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ABSTRACT:

Introduction/purpose: The problem of divergencies in Quantum Electrodynamics (QED) is discussed.
Methods: The renormalisation group method is employed for dealing with infinities in QED.
Results: The integrals in QED giving physical observables are finite.

Conclusions: The divergencies in QED can be treated in a consistent way providing mathematical rigorous results.

KEYWORDS: Quantum Electrodynamics, Quantum Field Theory, Renormalisation Group..

ABSTRACT:

Beeacnue/uean: B aanHOM cTatbe 06Cy)AQETCSA IPOGAEMA PACXOAMMOCTEH B KBAHTOBOI JACKTPOANHAMUKE (QED).

Meroabt: B cTatbe NpHMEHSIACA METOA PEHOPMAANSALMOHHOMN Ipymnsl B pabote ¢ Geckoneanoctsimu B QED.

Pesyaprarst: MaTerpasst 8 QED, aatomue ¢usmaeckue HaGAIOAAEMBIC BEAUIHHBI, KOHCYHBI.

BeiBopsr: Pacxoxaenns B QED MOXHO paccMaTpuBaTh IOCACAOBATCABHBIM 00pasoM, 06ecIieunBast CTPOrHE MATEMATHICCKHE
PE3YABTaTHL

KEYWORDS: xBantHa C€ACKTPOAMHAMHKA, KBAaHTHA TCOpI/Ija MOAa, PCHOPMaAU3alOHA TPYyTIA.

ABSTRACT:

VYBoa/uun: Y paay ce pasmaTpa npobaeM AUBEpreHIHja y KBaHTHO] eaekTpoanHamunu (QED).

Metoae: Metoaa peHOpMaAH3aLMOHe IPyIle KOPUCTH Ce 3a pemasatbe 6eckonaunoctu y QED.

Pesyararu: urerpaan y QED xoju Aajy pusuuxe oncepBaGHAHOCTH jeCy KOHAYHHU.

3aknyuak: Pasanke y QED mory ce TpeTrpaTy Ha AOCACAQH HauMH npyxajyhu cTpore Matemarnuke pesyarare.

KEYWORDS: kBautna CACKTPOAMHAMUKA, KBAHTHA Teopuja [O/a, PCHOPMAAU3AIIMOHA IPYyIIa.

KEYWORDS kBauToBast IACKTPOAMHAMUKA, KBAHTOBASI TCOPUSI IOAS], PCHOPMAAUBAI[MOHHAS IPYyIIIIa
RENORMALISATION GROUP

The quantum field brings together two fundamental notions of classical and non-relativistic quantum
physics: particles and fields. For instance, the quantum electromagnetic field can be reduced to particles called
photons, or to a wave process described by a classical field. The same is true for the quantum Dirac field, for
electrons.
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Quantum field theory, QFT for short, as the theory of interacting quantum fields, includes the remarkable
phenomenon of virtual particles related to virtual transitions in quantum mechanics. For example, a photon
propagating through empty space, the classical vacuum, undergoes a virtual transition into an electron-
positron pair. Usually, this pair undergoes the reverse transformation: annihilation back into a photon. This
sequence of two transitions is known as the process of vacuum polarisation. Hence the vacuum in QFT is
not an empty space, rather it is filled by virtual particle— antiparticle pairs.

Another example is the electromagnetic interaction between two electric charges, e.g. between two
electrons. In QFT, rather than a Coulomb force described by a potential, the interaction corresponds to
an exchange of virtual photons, which, in turn, propagate in spacetime accompanied by virtual electron-
positron pairs.

QFT calculation usually results in a series of terms, each of which represents the contribution of different
vacuum polarisation mechanisms. Unfortunately, most of these terms turn out to be infinite.

The puzzle was resolved in the late 1940s, mainly by Bethe (Bethe, 1947), Feynman (Feynman, 1949a),
Schwinger (Schwinger, 1948), Tomonaga (Tomonaga, 1946) and Dyson (Dyson, 1949). These famous
theoreticians were able to show that all infinite contributions can be grouped into a few mathematical
combinations that correspond to a change of normalisation of quantum fields, ultimately resulting in a
redefinition, i.e. “renormalisation” of masses and coupling constants. Physically, this effect is a close analogue
of a classical “dressing process” for a particle interacting with a surrounding medium.

The most important feature of renormalisation is that the calculation of physical quantities gives finite
functions of new “renormalised” couplings, such as electron charge and masses, all infinities being swallowed
by the factors of the renormalisation redefinition. The “bare” values of mass and electric charge do not appear
in the physical expression. At the same time, the renormalised parameters should be related to the physical
ones, measured experimentally.

DEALING WITH INFINITIES

Infinities are disturbing. In Nature infinities seldom happen. There are “only” about 10** atoms in the
Universe. The Universe itself had a beginning, but (as of 2021) it will expand forever to a state of

thermodynamically no free energy. Mathematics itself started using infinite numbers only in 17t century,
and division by zero is invalid even in hyperreal numbers.

Yet in physics we have to deal with infinities even from classical electromagnetism. Consider a static
electrical field generated by a single particle, say an electron e. Then we have

div & =4(r) . )
By symmetry arguments, we immediately obtain the electrical field ¢, that is

6—_-: e

'511'TI'2 )

and computing the total energy of the field, proportional to its electromagnetic mass meg,
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1 1 [ >\ 2 2
EZ—/{IVEZZ—] d?’( ¢ ) Arr? = c
2 2 /.. A7r2 _Tre

one sees that becomes infinite as the electron radius re goes to 0. In late 19 century, that meant that an

(3)

electron needed infinite energy to be accelerated.
When quantising the electromagnetic field, we are faced with another divergence problem. Writing down
the Hamiltonian of harmonic oscillators for each radiation mode identified by (k, r)

H= zk: Z fuw  af (K)ar(k) + %

(4)

we see that the energy of vacuum state [0 equals to ;5.5 n, which is an infinite constant (@i = c|k|). This
problem is usually dealt with by shifting the Hamiltonian by this infinite value, as one has the freedom to
redefine the zero of energy scale.

During the development of quantum electrodynamics (QED) it was discovered that many integrals were
divergent (Dirac, 1927), (Dirac, 1934), (Heisenberg, 1934). Those were present in perturbative calculations
involving Feynman diagrams (Feynman, 1949a), (Feynman, 1949b) containing closed loops. Particles
circulating in closed loops are called virtual particles because they are oft-shell, that is » # »2. In a loop, their
momentum and energy are not determined and thus they have to be integrated over all values allowed by the
whole 4-momentum conservation. Such integrals are divergent, i.e. give infinite results. Divergencies that
are troublesome in quantum field theory are almost always due to large energy and momenta i.e. ultraviolet
divergencies — (UV), or conversely short distance behaviour.

It is possible to give perfectly meaningful and rigorous results to this divergent integrals in an ample class
of theories, as we will see.

QED DIVERGENCIES

We will now treat the divergencies given by loops present in quantum electrodynamics. Recall that the
Lagrangian is given by

1 ol [ YTl - 1 -
L= —7F"Fu + ¢ [inu(0" — ied”) —m]y ;
5

where F* = “A4” — 9’4", ¥ is a 4 component Dirac spinor and e the electric charge. Recall that under a
gauge transformation £ is invariant for v ei“w and /1/4 > Au + 8;404.

In order to perform the calculation, we will make use of the so—called dimensional regularisation (Bollini,
1972), (Hooft, 1972). This technique was introduced during investigation of the renormalisation of non
Abelian gauge fields. It consists of writing Euclidean Feynman integrals obtained by means of a Wick rotation
(Wick, 1954) xo » ixo (i.c. with positive defined metric 3 + % + »3 + 23 ) in a space with generic dimension D, and
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making an analytic continuation in D itself which assumes non—integer values. Recalling that the volume of
a D dimensional sphere Sp is

R _ 7D/2
/ dPr = / drdQp r’~t = RP —
Sh 0 r(5+1)

ie. Qp = 7*/T(D/2 + 1), one could infer that all possible divergencies stem only from the Gamma
function term. Eventually, we will get rid of those infinities obtaining meaningful results.

(6)

As we are going to do our calculations in D dimensions, a few observations on the Lagrangian (5) are in
order. One half spin spinors ¥ have the dimension (1 — D)/2, while vector fields A, have the dimension (2
— D)/2. Clifford algebra of y matrices retains the usual for

{'ff',u,u F}"H} — 29’;;1;
(7)
while g, = diag(+1, =1, —1,... — 1). The coupling constant ¢ is replaced b

e — eplt=P)/2 ®)

u being a mass parameter of dimensional regularisation. In Euclidean space photon propagator becomes

simply 8,,/p”, while the fermion propagator is —i/( + m). The vertex of two fermions and a vector becomes
i CH(4_D)/ZYP-

Vacuum polarisation

The first loop diagram of QED we consider is the so—called vacuum polarisation diagram, i.e. the

correction to the photon line, shown in Fig, 1.

q+p

q,H q,v

P

FIGURE 1
Vacuum polarisation diagram
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The expression for the loop is given by

(4-D)/2\2 d”p 1 1
H#U(Q) - —(E’_u ) (2?‘_);_) Ir F}#p_}_g_i_nlfyvp_l_m

©)

where the minus sign comes because of the fermion loop, the trace is calculated over y matrices. This will
be rewritten in a more suitable form for calculations

L B e e

2m)0  [(p +q)2 + m2|[p? + m?] (10)

From eq. (9), it is readily apparent that in D = 4 the integral is quadratically divergent, with a sub-leading
logarithmic divergent term. In fact, for large p we have

fA d"p 1 1 f”‘d_ppu_ll AD-2
2m)P p+g+mp+m p? (11)

Let us introduce a trick due to Feynman for writing denominators, using

1w
AB J, [(1—2)A+zB]?"

(12)

We will now shift the integration variable with the Feynman parameter x

[ -’ —
P =p+qz. w3
Plugging it back into eq. (10), we obtain

I, (q) = —(ep=P)/2)2x

[ldT / dPp" Tr[yvu(p' + ¢(1 — ) — m)y(p' — go — m)]
0o J @2emP (% +m? + ¢?z(1 — z))? ' (14)

By symmetry considerations, that is p' > —p', terms odd in p' do not contribute to the integral. For the
trace in D dimensions of y matrices, we have the following formule:
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Tr[:’]“',uﬁfy) = —2 b/ 5,’.{:}

(15)
and
o _aD/2r¢ T
TI'("}'“ fuﬁ]’pp:fcr) =2 f [d,u,v 5;}0- + 5;_{0512,9 _ 5;_{;:01;0] . (16)
Using these expressions, we will rewrite the trace of eq. (14) as follows
ro 2
PpPo = 4po(1 — 2) Tr(yumnp¥e) + m Tr(yumw) | -
remembering that the trace of an odd number of gamma matrices is zero.
Using egs. (15) and (16), we arrive at the following expression
2!)/2{22)#?)” - QT(]‘_m)(q;qu - (5qu ) F[}[(pﬂ +ﬂ1-2 +Q2T(1 _T)]} ) (18)

after having added and subtracted 3,,q°x(1 — x). We end up with the following integral, after dropping
the prime for simplicity

(q) =

2
(4— 0)/2 D/2 PPy B
~len ? / ] { [p? +m? + ¢?z(1 — x))?

22(1 — )[quqy — 6uq’] }
@”+m-+qﬂ1—ﬂ] CPm+Pz(l-a)P [

(19)

Integrating over the loop with the aid of egs. (67) and (69) shows that the first two terms cancel out.
Defining ¢ = (4 — D)/2, the integral reads

62

HJ.W(Q) = By

m? + ¢®z(1 — :r)] -

1
F(E)(Q#Qu - 5”,_,9'2)/0 dz z(1 —x) [ 272

(20)

As D approaches 4, we can expand eq. (20) in powers of ¢. Noticing that a small power is indistinguishable
from a logarithm, namely,

=1—clog(z) + O(?)

(21)
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and using the properties of the Gamma function illustrated in the appendix , we can see that eq. (20)
becomes

e2 1 1

- 2 .
M (q) = ﬁ(fhﬂu — 0urq") {@ e

/1d:.': z(1 — x)log [mi +aa(l - T)} } + O(e) ,
0

277 112

(22)

where we have used the result of

! 1
/d:f::.':(l—:.-:):—.
0 6 (23)

Properties of vacuum polarisation

A few remarks on formula (22) are in order. First of all, we have actually checked out that thanks to
dimensional regularisation and because of the Gamma function properties of its singularities, the loop
integral has only a divergence given by a simple pole for D » 4, all other terms being finite. The technique
used when D approaches 4 is known by the name “epsilon expansion” (Wilson and Kogut, 1974), very often
employed in Statistical Mechanics as well.

If just the finite part is considered, eq. (22) could be rewritten as

H;w (Q) — (Q,uf}'u — S;Lﬂqz)ﬂ(qg)

(24)
where at one-loop order 7(q?) is given by
2 1 2 2
9 € m* + q“z(1 — x)
T =——— | dzxz(l—=2)l
") =~ [ do ol —a)log |02 .

The form of eq. (24) shows that vacuum polarisation I1,,(q>) obtained is also a Lorentz invariant as it
should be, since all its parts are Lorentz invariant. It can be shown that this statement holds true to any order
of perturbation theory. It also obeys to the equation

qﬂnuu (QE) =0

(26)
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known as Ward-Takahashi identity (Ward, 1950), (Takahashi, 1957). In QED, this means that non—
transverse photon polarisation can be consistently ignored: a photon cannot acquire mass.

Observe also that vacuum polarisation depends upon a mass parameter y, that is an energy scale.

Fermion propagator

Continue now to the computation to the correction of the fermion line shown in Fig, 2.

FIGURE 2
Fermion propagator diagram

This diagram is usually denoted by Z(p). As for the vacuum polarisation graph, we will proceed with
dimensional regularisation in Euclidean space, for which

dPk (—i) aﬂ,
S(p) = — (et P12 / YV e
(2m)P Tp—k+m " k? o)

For Euclidean space, the Clifford algebra of gamma matrices has the form

{‘:”',r.u ﬁ.’ru} — _25;;12 . (28)

and rewrite the fermion propagator as

(i) _ . pmm
p—l—m p 2 + m2 (29)

Introducing the Feynman parameter integration as seen before, we have

(p) = —i(e;;t'i_u}ﬁ)z X

dﬂk Yu(p — k —m)yu
/ dz / D k21 —z)+ (p— k)2z + m2x]2

Shift the integration variable as

(30)

E'=k—px
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and plug it back into (30) obtaining

Y(p) = —ieu* P dﬂk’ Tu(p(l — ) — ' —m)y,
P) f D[k? +m2z + p?z(l — x)]2

Because of symmetry, the terms linear in k' 0 vanish. The remaining terms give

N(p) = —ie?put~Px

ld ~ 1 I‘(%) 2 1 2 _1(D-4)/2
; T mLP( _x)_m]’mwﬁl (1l —z) + m-z]

because of eq. (67).

Before expanding in ¢ = (4 — D)/2, we have to make use of gamma matrices relations

YuYu = —D

and

T VpTp = (2—(4- D})’Tp

In terms of ¢, eq. (33) become

e? . pPr(l —z)+m2x] "~
¥(p)= -2 r dr
() z16‘:!?2 (E)/ﬂ ‘ [ A7 }

[p(1 —z) +2m — e(p(1 — x) + m)] .

Expanding around ¢ = 0 furnishes us with the resul

i 2 o2
Y(p) = — T 5(p+4m) —|—18— {zp(l—lr’y +m(1+ 2v)+
! | p’z(l — z) + m’x
./n dx [p(1 — z) + 2m]log ( o )] + O(e) .

Vertex correction

31)

(32)

(33)

(34)

(35)

(36)

(37)
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Last one—loop QED correction is the vertex correction shown in Fig, 3.

FIGURE 3
Vertex correction dqiagram

Cy(p,q) = —i(ep ™ 72)% x
/ d”k 1 1 O
Cr)D M prErm Pyt E+m k2 -

This time, unlike in the previous cases, we have to deal with three propagators inside the loop, so this case
is more complicated. It is necessary to introduce two Feynman parameters, x and y, make use of the relation

1—x 1
ABC jn /n Y [Ay+ Bz —y) + C(1 —z)]°

(39)
and rewrite eq. (38) as
1—x d”k
Tp(p,q) = —2i(ep!t~)/2)? / dz / dy /
Bt k= mr g+ m),
(k2 + m?(x +y) + 2k - (pr + qy) + PPz + ¢*y]° »
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Shifting the integration variable as follows

E'=k+pzx+qy (&)

and plugging it back in the integral, eq. (40) becomes

(a-py/2y3 [ e d"k
olp.a) = ~2i(en™ P [0z [ ay [

Yk — gy + p(1 — ) —m)y,(k — pr + ¢(1 — y) — m)y
(k2 +m2(z +y) + p*x(1 — ) + ¢*y(1 — y) — 2p - qzy]® (42)

(42a)

By inspection of eq. (42a b), the denominator goes like 1/k6 for large k and the numerator as k 2, thus

(42a b) behaves like
AN D 2
/ d”k k ~ AD-1

D 1.6
(QT’T) k (43)
and in D » 4 only the piece quadratic in k is problematic. Writing
(1 2
Lo(p.q) =T (p.q) + T (p,q) ”
where I'1y P (p, q) contains only the quadratic part in k, we find using eq. (67)
( j'JU .U'),/Q) 4 — D 1—x
Ly(p.q) = 573 d'r
2(4)
T YaVp .ﬂ:r’:ru
(m2(z +y) + pPx(1 — x) + ¢?y(1 — y) — 2p - qay]-P)/2 (45)

for the divergent part and for the convergent part using eq. (69)
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.(ep(ﬁ—D}/Q)S 6—D /1 /1—1‘
I,(p.q) = — r d d
p(P:q) = —i 2(1m)D72 5 Cde [ dy

Yv [ﬁ(l —T) — qy — 'mhp[f(l -y) — ij — m| 7y
m%(z +y) + p?x(l — z) + ¢?y(1 —y) — 2p - quy]6-D)/2 (46)

As eq. (46) is convergent, we are allowed to put directly D = 4 obtaining

2 1 1—x
_ (6—D)/2\3y €
olp.0) = ~illen™ P2 s [an [y

Yo [ﬁ(l —x) — dy — -m]'yp[g(l —y) — pr — m] Y
m*(z+y) +pPx(l —z)+ ¢*y(1 —y) — 2p-qay] @)

For the divergent part, using the identity

Yo VuYp Ve = 27 Yp Y — (D — 4y ¥p e .

together with eq. (35) allows us to rewrite eq. (45) in the form

) 62 1 1—x
Lo(p,q) = —iep o5 (e)(1 — 532/ dz / dy
0 ]

(49a)
m?(z +y) +pPr(l —z)+ Py(l —y) — 2p-qzy] °©
Yy) T Dp qy Yy D qry
A 2 '
(49b)
that is
| 1 1-z
Cp(p.q) = —iel Yoo {g —y—1- 2/0 dz /ﬂ dy
log | M@ +y) +p*x(1 —z) + ¢°y(1 —y) — 2p - qay
N 4 p? ' 50)

Other one-loop diagrams

667



VOINOTEHNICKI GLASNIK/MILITARY TECHNICAL COURIER, 2021, VOL. 69, NO. 3, JULY-SEPTEMBER, ISSN: 0042-...

At the one-loop level for QED, we have to consider also diagrams with an internal fermionic loop and an
odd number of external photons, as shown in Figs. 4 and 5, and one with four external photons as in Fig. 6.

FIGURE 4
One external photon

FIGURE 5
Three external photons
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FIGURE 6
Feynman diagram for photon scattering

Fermion loops with an odd number of external photon lines vanish because of symmetry reasons. Consider
such a diagram G, with n points that can be written as

Gn — Tr[p}'p(ljsf'(ml: .’I:.n)"}'P(n)SF(In: In—l)?p(n—l} .. F}'p(Z}SF(-TQ: 3:1)] (51)

where Sg (x;, x;) is the fermion propagator that connects points x; and xj, where photon lines insert. From

gamma matrices algebra, we recall the existence of a matrix C = iyzyo such that transposes each gamma matrix:

T

~ O = A
G = Tu - (52)

Therefore, this relation holds true for the fermionic propagator as well

CSp(z,y)C ' = Sp(y,z)T 53)

where the inversion of coordinates in the propagator should be noticed.

Insert now the term CC™' between the propagators in eq. (51) and rewrite
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Gn = (—l)ml1r[‘yi1(”8;{:(3:n: 371)"}"3{;@)53‘.(333’1—11 anhﬁ-,kn—l) cee
V() SE (@1, 22)] =
(=1)"Tr[vu1)SF(Z1, Tn ) Vu(n) SF(Tn, Tn—1)Yu(n-1) - - -
F}";;{Q}SF(LEQ:Q:I)] . (54)

For odd n, therefore, G, = —G,, so it implies G,, = 0. This proves the statement, known as Furry’s theorem
(Furry, 1937).

About the box diagram with four external photons depicted in Fig. 6, often referred to as a light-light
scattering diagram, the internal loop is made out of four fermions; therefore, for D = 4, it is expected to

diverge like
A 1 1
/ d*p E ~ log A .

Luckily, this diagram is actually convergent after an explicit calculation.
Suppose that the box diagram was actually divergent. This would mean that we are faced with new
interactions among four photons, A ,A,A A, not present in the original Lagrangian (5). Because of gauge

(55)

invariance, this new term should be proportional to (Fw)z*, implying a kinetic term with more than two
derivatives, possibly spoiling causality.

APPENDIX

Gaussian and Feynman integrals
+00
/ dz e™ " =
=0

— 00 (57)

(56)

Momenta:
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+o0 .
f dz mﬁne—a.‘f:‘ _
— 00

d ZTL +DC 2+b ™ ]_
= —ar T _ Y £ T n
(db) ];x dr e Pl (2n — 1)

b=0 (58)

odd momenta are zero by symmetry.
In Euclidean D dimensions, we have:

D/2 2
/d”:}: exp(—az?+ B -x) = (E) exp (6—)
@ 4o

For the operators A and ], where x - A - x = x{Ajx and J - x = J;jxj, with repeated indices summed over:

oo o0 oo NV N %
/ / .- / H dii'?z' e—éx-f‘l-x-i-.]-x — [ (2?‘[’) N :| eé"{'A—l'J .
—00 J =00 —00;_1 det(A] (60)

An almost trivial yet very useful expression is the following:

(59)

1 1

+o0
— da n—1 —aA
I F{n)/,:, aa" " exp(—aA)

that allows us to combine propagators and Gaussian integrals.

(61)

Applying eqgs. (59) and (61) to the propagators written in Euclidean space (i.e. k> =ko > + k?), one obtains:

1
k2 4+ m?

1 +oo
D _ , Dy, (B2 a2V —
fd k 2+ m?) A do /d k exp[—a(k” + m”)]

+00o
frD/2/ da o P72 exp(—am?) = P21 (1 - g) mP=2)
0 .

+oo
:/ da exp[—a(k?* + m?)]
0

(62)
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1
APk ——— =
/ (k2 + m2)?
D

+oa
WU’HQ/ da o~ P/271 exp(—am?) = el (2 — E) mP=Y
0

1 1 D
dﬂk —— D,"QI'- 3], (D—6) .
/ (k2 + m2)3 5" 3 5 )™

By induction, one obtains the formula for a generic power of a propagator:

FZ 1 _ ﬂ,UﬁF (n— %) o (D—2n)
(k? + THE]TL I‘(H)

Let us now shift the integration variable k = k'+p and insert it back into eq. (66), obtaining

/d”k 1 _ ﬂ.u,fzr (n—3%) 1 (D—2n)
(k% +2p-k+ (m?* +p?))" I(n) '

By repeated differentation of eq. (67) 0/9p, we obtain the expressions

k r (?1. — Q)
dPk K — D22\ T 2) (D-2n) ()
/ (k2 +2p-k+ (m? +p?))" g ['(n) " (=Pw)

and

/ 4D Kk _
(k2 +2p -k + (m? +p2))"

17"—)/"2 —n D 1 D
W?H(U 2n) |:F (TJ.‘, — E) Pubu + ilsp,yr\ (71. — 1= E) _mQ]

(63)

(64)

(65)

(66)

(67)

(68)

(69)
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Riemann’s Gamma function

Riemann’s Gamma function is defined by the integral

['(z) = f dt t* et ,
0

(70)

for % (z) > 0, which satisfies the recursive relation I'(z + 1) =zI'(z), thus having the property that for integer
values I'(n) = (n — 1)! since I'(1) = 1.
Originally, the function was defined by Weierstrass as an infinite product by the relation

r(lz) == L [(1+ ) e 7]

n=1 (71)

7 being the Euler—Mascheroni’s constant,y ~ 0.57721. From (71), it is readily apparent that I'(z) is analytic
except for negative integers z = 0, —1, =2, . . . where it has simple poles. It is also possible to obtain the
reflection formula

T
sin 7wz )

that allows us to obtain the value ()=~ Defining the function Y(z) (or digamma) as the logarithmic
derivative of I'(z), i.e.

I(z)’
['(z)

u'r(:{) —

(73)

from the reflection formula it has the property that ¥(1-z)—{(z) = 7 cot mz.

Subsequent derivatives are defined by the functions

{ d (n+1)
n(n) ey
" (z) = (- log(I'(2))
dz

(74)

that allows us to express the Gamma function near the simple poles z = —n:
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I'(z) = .n!((;l—g;) * (_1)“1::5” ) + Oz +n) (75)

For integers n

=3
l:--

{y (ﬂ* + ]-) =—=7T = -7+ H,

k=1 (76)

x| =

where H, is a harmonic number, defined as seen above from the sum of the reciprocal of integers, having
the property that H, # log n+y+1/(2n)+ O(1/n?) for large n.

Another relevant formula related to the Gamma function is the asymptotic expansion, known as Stirling’s
series:

. 1 1 139 571
[(z+1) =2 (—) 1 __ —
(z+1) =V (2 [ T 12z T 28822 T 51840-7 248832071

+0(%))
N (77)

that can be computed from a saddle approximation of the Gamma function.
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