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ABSTRACT:

Introduction/purpose: The aim of this paper is to present the concept of a universal hypermetric space. An n-dimensional (n >
2) hypermetric distance over an arbitrary non-empty set X is generalized. This hypermetric distance measures how separated all n
points of the space are. The paper discusses the concept of completeness, with respect to this hypermetric as well as the fixed point
theorem which play an important role in applied mathematics in a variety of fields.

Methods: Standard proof based theoretical methods of the functional analysis are employed.

Results: The concept of a universal hypermetric space is presented. The universal properties of hypermetric spaces are described.
Conclusion: This new version of the results for Up-hypermetric spaces may have applications in various disciplines where the
degree of clustering is sought for
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AXBAR DEHGHAN NEZHAD, ET AL. A NEW VERSION OF THE RESULTS OF Uy-HYPERMETRIC SPACES

Pe 3m0oM e:

Beacnue/ueap: Lleaplo AQHHOI CTAaTBM SIBASIETCS IPEACTABACHHME KOHLEMIMU YHHUBEPCaAbHOrO Up-THIIEPMETPHIECKOTO
npoctpanctsa. O606meHo n-MepHOE (n=>2) TUIIEPMETPUYECKOE PACCTOSHHE HA MPOU3BOABHOM HEIYCTOM MHOXeCTBE X,
IPHU 3TOM AAQHHAS TAK HA3BIBACMAS TMIIEPMETPHKA BBIYHCASIECT PACCTOSHHUE MEXKAY BCEMU N TOYKAMU IIPOCTPAHCTBA. B cTarhe
00CYXAQETCSL KOHLIETILMS [IOAHOTBL B OTHOIICHUM TUIIEPMETPHKH, a TAKXKE TEOPEMA O HEIIOABIDKHON TOYKE, KOTOPbIC UIPAIOT
BXXHYIO POAb B Pa3HbIX HAIIPABACHHAX IPUKAAAHOH MAaTEMATHKH.

MeTtoanr: B craTbe mpuMeHSIANCH TEOPETHIECKHE METOABI GYHKIIMOHAABHOTO AHAAKS3A.

Pesyabrarsr: TlpeacraBaena xoHuennus yHusepcaspHoro Ujp-rumepmerpudeckoro mpocrpaHcTBa. OmnucaHbl YHHBEPCAAbHbBIE
cBoiicra Uy -runepMeTpudeckux IPOCTPAHCTB.

BsiBops:: Hosast Bepcust pesyabraroB B obaactu Up, - IHIIEPMETPHYECKUX HPOCTPAHCTB MOXET IPHMEHSATBCS B PA3SAHYHBIX
AUCLIUIIAMHAX, B KOTOPBIX TPEOYETCSI CTEIICHD KAACTECPHU3ALIMHL.

KnwoueBr e ¢ o B a: Uyrunepmerpuieckue npocrpancrsa, OG-merpuxa, G-merpuka.

ABSTRACT:

VBoa/Llum: ¥ paay je mpeacTaByeH KOHIENT YHHBep3aaHOT Up-XHIIEPMETPUUKOL IpocTopa. [eHepasusyje ce NnAUMEH3HOHAAHO
(n = 2) XunepMETPUIKO pacTojarbe Ha IPOU3BOSHOM HerlpasHoM ckyity X. IIpuToM, oBa T3B. XHIIEpMETPHKA U3PaXKaBa KOAUKO je
Mehyco6Ho pacrojare cBUX N Tayaka NIpocTopa. AHAAM3HPA CE II0jaM KOMIIACTHOCTH, Y OAHOCY Ha XUIIEPMETPHUKY, Ka0 U TeopeMa
HEITOKPETHE TAYKE, KOja UM 3HAYAJHY YAOTY Y IPHMEEEHO] MATEMATHIIH HA PA3HUM IIOAUMA.

Metoae: Ilpumemene cy cTaHaapAHE TeopHjcKe MeTOAE GYHKIHOHAAHE AHAAKSE.

Pesyararu: ITpeacraBmeH je koHuenT renepasnsosanor Upy-xunepmerpuuxor npocropa. Onucane cy u yausepsaane ocobune Up-
XHIEPMETPUYKUX IIPOCTOPA.

3axwyunu: Hosa Bepsuja pesyarara Uy, -XunepMeTpUYKHX MPOCTOPA MOXKE UMATH IIPUMEHY ¥ PasHOPOAHMM AHCLIUIIAMHAMA Y
KOjUMa je 3aXTEBAHO AA C¢ KBAHTUQHKYje CTEIICH IPYIIHCaba.

KEYWORDS: Up-xunepmerpuuku npocropu, OG-merprka, G-meTpuka.

INTRODUCTION

The role of distance in understanding the world is undeniable. Our intuitive understanding of the concept
of distance in the real world, however, is different from the one proposed in mathematics. Some of the
properties that belong to our understanding of distance from the real world, such as symmetry and single-
valuedness, are not necessarily established within certain abstract distances.

This will, in fact, be our main motivation for presenting a generalized concept of distance as a set-valued
function in this paper. The notion of 2-metric spaces, as a possible generalization of metric spaces, was
introduced by Gihler (Gihler, 1963), (Gihler, 1964), (Gihler, 1966). See also (Diminnie et al, 2017),
(Ha et al, 1990) for further developments. The 2-metric d(x, y, z) is a function of 3 variables, and Gihler
geometrically interpreted it as an area of a triangle with the vertices at x, y and z, respectively.

This led B. C. Dhage, in his PhD thesis in 1992, to introduce the notion of D-metric (Dhage et al, 2000)
that does, in fact, generalize metric spaces. Subsequently, Dhage published a series of papers attempting to
develop topological structures in such spaces and prove several fix point results.

Most of the claims, however, concerning the fundamental topological properties of D-metric spaces, are
incorrect. In 2003, Mustafa and Sims demonstrated that in a strong remark (Mustafa & Sims, 2003). This
led them to introducing the notion of a G-metric space (Mustafa & Sims, 2006), as a generalization of metric
spaces. In this type of spaces, a non-negative real number is assigned to every triplet of elements.

In an attempt to generalize the notion of a G-metric space to more than three variables, Khan first
introduced the notion of a K-metric, and later the notion of a generalized n-metric space (for any n > 2)
(Khan, 2012), (Khan, 2014). He also proved a common fixed point theorem for such spaces.

G-metric spaces were generalized to universal metrics in (Dehghan Nezhad & Mazaheri, 2010), (Dehghan
Nezhad & Aral, 2011), (Dehghan Nezhad & Khajuee, 2013), (Dehghan Nezhad et al, 2017). The
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interpretation of the perimeter of a triangle is applied, but this time on G-metric spaces. Since then, many
authors have obtained fixed point results for G-metric spaces.

The main purpose of this paper is a generalization of universal metric spaces into universal hypermetric
spaces of the n-dimension (see (Kelly, 1975) for a discussion on hypermetric spaces). In the first part,
we generalize an n-dimensional (n > 2) hypermetric distance over an arbitrary non-empty set X. This
hypermetric measures how separated all n points of the space are. The hyperdistance function is defined in any
way we like, the only constraint being the simultaneous satisfaction of the three properties, viz non-negativity
and positive-definiteness, symmetry and triangle inequality. In the second part, we discuss the concept of
completness, with respect to this hypermetric, and the fixed point theorem, which play an important role in
applied mathematics in a variety of fields. Examples show a fundamental difference between our results and
the well-known ones. This concept is the first view of novel methods for selecting the clusters by hypermetric.
The purpose definition is applicable for engineering science (for example, the theory of clustering).

By a strict order relation of a set X, we mean a binary relation ” < ”, which is transitive (¢ < p and B <y
implies o < ), such that « < f and p < a cannot both hold. It is a strict total order relation, if for every o8
belonging to X, exactly one and only one of o < 8, p < ¢ or o =  holds. A group G is called left-ordered, if
endowed with a strict total relation ” < ” which isleft invariant, meaning that & < B impliesy + o <y + §, for all
oy € G. Wewill say that G is bi-ordered, if it admits the left and right invariant properties simultaneously
(historically, this has been called simple-ordered). We refer to the ordered pair (G, <) as an ordered group
(Cohen & Goffman, 1949). From now on, we assume that 1 denotes the identity element of G. It should
be noted that, for abelian additive groups, the identity element may be denoted by 0. This is common to an
ordered group with the symbol ” < ” that has the obvious meaning : o < B means a < p or & = 8. We denote G
+ a set of non-negative elements of G, namely ¢+ = (s < ¢ < o). Two positive elements, x, y, of an ordered group
are relatively Archimedean if there are positive integers m, n such that mx > yand ny > x. If every two positive
elements of an ordered group are relatively Archimedean, then the ordered group is Archimedean.

Every Archimedean ordered group is isomorphic to an ordered subgroup of the additive group of the real
numbers. An ordered group G is order complete if every non-empty subset of G that has an upper bound
has a least upper bound.

UNIVERSAL HYPERMETRIC SPACES OF THE DIMENSION N

The goal of this section is to describe a few properties of the universal hypermetric spaces.

Definition 1. Let G be an ordered group. An ordered group metric (or OG-metric ) on a non-empty set X is a
symmetric non-negative function dg from X x X into G such that de(x, y) = 0 if and only if x = y and such that
the triangle inequality is satisfied; the pair (X, dg) is an ordered group metric space (or OG-metric space).

Now we first recall and introduce some notation. For n > 2, let Xn denote the n-times Cartesian product
225 and G be an ordered group. Let P*(G) denote the family of all non-empty subsets of G. We begin with
the following definition.

Definition 2. Let X be a non-empty set. Let v. : X" > P*(G") be a function that satisfies the following
conditions:
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(UT} ]Un{.T]__. Ca _.J‘,'n] = {U}. .-"f;rl = ... = Tp,
(U2) Up(xy,...,2z,) D {0}, forall zy, ..., x, With x; # x;, for some i, j €

{1,...,n},

(U3) Un(z1,...,2n) = Up(zr,...,zx,), for every permutation
(T(1ys - T(my) OF (1,2, ..., m),
(U4) Up(xy,72,...,Tn—1,Tn—1) € Un(z1,22,...,Tn-1,7n), for all

Tpee..,In € X,

(U5) Up(z1,72,...,00) C Un(z1,a,...,a) + Unla,z2,....,x,), for all
Tiyeo. Xy, a e X,

Let A;besubsetsof X,i=1,..., n. We define

Un(Ayg,...,A,) = U{Un(ifl-.----.-?"n} |z; € 4;, i= 1_....._?:}._ and
A+ AJ' = {Ii +.’.l‘,'j|.]‘,'1' S AI'._.TJ' € ‘-'-‘13';1 <i,j= ?1}._

We will use the following abbreviated notation: The function v, is called a universal ordered hypermetric
group of the dimension n, or more specifically an UO,-hypermetric (or U,-hypermetric) on X, and the pair

(X, v.) is called an U,-hypermetric space. For example, we can set G = z2 or &, where z} := v U {0} = {0,
1,2,...}and »2 := [0, +oo).

In the sequel, for simplicity we assume that G+ = 2. The following useful properties of a Un-hypermetric
are easily derived from the axioms.

Proposition 1. (example) Let X = {ay, ... ar }bean 1 -element set and v, ={1,..., ¢ }. Define
* 0
Fo: X x X — P*(RY)
with,
{{0},.... {5}} ;i<
Fo(ai,a;) =9 {{0},....{i—1}} ; i=3j : (for all i,j € Ny)
Hoh- it} 4 i

and also assume A+ B=A#B, forall A, B#P( ). Then v, is a Ux-hypermetric space.
Proof- It is sufficient to show that r, satisfies all the properties [(U1)], [(U2)], ..., [(U5)] . The proofs

of [((U1)],...,[(U4)], follow immediately from the definition of .. We only need to show that r, satisfies
the following relation

Fao(ai,a;) = Fo(ai, ak) + Fa(ak,a;)  : (forall 1,5,k € Np),

so we prove that in the following cases.
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(i) (i=7)
We have {{0},....{j — 1}} < {0....,k}, if j < k and also,
{{0},....,{j — 1}} = {{0},...,{k — 1}}, if j = k. Finally we have
{{o}..... G-} c {{o}..... i} }. ifi > k

(ii) (i <J)
We have {{0},....{j}} < {{0}.....{4}}. if 5 > k, and
{{0},....{4}} <€ {{0},....{k}}, if & > j, and at last the equality
holds if i = j.

(iii) (2> )
The same reasoning applies to this case, with j replaced by i in (ii)
and the proof is completed.

Proposition 2. Let (X, v, ) be a U,-hypermetric space, then for any x, ..., x,, a # X it follows that:

(1) fU,(z1,...,zn) = {0}, then z1 = ... = zy,,
(2) Up(x1,...,x5) C Z,?:z Un(z1, oy 1, 25),

(3) Up(x1,...,xy) C Z;-":l Un(z4,a,...,a),

(4) Uy (21,22, ....22) C (n — 1)Uy (x1, ..., 21, T2).

Proposition 3. Let (X, v. ) be a Un-hypermetric space, then {0} # v, (xy, ..., x,,) for all xy, ..., x, #X.

Proof- By the condition (U4) of the definition of a U,-hypermetric space, we have {0} = v, (x1, ... x , ) #
Un (X1, vor Xp).

Proposition 4. Every Un-hypermetric space (X, v. ) defines a Us- hypermetric space (X, v. ) as follows:

Us(z,y) = Un(z;y, ..., y) + Un(yiz, ..., z);  forall =,y X.

Proposition 5. Let e be an arbitrary positive real value number, and (X, d) be a metric space. We define an
induced hypermetric,

Us: X x X = P*(RY)

(d(z,y) —e,d(z,y) +e) NRE 5 z#y, dz,y)<e

(d(z,y) —e,d(z,y) +e)U{0} ; z#y, d(z,y)>e
U5(z,y) = {
{0} ; T=1y.

Then (X, v3) is a Up-hypermetric space
MAIN RESULTS

Let (X, v.) be a Uy-hypermetric space and s be a partition of X. For each point p € X, we denote 7 a point
in ¥ containing p, and we denote the equivalent relation induced by the relation by #

Definition 3. Let (X, v. ) be a U,-hypermetric space. Let py, . . ., p, # X, and consider 5.... 5, < X . A quotient
U,-hypermetric of the points of % induced by v. is the function

T,: X — Pr(rY) given by 6.5 =y e 0 o0

Proposition 6. The quotient U,-hypermetric induced by v, is well-defined and is a U,-hypermetric on x .
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Proof- 6, satisfies all the properties (U1) — (U4).

Un(ﬁlr .- -aﬁn) g Uj—ra(ﬁl1 51 ey (}) + ﬁrﬁ(aa ;527 s 3pn)

pieF; P;EF’;
geq geq

= m (Un('pl: q,... vq) + Un(Q:?’Q. s :pn)) .
piEps
qeE]

Let (X, u.) be a U,-hypermetric space of a dimension n > 2. For any arbitrary a in X, define the function
Un1 on X1 by

I[—]n—l(-']:h s e e g -Tn—lj = Un[\(:rfl-; s ee g xn—l?a)-

Then we have the following result.

Proposition 7. The function v, defines a U,_;-hypermetric on X.

Proof. We will verify that u,_, satisfies the five properties of a U,,_;- hypermetric.

Proposition 8. Let f: X > Y be an injection from a set X to aset Y . If v, : X" > P*®} is a U,-hypermetric
ontheset Y, then @, : X" > P*®.., given by the formula ©, (xp, ..., x,) = v. (f{x1), ..., f(x,)) forall xy, . . .,
x, # X, is a U,-hypermetric on the set X.

Proposition 9. Let (X, v.. ) be any U,-hypermetric space. Let ). be any positive real number. Then (X, v} ) is
also a U,-hypermetric space where vi.....x.) = (Anp. VA€ Untanr.....z0)).

So, on the same X many U,,-hypermetrics can be defined, as a result of the procedure in which the same set
X is endowed with different metric structures. Another structure in the next proposition is useful for scaling
the Uy,-hypermetric, so we need the following explanation.

For any non-empty subset A of k2, andA € R" we define a set L. A to be 14 = {rajac ).

Proposition 10. Lez (X, v. ) be any U,-hypermetric space. Let A be any positive real number. We define v
(X1 .3 X)) =X U (X1 ..., x,). Then (X, w2 ) is also a U,-hypermetric space.

A sequence {x,} in a U,-hypermetric space (X, v.) is said to converge to a point s in X, if for any € > 0
there exists a natural number N such that for every my, ..., m,_; 2N,

-[[']'H("]:T}'Ll: "‘:J:TJ"L“_l'."S) g [G‘ E)

then we write,
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lim ]Un(:xmp ooy Ly, g S) — {G}

Ty ooy Ty 1 —F+00

We say that a sequence {x,} has a cluster point x if there exists a subsequence {xmk } of {x,n} that converges
to X.

Proposition 11. Let (X, v. ) and (X", v, ) be two U,-hypermetric spaces. Then a function f: X > X"is U,-
continuous at a point x # X, if and only if it is U,-sequentially continuous at x; that is, whenever sequence {x,,}
is U,-convergent to x one has {f{(x,,)} which is U, convergent to f{x).

Definition 4. Let (X, v. ) be a U,-hypermetric space, and A # X. The set A is U,-compact if for every U,
sequence {x,,} in A, there exists a subsequence {x, } of {x,,} such that Un-converges to xo # A.

Proposition 12. Let (X, v. ) and (X", v, ) be two U,-hypermetric spaces and f': X > X" a U,-continnons
Sfunction on X. If X is U,-compact, then f{X) is U,-compact.

Definition 5. Let (X, wv. ) be a U,-hypermetric space, then for xo # X, r > 0, the U,-hyperball with a center
Xg and a radius r is

By, (zo,r) ={y € X : Up(z0,y, ..., y) € [0,7)}.

Proposition 13. Lezt (X, u. ) be a U,-hypermetric space, then for xo # X, r > 0,

(i) If Up(z0, 22, ..., zn) € [0,7), then za, ...,z € By, (zo,71),
(i) If y € By, (xy,r), then there exists, 6 > 0 such that By, (y,d) C
By, (zo,7).

Proof- The proof of (i) is trivial. In (ii) it suffices to show that for every U, hyperball By, (x, r) and every y
€ Bun (x, 1)), there exists § > 0 such that,y € Bu, (v, 9) # Bua (x, 1). So let y € By, (x, 1). Then v.(x, . . .,
x3y) = Un(x,...,x;x) #[0,r). Set

0,8) :=[0,7) = Up(z,...,z; y) + Uy(z,...,z; x).

then 8 > 0, and hence y € By.(y, 9).
Now letz € Bua (v,9) ,ice, Un(y, ..., y32) — U(y, ..., y57) # [0, 9), then

Up(z,...,z;2) C Up(z,....,z;y)+Unly,...,y; z) — Up(y,..., y:y)
— Un(z,...,z; x)
C Un(z,...,z; y) — Un(a .x:z)+[0,0)
c [0,r)

Thus, z € Bun (x, 1), and hence By, (y, 8) # Bu, (x, 1).

Proposition 14. Theset of all v. -balls, B, = {Bu, (x,7):x#X, r > 0}, forms a basis for a topology 7 (U,) on X.

Definition 6. Let (X, v. ) be a U,-hypermetric space. The sequence {x,} # X is U,-convergent to x if it U,
converges to x in the U,-hypermetric topology, T (U,).

Proposition 15. Lez (X, v. ) be a U,-hypermetric space. Then for a sequence {x,,} # X, and a point x # X the
Jollowing are equivalent:
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(1) {z,.} is U,-convergent to x,
(2) UTL(I?}L: cres Ly s T) — n:

Definition 7. Let (X, v, ), (Y, Vi ) be universal hypermetric spaces of the dimensions n, m, respectively, a
Sfunction f: X —> Y is U, ,-continuous at a point xo # X, if f ' (Byw(flxo), 7)) # T (U,,), for all v > 0.

We say fis U, ,,-continuous if it is U, ,,-continuous at all points of X; that is, continuous as a function from X
with the T (U, )-topology to Y with the T (V,,)-topology.

In the sequel, for simplicity we assume that n = m. Since U,-hypermetric topologies are metric topologies,
we have:

Definition 8. Let (X, v. ) and (Y, v. ) be two U,-hypermetric spaces andf: (X, v. )~ (Y, v. ) be a function.
The function [ is called U,-continuous at a point a # X if and only if; for given € > 0, there exists 0 > 0 such
that xy, . . ., x,—; # X and the subset relation v. (a, x, . .., x,-1) # [0, 3) implies that v, (fla), fix), ...,
for ) #10, <)

A function fis U,-continuous on X if and only if it is U,-continuous atalla € X.

Proposition 16. Let (X, v. ), (Y, v. ) be U,-hypermetric spaces, a function f: X —» Y is U,-continunons at
point x # X if and only if it is Unsequentially continnous at x; that is, whenever {x,} is U,-convergent to x we
have that (f(x,,)) is U,-convergent to f{x).

Proposition 17. Let (X, v. ) be a U,-hypermetric space. Then the function v, (21, 2 ..., 2,) is jointly U,-
continuous in all n of its variables.

Definition 9. 4 map [: X —> Y between U,-hypermetric spaces (X, v. ) and (Y, v, is an iso-hypermetry
when U (X, ooy %) = U, (fx1), s fxn)) for all x,, . . ., x,, # X. If the iso-hypermetry is injective, we call it iso-
hypermetric embedding. A bijective iso-hypermetry is called an isohypermetric isomorphism.

We discuss now about the concept of completeness of U,-hypermetric spaces.

Definition 10. Let (X, v, ) be a U,-hypermetric space, then a sequence {x,,} # X is said to be U,-Cauchy if for
every ¢ > 0, there exists N # N such that U. (X1, Xm2s oor Xun ) < € for all my, mo, ..., my, 2 N.

The next proposition follows directly from the definitions.

Proposition 18. Iz a U,-hypermetric space, (X, v. ), the following are equivalent.

(i) The sequence {x,,} is U,-Cauchy.

(i) For every ¢ > 0, there exists N € N such that U, (z, tm, ..., Tm) <&,
foralll,m > N.

(#i) {x,, } is @ Cauchy sequence in the metric space (X, d;;).

Corollary 1.

(i) Every U,,-convergent sequence in a U,-hypermetric space
is U,-Cauchy.
(ii) If a U,-Cauchy sequence in a U, -hypermetric space (X,U,,) contains
a U,-convergent subsequence, then the sequence itself is U,-convergent.

Definition 11. 4 U,-hypermetric space (X, v. ) is said to be U,-complete if every U,-Cauchy sequence in (X,
v, ) is U, -convergent in (X, v. ).

Proposition 19. 4 U,-hypermetric space (X, v. ) is U,-complete if and only if (X, dy ) is a complete metric
space.
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Definition 12. Lez (X, v. ) and (Y, v, ) be two U,-hypermetric spaces. A functionf: X —» Yis called a U,-
contraction if there exists a constant k # [0, 1) such that v, (f(x1), ... f{x,)) =k V. (X1 .. x,) forallx,, . . ., x, #X.

It follows that fis U,-continuous because . (xj, ..., xa) # [0, 3) with k # 0and 8 := e /k implies v, (f(xy), ...,
f(xa)) # [0, €).

Theorem 1. Let (X, . ) be a U,-complete space and let T : X > X be a U,-contraction map. Then T has a
unique fixed point T(x) = x.

Proof- We consider xyn+1 = T(xy), with x being any point in X. We have, by repeated use of the rectangle
inequality and the application of contraction property, the following:

U, (ﬂ;ma L4y I"*.r?r:c+1)' - kmmn(ﬂ;ﬂa Llyeen 1-1'1)-.'

forallm,s; € N whichm <s;andk € [0, 1).

[Un(-'l:ma Tgygewws gy ) Un(l‘m: LTm4ly---s -'L'm+l)
Un(-'f--'m+1-: LTm42y 00y ﬂ;m+2j
Un(-l"m+21 Tm43s -0 ﬂ:m+3)

(]_—k U']'H'(:LU'-‘:L].'.‘"'::LIJ
(k‘m + kmtl 4 k-‘;l—l)[l_]'n(:,r:n,:gl: .. _:1_-1)
( 1__;: H—In('l‘ﬂ:-{'l;---,i,]_}_

N+ 4+ + + 1N

Then we have

lim Up(xm,xs,s...,xs,) = {0},

m . 81 — 400

since

lim 71— k2T

m, s, — 400 1-k

Un(zo, 21,...,21) = {0}
Form <1 <5, € Nand (US) implies that

Un(Zm, Ts, s Tsy + -+ 5 Ts,)

now taking the limit as m, 51, s, > +o00, we get
Un(zm, s, Ty - - ., Ts,) — {0}

Nowform<s;<s)<...<s,.; € N, we will have

Un(Zm, Tsys---, s, ) = {0};  whenever, m,s1,...,8,-1 — +00,
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then {x,} is a Cauchy sequence. By completeness of (X, v,), there exists a € X such that {x,} is v.-
convergent to a. The fact that the limit x,, is a fixed point of T follows the v,-continuity of T, and

Ta=T lim z,= lim Tz, = lim z,41 =a.
M—++40C m—+400 m—+400

Finally, if a and b are two fixed points, then

{0} C Up(a,b,....b) — [Un(l"{uj.'l'(b}: . _._1‘(3;))
C kU,(a,b,....b).

Since k < 1, we have v, (a, b, ..., b) = {0}, so a=b and the fixed point is unique.

CONCLUSIONS

In this article, we have put forward a development of the results of U,-hypermetric spaces, covering a
variety of topics relevant for understanding their properties including completeness and the fixed-point
theorem. We believe this work may be relevant from both the theoretical standpoint and the point of view
of applications in contemporary problems such as those of clusterings which often appear in practice.
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