, +o0) such thata + b +c < 1.

Theorem 3. Let (X, dr ) bean 7 —complete 7 -metric space and (f; &) # B [0, +o0). If the mapping T : X
> CB (X) is a set-valued Reich-type F-contraction such that F is right continuous, then T has a fixed point in X.

Corollary 5. Suppose (f, ) # B %[0, +0) and (X, dr )isan F —complete r -metric space. Let T : X > CB
(X) be a Reich-type F—contraction such that F is right continuous. Suppose that for k # [0, 1), there exist F #
B andt > 0such that

T+ F(H((Tz,Ty)) < F (% (dr (z,Tz) + dF (:u;l':u)})

with min {H (Tx, Ty), iz (x, Tx), a= (y, Ty)} > 0 for all (x, y) # X x X.
Then T has a fixed point in X.
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In the sequel, we will use the following two results:
Lemma 1. (Mitrovié et al, 2019; Lemma 1.) Let (X, dy) (vesp. (X, dr ) be a b-metric (vesp. F —metric) space
and (= the sequence in it such that

dp (2n, Tps1) <A dp (2p_1,7,) (resp. dr (xn, nr1) <X dr (2n-1,25)), (8)

Joralln # w,whered # [0, 1). Then @y is a dy—Cauchy sequence in (X, dj) (vesp. dir —Cauchy sequence
in (X, dr)).

Lemma 2. Let oiides = Triducsviny = (Mohueni 70 = Xg be a Picard sequence in  F -metric space inducing by
mapping T : X > X and initial point xo # X. If dr (% X441) < dr (Xy-p X,) forall n # N then x, * x,
whenevern * m.

Proof. Let X, = X for some n, m € ~ with n < m. Then y,11 = Ty = TXim = Xim+1. Further, we get

dF (Tn, Tn+1) = dF (Tm, Tme1) < dF (Zm-1,2Tm) < ... <dF(Tn, Tns1),

which is a contradiction.

SOME IMPROVED RESULTS

Firstly, since F : (0, +00) > (—00, +00) it follows that (1) is possible only if ¢+ (Sx, Ty) > 0 where x,y € X.
Also, the condition (F1) yields thata- dr (x,y) + b ¢ (x, Sx) + ¢ - dx (y, Ty) > 0 forall x, y € X for which
dr (Sx, Ty) > 0. This means that at least of a, b, ¢ € [0, +00) must be distinct of 0. Now we can improve the
formulation of Theorem 1 and all its corollaries from (Asif et al, 2019) and give new proofs as the following.

Theorem 4. Suppose (f, &) # B % [0, +0) and (X, dr ) isan r —complete F —metric space. Let S, T : X
> X be self mappings. Suppose there exist a strictly increasing function F : (0, +00) > (—oo, +00) and 7 > 0 such
that dr (Sx, Ty) > 0 yields

T+ F(de(Sz,Ty)) < Fla-de(z,y)+b-de(z,Sz) +c-dre (y,Ty)), 9

fora, b, c # [0, +00) such that # + 0P+ >0anda+b+c< 1.
Then S and T have at most one common fixed point in X, if at least one of the mappings S or T is continuous.
Proof- Already, we first eliminate the function F. Indeed, from (9) if 4-(Sx, Ty) > 0 follows

dr (Sz,Ty) <a-dr(z,y)+b-dr(z,Sx)+c-dr(y,Ty),. (10)

wherea, b, c € [0, +0),a* + b* + ¢* > 0and a + b + ¢ < 1. Further, we give the proof in several steps:
The step 1.
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The point 7 is a fixed of S if and only if it is a fixed pointof T. Let ST =%
and I'z # 7. Putting z = y = T in (10) we get
dr (,7T) = dr (ST,TT) < a-dg (T,T) + b- dx (T, 5T) + ¢ - d5 (E,TT)
=a-04+b-04+c¢c-de(F.7TT),

ie,, (1-¢)dr(Z.TT) < 0. Since, ¢ € [0,1) we obtain the contradiction.
Therefore, T = 7.

Conversely, let 7 = T'T and ST # 7. In this case, we get
dr (5z,7) = dr (52,7%) < a-dr (7,7) + b- dr (T, 57) + ¢ - dF (T,T)

=a-0+b-de(T,5T)+c-0,

i.e., (1—b)dr (Sz, %) < 0 which is a contradiction, because b < [0,1).
Hence, it follows that ST = 7.

The step 2.

The unidueness of a possible commeon fixed point for S and 7.
Let T # 7 be two common fixed points for S and 7. Then putting in (10)
r=Tand y =7 we get:

dr (ST, 1Y) <a-dr (T.§) + b-dr (T,5T) + c-dr (¥,1T7) .

i.e., (1 —a)-dr(7,7) < 0. Which is a contradiction with = # 7. This means
that a possible common fixed point for S and T' is unique.

The step 3.

In this step, we shall prove the existence of at least one common fixed
point of Sand T

Therefore, suppose that z; is an arbitrary point and define a sequence
{Iﬂ.} by

Topy1 = Swa, @Nd o0 = T'Top 11,

forn € NU{0}. ltisclearthat dr (2,41, Tont2) > 0and dr (zans3, Tonia) >
0 for all n € NU {0} . Now, by (10) we further get (x = x5,y = T2,41)

dr (:r2r1+1.- I2n+?] < adr {Ii’n-. I?n+1)+b'd}_ (I:Qn: I2n+l.j+c'd}-' (IZrt+L.~ IQrt+?) )

i.e., dr (Tany1. Tong2) < k- dr (Tan, Tan+1) Where k = 2 € [0,1). And
similar dr (r2n+3, Tans2) < k- dr (x2042, T2,+1) . Hence, for all n € N we
have

d}' (?rrt-.-T-rt+1) <k- df{;rrz—l-.-rn) < d}_ {In—lern) .

According to Lemmas 9 and 10, we have that the sequence {x,} isa ¢—Cauchy in an 7—complete F-metric
space (X, dr) and x, # x,, whenever n # m. This further means that there is (unique) x* € X such that
X,>xX asn>+ .,

Firstly, let S be continuous. Then x;,41 = Sx2, > Sx* = x* since in each 7—metric space the subsequence of
each convergent sequence converges to the unique limit. Now, we will prove that also Tx* = x*. Indeed, if
Tx* # x* then by using (10) with x = y = x* we get
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dr (z*,Tx") = dr (Sz*,Tx") < a-dr (z*, 2")+b-dr (z*, Sz")+edr (=%, Tx™)

=a-dr(z",2°)+b-dr (7, Sz ) tedr (27, T2") = a-0+b-0+c-dr (z*, Tz").

Finally, we obtain that (1 —¢) - ¢-(x*, Tx*) < 0 which isa contradiction because we suppose ¢-(x*, Tx*) * 0.

If the mapping T is continuous, the proof is similar.

The theorem is completely proved.

Remark 1. Our Theorem 11 generalizes, improves, complements and unifies the corresponding Theorem
3 from (Asif et al, 2019) in several directions. First of all, it is worth to notice that some parts of the proof
for Theorem 3 are doubtful. Namely, the authors in their proof use that #-metric - is a continuous function
with two variables (dz(xq, yn) > d7(%, y) if dr(xq, x) > 0 and dx(yn, y) > 0), which is not case. Also, it is clear
that the function F in their Theorem 3 and in both Corollaries 1 and 2 is superfluous.

The next two corollaries follows from our Theorem 11.

Corollary 6. Suppose (f, &) # B X% [0, +00) and (X, i )isan F —complete F —metric space. Let S, T : X
> X be self mappings. Suppose there exist strictly increasing function F : (0, +00) > (—oo, +00) and 7 > 0 such
that dr (Sx, Ty) > 0 yields

k
T+ Fldr(Sz,Ty)) < F (E (dr (z,8x) + cdF (y, Ty]j) .
(11)

fork #[0, 1).

By replacing S with T, we get the following result for single mapping:

Corollary 7. Suppose (f, 2) # B x [0, +0) and (X, ir ) isan 7 —complete r —metric space. Let T : X »
X be self mapping. Suppose there exist strictly increasing function F : (0, +00) > (oo, +00) and © > 0 such that
dr (Tx, Ty) > 0 yields

T+ Flde (T, Ty)) < F (g (dr(z,Tz) + cdr (y, Ty]]) :
(12)

fork #[0, 1).

Then T has at most one fixed point in X, if it is continuous.

Remark 2. Now we give the following Important Notice:

It is useful to note that the other results from (Asif et al, 2019) can be repaired and supplemented in the
same or similar way. It should also be said that the results on Hausdorff-Pompeiu metric given in (Asif et al,
2019) are dubious. This will be discussed in another of our papers.

The immediate consequences of our Theorem 11 are the following new contractive conditions that
complement the ones given in (Collaco & Silva, 1997), (Rhoades, 1977) for usual metric spaces. For more
contractive conditions in the framework of metric spaces see (Ciri¢, 2003), (Consentino & Vetro, 2014),
(Dey etal, 2019), (Karapinar, et al, 2020), (Piri & Kumam, 2014), (Salem et al, 2020), (Wardowski & Dung,
2014). In the sequel we will obtain several new contractive conditions in the framework of #—metric spaces.

Corollary 8. Suppose (f, 2) # B % [0, +) and (X, dr )isan F —complete r —metric space. Let S, T : X »
X be self mappings. Suppose there exist T; > 0 such that dr (Sx, Ty) > 0 yields
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T+ Fldr (Tz.Ty)) < F (g (dr (z,Tz) + edr (y, TIJJJ) ;
(13)

Jfora, b, ¢ # [0, +00) such that @ + 0>+ >0anda+b+c< 1. Then S and T have at most one common
fixed point in X, if one of the mappings S or T is continnous.

Corollary 9. Suppose (f, 2) # B % [0, +) and (X, s )isan Fr —complete r —metric space. Let S, T : X »
X be self mappings. Suppose there exist T, > 0 such that ax (Sx, Ty) > 0 yields

T2+d}_ [.Sr.']"ly} <a d}_ ('T y} (14)
fora#[0,1).
Then S and T have at most one common fixed point in X, if one of the mappings S or T is continnous.
Corollary 10. Suppose (f, &) # B % [0, +0) and (X, i )isan 5 —complete ¥ —metric space. Let S, T : X
> X be self mappings. Suppose there exist T3 > 0 such that iz (Sx, Ty) > 0yields

3 +dr(Sz.Ty) <b-dr(x,Sz)+c-dr(y,Ty), (15)

for b, ¢ # [0, +0) such that P +E>0andb+c< 1. Then S and T have at most one common fixed point
in X, if one of the mappings S or T is continuous.

Corollary 11. Suppose (f, 2) # B % [0, +o0) and (X, dr ) isan F —complete ¥ —metric space. Let S, T : X
> X be self mappings. Suppose there exist T4 > 0 such that iz (Sx, Ty) > 0 yields

1 1

— — .
M dr(Sz.Ty) = b-dr (z.97) + c-dr (v, Ty)’

(16)

Jfor b, ¢ # [0, +00) such that b’ + 2> 0and b +c < 1.
Then S and T have at most one common fixed point in X, if one of the mappings S or T is continnous.
Corollary 12. Suppose (f, 2) # B % [0, +o0) and (X, dr )isan F —complete ¥ —metric space. Let S, T : X >
X be self mappings. Suppose there exist ts > 0 such that ir (Sx, Ty) > 0 yields

1 1
4y (S, Ty)<—
drSz.Ty) F STy S S T e dr (0. Tw)

T —
(17)
Jforb, ¢ # [0, +00) such that > + 2> 0and b +c < 1.

Then S and T have at most one common fixed point in X, if at least one of the mappings S or T is continuous.

Corollary 13. Suppose (, 2) # B % [0, +o0) and (X, dr )isan F —complete ¥ —metric space. Let S, T : X
> X be self mappings. Suppose there exist vs > 0 such that i (Sx, Ty) > 0 yields
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1 1

T6 + S T ; =
1 —exp(de(Sz, Ty)) l—exp(b-dre(z,St)+c-dre(y,Ty)) (18)

Jfor b, ¢ # [0, +00) such that > + > 0and b +c < 1.

Then S and T have at most one common fixed point in X, if one of the mappings S or T is continnous.

Proof. As each of the functions r.¢) =i = T3 k) = -1 () = 2+rne -2y is strictly increasing on (0, 4+00), the
proof immediately follows by our Theorem 11 and their corollaries.

Example 1. Finally, we give the following simple example that support our Theorem 11 with S =T. Suppose
that X ={2n+ 1 : n € n}. Define the ¢r—metric given by the following

_ Difzr =1y
dr (z,y) = { el vl if o £ y.

Let F'(r) = —e"and T : X — X is defined by

o Jifne{l,2
T(2n+1) = . { }
2n—1ifn = 3.
It is clear that dr is a 7—metric and F is strictly increasing on (0, +0). All the conditions of Theorem 11
are satisfied. Indeed, putting in equation (9) b =c =0, we get forx # y:

7 — e 1 T=Tyl < —a- e~ 1Y ._

ie, e Tyl s 5. eyl Takingx=2n+ 1,y =2m + 1, n # m we further obtain ¢l2n-2ml 5 5 o|20-2m|

Since n # m this means that there existsa € [0, 1) such that (9) holds true, i.c., T has a unique fixed point in
X ={2n+1:n € n}, which is x = 3. Note that lim,,.o F (r) = —1, then Theorem 3 from (Asif et al, 2019) is
not applicable here. This shows that our results are proper generalizations of the ones from (Asif et al, 2019).

CONCLUSION

In this article, we obtained several new contractive conditions in the framework of r-metric spaces. Our
results improve, extend, complement, generalize, and unify various recent developments in the context of
metric spaces. An example shows that the main results of (Asif et al, 2019) are not applicable in our case. We
think that this is a useful contribution in the framework of .-contraction introduced by D. Wardowski.
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