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ABSTRACT:

Introduction/purpose: An approximate approach to definite integral calculation has been an attractive problem continuously
since the creation of integration due to practical needs in scientific and engineering areas. In most practical cases, the integrand is
complex, which leads to a difficulty of obtaining an exact value of integration, so an approximate value of the definite integral with
certain accuracy is satisfactory for practical applications. In this paper, an efficient approach for calculating a definite integral with
a small number of sampling points is proposed based on the uniform design method from the viewpoint of practical application.

Methods: The distribution of sampling points in its single peak domain is deterministic and uniform, which follows the rule of
the uniform design method and good lattice points.

Results: The efficient evaluation of a definite integral for a periodical function in its single peak domain can be obtained by using
11 sampling points in one dimension, 17 sampling points in two dimensions, and 19 sampling points in three dimensions.
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Conclusion: The efficient approach for a definite integral developed here on the basis of the uniform test design method is promised
from the viewpoint of practical application; the sampling points are deterministically and uniformly distributed according to the
rule of the uniform design method and “good lattice points”. The efficient approach developed in this article will be beneficial to
relevant research and application.

KEYWORDS: uniform design method, good lattice point, definite integral, single peak domain, finite sampling points.
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Beeacnue/ueab: ITpuGANKEHHBIA TOAXOA K BBIMMCACHHUIO ONPEACACHHOIO HHTETPAAa BCETAA OBIA IIPHBACKATCABHOM 3aAadeH ¢
CaMOTO 3aPOXXACHHS HHTEIPAABHOTO HCINCACHHS M3-32 IPAKTHYICCKUX IIOTPEOHOCTEN B HAYYHBIX U MEXKeHEPHBbIX obaactsx. Ha
IPAKTHKE B GOABLIMHCTBE CAYYACB IOABIHTCTPAAbHAS GYHKIMS OBIBACT CAOXKHOM, 9TO 3aTPYAHSET IIOAYYCHUE TOYHOTO 3HAYCHHS
MHTCIPHPOBAHHS, IO3TOMY AASL IPAKTHYECKHUX LIEACH AOCTATOYHO HANTH NPUOAMKCHHOE 3HAICHHE OIIPEACACHHOTO MHTEIPAAa C
HEKOTOPOH TOYHOCTHIO. B AaHHOM cTaThe mpepsaraeTcst 3G PpeKTUBHBII MOAXOA K BRIYUCACHHIO OIPEACACHHOTO HHTErPaAa mpU
HeOOABIIOM YHCAE TOYECK AMCKPETHUSALNH, OCHOBAHHBII Ha METOAE EAMHOIO IIPOCKTUPOBAHMUS C TOYKU 3PEHUS NIPAKTUICCKOTO
HPUMEHEHHSL.

Meroabr: PacnpescAcHne TOYEK AMCKPETH3aLMU B OOAACTH HM3OAMPOBAHHOIO IMKA SIBASCTCS ACTCPMHHHMPOBAHHBIM H
PABHOMEPHBIM, YTO CACAYET U3 IPABHUA METOAOB EAUHOTO MPOEKTUPOBAHUS U TOYECK UACAABHOH PEIICTKH.

Pesyabrars: D$PeKTHBHAS OLICHKA ONMPEACACHHOTO HHTEIPAaAa IIEPHOAMYECKON PYHKIUH B OOAACTH €€ U3OAMPOBAHHOTO IIHKA
MOXeET OBbITh ITOAYYEHA ITPH HCITOAB30BaHMHM 11 Touex BI)I6OPKI/I B OAHOM H3MepeHHH, 17 Toyek BbI60pKI/I B ABYX U3MepeHUAX u 19
TOYCK BBIOOPKH B TPEX H3MEPCHMUSIX.

BeiBoabr: PaspaGoranusiii a3 GeKTUBHEIIL IOAXOA K OIMPEACACHHOMY HHTEPBAAY Ha OCHOBE CAMHBIX METOAOB IIPOCKTUPOBAHUS
IEPCICKTUBCH C TOYKU 3PCHHS MPAKTHICCKOTO IPUMEHCHHS. TOYKH BHIOOPKH ACTCPMHHHUPOBAHO H PABHOMEPHO PAaCIIPEACACHDI
B COOTBETCTBHH C NPABHAAMH METOAOB CAMHOIO MPOCKTHPOBAHHMA U TOYEK HMACAABHON pemeTKH. JPPEKTHBHBIA MTOAXOA,
PaspabOTaHHBLIA B AAHHOMH CTaTbe, OKAXETCS IIOAC3HBIM B COOTBETCTBYIOIHMX HCCACAOBAHHSIX M IPUMCHCHUH Ha IIPAKTHKC.

KiunodeBo € CJ0 B a: eAHHBI METOA IPOCKTHUPOBAHMS, TOYKU HACAABHOM PEIIETKH, OIPEACACHHBII HHTETPAA,
06AACTb € H3OAMPOBAHHBIM ITUKOM, KOHCIHbIE TOYKH BBIOOPKH.

ABSTRACT:

VBoa/umn: IIpubamkau npucryn uspadyHasarmy oapel)eHor HHTerpasa IpeACTaBAa0 je MPOGAEM jOII OA IIOYETAKA HHTETPAAHOT
pauyHa 36or morpeba y obaacTuma Hayke U MEKehepcrBa. Y BehuHU cAydajeBa y IIpakcH, HHTETPAHA j€ CAOXKEH, IUTO OTEKABA
AoOHjame TauHe BPEAHOCTH HHTEIPALMje, TAKO A je, 32 IpakTHyHe noTpebe, Ao0BosHO Hahu npubamwkay BpeaHocT oapeheror
MHTerpasa ca ussecHoM TadHouthly. Y oBoM paay mpeasaske ce epuKacaH IPHUCTYI U3padyHaBary oppeeHor uHTerpasa ¢ Maanm
6pojeM Tadaka y30pKOBakba, 3ACHOBAH Ha METOAY YHU(OPMHOT [IPOjEKTOBAbA €A CTAHOBUILTA IPAKTUYIHE IPHMCHE.

Metope: Auctpubynuja Tadaka y3sopKoBamba y MOAPYYjy H3ABOjCHOT BPXa j¢ ACTCPMHUHMCTHYKA U YHHPOPMHA, LITO CACAH H3
IIpaBHAa METOAR YHUGOPMHOT POjEKTOBAbA U Tadaka A0Ope pelieTke.

Pesyaratn: E¢uxacHa npoueHa oapeheror unterpasa sa nepuopnuHy $yHKLH)Y Y BCHOM IOAPYYjy M3ABOjCHOT BPXa MOXE CE
A06uTH nomohy 11 Tavaka ysopkoBama y jeAHOj AUMEH3HjH, 17 Tayaka y30pKoBama y ABe AUMCH3Hje U 19 Tasaka ysopkoBama y
TPU AUMEH3H]eE.

3aknyuak: EQukacan npucryn oapelyeHoM nHTEpBaAy, KOjU je Y paAy pasBHjeH HA OCHOBY METOAQ YHH(POPMHOT IIPOjeKTOBAbA,
IIEPCIICKTHUBAH je €A CTAHOBMIUTA IPAKTUYHE IIPUMEHE. Tadke y30pKOBarmba Cy ACTCPMUHHCTHYKH M yHUPOPMHO pacnopelene
¥ CKA2Ay € IPaBHAHMA METOA2 YHUPOPMHOI IIPOjeKTOBamba U Tadaka Aobpe mpexe. Eduxacan npucryn 6uhe op xopuctu 3a
PEACBAHTHA HCTPA’KUBAKA U IIPAKTHIHE MIPUMEHE.

KEYWORDS: METOA yHI/I(l)OpMHOI‘ HpOjCKTOBaI-ba, TayKe AO6PC MpEXe, oApebeHH UHTETPAA, noApyqje I/I3,A,BOjCHOI‘ BpXxa, TauyKe
KOHAYHOT Y30PKOBabha, METOA yHI/ICI)OpMHOI‘ npojeKTOBa}ba, TayKe Ao6pe Mpexe, oApebel-m HUHTErpaa, noApyqje I/ISABOjCHOI‘ BpXxa,
Ta4yKe KOHAYHOT Y30PKOBakba.

INTRODUCTION

An approximate approach to definite integral calculation has been an attractive problem continuously since
the creation of integration due to practical needs from science and engineering, information processing, and
theoretical analysis, etc. In most practical cases, the integrand is complex, which leads to the difhiculty of
gaining an exact value of integration, thus an approximate result of a definite integral with certain accuracy
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is satisfactory. Therefore, it is of considerable importance to seck appropriate approximation for a definite
integral in practical applications.

In the one-dimensional case, many classical quadrature rules are available, such as the rectangle rule
(midpoint rule), the trapezoidal rule, Simpson’s rule, or the Gauss rule, which have the following form
(Leobacher & Pillichshammer, 2014),

r(N=3q,/x,).

n=0 (1)

with the quadrature points Xg, X1, X2,.. XpyeeerXm from [0, 1], and with the weights qo, g1, G2,e> Gneees G-
In the case of the trapezoidal rule, qo = g = 1/(2m), for other weights, g,= 1/m with n = 1, 2,.., m-1. If

fe C*([0; 1]), the error of the trapezoidal rule is of the order O(m™).
Furthermore, under the condition of s dimensions, it results in the following form

L

L= wf(x,),

n=0 )

with the set of s-fold quadrature points { xp , X1, X2 , ... & 5., X, } in the [0, 1]° domain. Hence the total
number of nodes is N = (m +1)°, which grows dramatically with the dimension s. But in terms of the actual

number N = m + I° of integration nodes, this error is of the order O(N**).

For large dimensions, which might be in the hundreds for practical problems, such an error convergence
is less than satisfying (Leobacher & Pillichshammer, 2014). This phenomenon is often called the curse of
dimensionality (Leobacher & Pillichshammer, 2014).

The Monte Carlo method was proposed as a calculation approach with stochastic sampling in mid-1940s.
However, this method needs a large number of random numbers (sampling points) for simulation calculation
(Fang & Wang, 1994; Fang et al, 2018) and with a rather slow convergence speed.

The idea of a uniformly distributed point set was proposed by Korobov in 1959, followed by the
development of the good lattice point (GLP) method with low discrepancy by Hua and Wang (1981).
According to the GLP, the convergence speed of integration is much higher than the Monte Carlo method.
In 1980s, Fang and Wang established a uniform design method on the basis of the "good lattice point”. In
the uniform design method (Fang & Wang, 1994; Fang et al, 2018), the distribution of the sampling points
in the space is well deterministic, rather than random. Such kinds of algorithms belong to the “quasi - Monte
Carlo method” (QMC) thereafter (Tezuka, 1998, 2002; Paskov & Traub, 1995; Paskov, 1996; Sloan &
Woiniakowski, 1998).

Consequently, the so-called “curse of dimensionality” problem puzzled the application of QMC method
for many years as well (Tezuka, 1998, 2002; Paskov & Traub, 1995; Paskov, 1996; Sloan & Woiniakowski,
1998). However, the situation changed dramatically in 1990s when Paskov and Traub used Halton
sequences and Sobol sequences for accounting a ten-tranche CMO (Collateralized Mortgage Obligation)
in high dimensions even reaching to 360 dimensions and found that QMC methods performed very well
as compared to simple MC methods, as well as to antithetic MC methods (Tezuka, 1998, 2002; Paskov &
Traub, 1995; Paskov, 1996; Sloan & Woiniakowski, 1998). Afterwards, a lot of analogical phenomena were
found in different pricing problems by using different types of low-discrepancy sequences (Tezuka, 1998).
All these results are really counter-intuitive, so it was difficult to understand that the point distribution from
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low discrepancy sequences is with so much singular convergence speed compared to that of the distribution
of random numbers. Sloan and Wozniakowski proposed an idea of a so-called "weighted" discrepancy to
explain this conundrum (Sloan & Woiniakowski, 1998), while Caflisch et al proposed a concept of effective
dimensions to demonstrate the miracle (Caflisch et al, 1997). These achievements indicate the effectiveness
of QMC methods though the reason is unclear. Here we do not focus our attention on it in more detail, but
develop an efficient approach for the calculation of a definite integral in the viewpoint of practical application
instead.

Actually, the integrand in an integral has a certain form and with a clear physical meaning. Therefore, the
value of the integrand varies according to a certain rule as the point in space changes from one position to the
next, so it is more appropriate to conduct the numerical integration according to a point set which pursues
a certain rule and possesses a regular distribution in space in principle.

Here in this article, we try to use a certain number of sampling points with regular distribution to perform
approximate assessment for a definite integral. It aims to develop an efficient approach with certain accuracy
for a definite integral. The characteristic analysis of a periodical function within its one period is conducted
first. The result shows that 11 sampling points of the circumference could supply an effective approximation
to the peak value with a relative error not greater than 4%, which enlightens us on exploring to use the 11
sampling points to carry out an efficient approach for the definite integral of a function within its monotonic
peak domain. Thereafter, an analogical analysis for two and three dimensional problems is performed as well.
Afterwards, some typical examples of the definite integral of physical problems is studied to check the validity
of the approach.

CHARACTERISTIC ANALYSIS OF THE PERIODICAL FUNCTION WITHIN ONE PERIODICAL DOMAIN
1) One dimensional problem

Generally, the value of a function in a domain varies from point to point. Take a one dimensional monotonic
peak function in a domain as an example, represented as,

y = A1+Sin(27x/2)]. .

In Eq. (3), 4 indicates the amplitude coefficient, A is the period (wave length) of the periodical function,
and x is the coordinate value in one dimension.

Clearly, the function y takes its peak value at x = xg = A /4, i.e., y takes 24. While at x; = x, +ax2, ax2 is the
deviation from xy, the value of the function y decreases, y: = Af1+Sin(2axv/2)] = A{1+Sin[2a(xo + Ax/2)/3]} = A{1+Sin(x/2 + Axz)].

While, as axwa = 0.2856 radian, the function y takes the value y; = 1.924, which leads to a relative error
not greater than 4% for the y value with respect to its peak value of 24.

The above analysis indicates that if one attempts to give an approximation value of the periodical functiony
with a relative error not greater than 4% with respect to its peak value by subdividing the period, the partition
number n of the subdivision in the period range (wave length) A of this periodical function within one period
is,

n = A/Ax = 7/0.2856 = 11. (4)
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Simultaneously, the distance between the nearest sampling points is ax = /11.

Eq. (4) indicates that the 11 sampling points of the one periodical range (wave length) could provide an
eflicient approximation to the peak value with a relative error not greater than 4% to its peak value for the
function in one dimension.

2) Two dimensional case

Under the condition of two dimensions, it is a problem on a plane where a rectangular coordinate system
could be set up, consisting of two orthogonal coordinate axes, let us say the X and Y axes.

First, if we only use the preliminary condition of the uniform design method (Fang & Wang, 1994; Fang
et al, 2018), i.e., the projections of any two sample points on each coordinate axis will not coincide, perhaps
we obtain the worst case, which is the status of all the sampling points being distributed along the diagonal
line of the square. Even in this case, the distance between the nearest sampling points will be enlarged by
Jv -3 times as that of the distance between the nearest sampling points of one dimension. Therefore, if one
attempts to provide an appropriate approximation with a relative error around 4% as similar to that of the
one dimensional problem for the function, the subdivision should be refined by about 12 times, let us take
1/1.5, which leads to the number of sampling points n’ to the period (wave length) A range of this periodical
function within one period to be

n'=1.5n=1.5x11=16.5 = 17. (5)

Eq. (5) indicates that 17 sampling points for two dimensions in one periodical range (wave length) could
provide an appropriate approximation for the peak value of the sine function with a relative error around
4% to its peak value.

Second, one could use the next requirement of uniform design that the sampling points must satisfy
both projection properties and spatial filling or spatial uniformity. Then one could rearrange the spatial
distributions of the sampling points so that their distributions meet the demand of spatial uniformity at the
same time (Fang & Wang, 1994; Fang et al, 2018).

Ripley (1981) pointed out that, in the problem of spatial sampling, the expected value of the mean square
error of the sample decreases with the spatial correlation of the samples, which leads to the situation that the
number of sampling will decrease with the spatial correlation of the samples. This might be related to the
counter-intuitive phenomena of using QMC in high dimensions mentioned in the previous section.

3) Three dimensional case

Analogically, in the three dimensional case, i.e., cube, a rectangular coordinate system is set up, consisting of
three orthogonal coordinate axes, in general X, Y and Z axes. Again, let us consider the worst case first. When
all the sampling points are distributed along the diagonal line of the cube, the distance between the nearest
sampling points will be enlarged by /== -5 times as that of the distance between the nearest sampling points
of one dimension. So, if one attempts to provide an appropriate approximation for the peak value of the
function with a relative error around 4% as similar to that of the one dimensional problem for the function
once more, the subdivision should be refined by about 1/1.7 times, which results in the number of sampling
points n” to the period (wave length) | range of this periodical function within one period
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n’=1.7n =1.7x11=18.7 = 19. ©

Eq. (6) indicates that the 19 sampling points of the one periodical range (wave length) could provide an
accurate estimation for the peak value of the sine function with a relative error around 4% to its peak value
in three dimensions.

Then one could rearrange the spatial distributions of the sampling points according to the procedure of
the uniform design method (Fang & Wang, 1994; Fang et al, 2018).

The above discussion shows that if one attempts to provide an appropriate approximation for a periodical
function within one single peak domain, 11 sampling points (in one dimension), 17 sampling points (in two
dimensions), or 19 sampling points (in three dimensions) are needed for the calculation of a definite integral,
respectively, while the sampling points are deterministically distributed according to the rule of the uniform
design method and GLP. In the following sections, we will check the applicability of the above descriptions.

EFFICIENT APPROACH FOR NUMERICAL INTEGRATION ON THE BASIS OF THE UNIFORM TEST
DESIGN METHOD AND GLD FOR A SINGLE PEAK FUNCTION

According to Hua and Wang, a set of good lattice points (GLP) could give an efficient value for a definite
integral with low-discrepancy (Hua & Wang, 1981; Fang & Wang, 1994; Fang et al, 2018), and the
discrepancy of the sum approximation of its function values in the discretized GLPs with respect to its precise
value of integration in one dimension is not greater than V(f) - D(n), where V(f) is the variation of the
function f{x) in its domain by the n uniformly distributed sampling points, D(7) is the discrepancy of the
point set with the n uniformly distributed sampling points, and D() = O(n”') (Hua & Wang, 1981; Fang
& Wang, 1994; Fang et al, 2018).

The previous sections indicate that 11 uniformly distributed sampling points of the circumference in the
one dimensional case could provide an appropriate approximation for the peak value of the function with a
relative error not greater than 4% to its peak value. So, the relative error of the summation of the sinusoidal
function in the discretized GLPs with respect to its precise value of integration is expected to be around 4%
"x O(m')=4%" x O(1I"") = 0.4% in one dimension.

Similarly, the consequences in the last sections present that 17 and 19 uniformly distributed sampling
points in one periodical range could provide an appropriate approximation with a relative error of around
0.4% as compared to its precise value of integration for the sinusoidal function in 2 and 3 dimensions,
respectively.

In addition, other functions can be expanded as sine or cosine functions generally.

Hence, here in this section, let us conduct some typical definite integrals to show the rationality of the
approach. The sampling points are with the characteristics of GLP so as to give low-discrepancy (Hua &
Wang, 1981; Fang & Wang, 1994; Fang et al, 2018).

1) One dimensional problem

A1) Approximation for the probability integral
Our first example is the probability integral (Navidi, 2020),
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T

~ (.886227 ,

=

j[: exp(—x’)-dx =

i.e.,

J'“'cxp(—xf)-dx:ju' F(x)-dx~0.886227 . .
In Eq. (8), f(x) = exp(-x?) is the integrand function. As to exp(-x*), at x, = 4 its value is f(x,) = 1.125x107,
therefore the upper limit of the integral could be set as x, = 4.
According to the uniform design method (Fang & Wang, 1994; Fang et al, 2018), the distribution of

the sampling points in the integral domain [0, 4] is shown in Table 1, and the integration Eq. (8) is thus
discretized as

4 4 11
Ii=[ f(x)dxx=3 f(x).
R = o)

The positions of the distribution of the sampling points in the domain [0, 4] are obtained according to
the following formula (Hua & Wang, 1981; Fang & Wang, 1994; Fang et al, 2018),

Xj=4x%(2j—1)/(2x11),j €1, 2, 3, ..., 11. (10)

TABLE 1
The positions of the distribution of the sampling points in the integral domain [0, 4]

Point
| [oR
Location [0.182 |0.545 |0.909 |1.273 |1 636 |20 |2364 |2 727 |32.091 |3.455 |3.818

The summation of the right-hand side of Eq. (9) indicates a value of 0.886227, which equals to the
probability integral of 0.886227 fortunately, which is with a higher accuracy (Navidi, 2020).

A2) Approximation of the elliptic integral calculus for the magnetic induction intensity of an elliptical current-
carrying ring

Take an elliptical current-carrying ring as an example, which is with the major axis a, the minor axis b, the
distance between the focal point F and the center O is ¢; the distance from a point M on the ellipse to the
center O is r, see Fig.1. The problem is to find the magnetic induction intensity at the center of the ellipse.
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FIG. 1
Polar coordinate of the elliptical current-carrying ring

The solution:
In the polar coordinate system, the elliptic equation with the center 0 is

r=Jﬂzcoszqo+bzsi[1‘j‘qo=a\/1—k25i112q9, o

in Eq. (1 l), k=c/a= (a2 _ bZ)O.S/a.
Thus, the expression of the magnetic induction at the center of the current-carrying ellipse can be written
as (Ju et al, 2005),

B’“ﬂ

2
j\/l k*sin’ @ mjﬂ \/1 ksmqa

(12)

In Eq. (12), I and p ¢ represent the intensity of the electric current and the permeability of vacuum,
respectively.
Let us mark the integration part in Eq. (12) as Q, i.e.,«r -, then Eq. (12) can be rewritten as

Bzﬂg_

s (13)
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Under the condition of k = 0.3, one could try to evaluate the value of Q by our approximate approach.

Again, according to the uniform experimental design method (Fang & Wang, 1994; Fang et al, 2018),
the distribution of the sampling points in the integral domain [0, ©/2] is shown in Table 2, and thus the
integration Eq. (13) is discretized as

0=[""q(p): dw—Zf{ ).

(14)

TABLE 2
Distribution of the sampling points in the integral domain [0, Pi/2]

Foint Mo, |1 2 E 4 =) ) 7 3 3 10 11
Loca-tion |0.0714 [0.2142 |0.3570 [0.49358 | 0.6426 |0.7854 | 09282 |1.0710 |12138 |1.3566 | 1.4954

The approximate result of the right-hand side of Eq. (14) gets a value of 1.608049, which equals to the
exact value of the elliptic integral of 1.608049 luckily (Ju et al, 2005; Byrd & Friedman, 1971), implying a
much higher accuracy of the approximate approach.

2) Two dimensional case

Under the condition of two or three dimensions, Fang and Wang developed a series of uniform design
tables and their utility tables according to GLP and number — theoretic methods (Fang & Wang, 1994; Fang
et al, 2018), which are specific for uniform design. Here the uniform design table U*17(17°) is the proper
selection for our usage, which contains 17 sampling points.

Here, let us take the integration of /-f-«f -« an example.

The integration of /-’ af s (ol 0w with the precise value of 0.429560 (Song & Chen, 2004).

The distribution of the sampling points in the integral domain [1.4, 2.0] x [1.0, 1.5] is shown in Table 3,

in which x;9 and x, indicate the original positions from the uniform design table U*7(17°) for [1, 17] x [1,
17] domain (Fang & Wang, 1994; Fang et al, 2018).
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TABLE 3
Distribution of the sampling points in the integral domain [1.4, 2.0] x [1.0, 1.5]

H
20 %y Xy

=
<
v
iy
=

7 14176 |1.1912
14 ]11.4529 [1.3971
3 1.4882 | 1.0735
10 |1.5235 [1.2754
17 | 1.5588 [ 1.4852
g 1.5841 |1.1618
13 |1.6284 | 1.367E
2 1.6647 |1.0441
£l 39 |9 1.7 1.25

10 110 |16 [1.7353 |1.4553
11 |11 |5 1.7706 |1.1324
12 |12 |12 [1.8059 |1.3382
13 |13 |1 1.8412 |1.0147
14 |14 |8 1.8765 | 1.22068
15 |15 |15 [1.9118 |1.42E5
16 |16 |4 1.9471 |1.1023
17 117 |11 [1.9824 | 1.3088

O | | | LA LD (P |
O | | | LA LD (P |

According to the uniform design method (Fang & Wang, 1994; Fanget al, 2018), the integration ] in the
domain [1.4,2.0] x [1.0, 1.5] is discretized as

70 6XO 5% ZJ(I],,L
(15)

The summation result of the right-hand side of Eq. (15) indicates a value of 0.429609, which gives a relative
error of 1.14x107% with respect to its precise value of 0.429560 (Song & Chen, 2004).

3) Three dimensional problem

Chenetal (2010) took the integration s «f i w0« as an example to study the validity of the integration
of multivariate functions by orthogonal arrays (Chen et al, 2010). Let us reanalyze it by using our newly
developed approximate approach for a definite integral on the basis of the uniform test design method and
the “good lattice point” (GLP) method here.

The integration of s« af o s s ws [ af «f sone with the precise value of 19/24 = 0.791667 (Chen et al,
2010). The uniform design table U*;9(197) is a proper selection for our usage, which contains 19 partition
points. The distribution of the sampling points in the integral domain [0, 1] x [0, 1] x [0, 1] is presented
in Table 4 (Fang & Wang, 1994; Fang et al, 2018), in which x;0, x50 and x3 indicate the original positions
from the uniform design table U*19(19”) for the [1, 19] x [1, 19] x [1, 19] domain (Fang & Wang, 1994;
Fangetal, 2018).
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TABLE 4
Distribution of the sampling points in the integral domain [0, 1] x [0, 1] x [0, 1]

H H
20 |30 Hy Xy Xy

=
<
¥
iy
=

11 [13 |00263 |0.5526 |0.6578
P £ 00729 |0.0788 |0.2895
13 (13 |01316 |0.8573 |0.9737
4 12 |0.1842 | 015842 |0.6053
15 |5 0.2368 | 07636 |0.2368
=) 18 |0.2895 |0.25895 |0.9211
17 |11 |0.3421 |0.85684 |0.55Z26
=] 4 0.3947 [0.2947 |0.1842
19 |17 | 04474 | 0.9737 |0.8684
10 [10 |05 0.5 0.5

05526 |0.0262 |0.1316
12 |16 |0B0O53 |0.6053 |0.8158
DE579 01316 |0.4474
14 |2 07105 |[0.7105 | 0.07383
07632 |0.2368 |0.7632
16 |8 0.8158 |0.8158 | 0.2947
0.8684 |0.3421 |0.0263
18 |14 | 08211 |0.3211 |0.7105
0.9737 | 0.4474 |0.3421

CO ™| (L | LD |
CO (=] (LA | LD D =

Lfe]
Lfe]

—
=]
—
=]

—
—
—
—
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M
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According to the uniform design method (Fang & Wang, 1994; Fang et al, 2018), the integration S in the
integral domain [0, 1] x [0, 1] x [0, 1] is discretized as

1 19 1
S =~ EZ]'S(IUJEJ”J”)'
i

(16)

The summation result of the right-hand side of Eq. (16) results in a value 0of 0.801534, which gives a relative
error of 1.25% with respect to its precise value of 0.791667, while Chen et al gave a relative error of 0.04%

by simulation calculation with 100 tests in Ljgo(2””) orthogonal arrays (Chen et al, 2010). Obviously, their
amount of simulation calculation is really huge.

DiscussioN

The above studies including the analysis and example calculations indicate that the efficient result for a
definite integral of a function with an accuracy of around 0.4% within its single peak domain could be
obtained by using the new approach with 11 sampling points for one dimension, 17 sampling points for two
dimensions, and 19 sampling points for three dimensions. This result is much better than those of classic
methods on the one hand; besides, the approach is even better than the MC simulation in the sense of
workload of calculation. The novelty and contribution of this study is to use a small number of sampling
points to obtain an efficient result for a definite integral with a certain accuracy. As to this target, the aim is
fulfilled. Of course, more sampling points could further improve the accuracy provided the distribution of
sampling points follows the rules of uniform design and good lattice points at this stage.
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Exploration of much better distributions of sampling points might be one of future directions for a more
eflicient assessment of a definite integral. Applications of the present approach might be another orientation
for future studies.

CONCLUSION

The efficient approach to a definite integral developed here on the basis of the uniform test design method is
promising from the viewpoint of practical application. An efficient result for a definite integral of a function
could be obtained by using this approach with 11 sampling points for one dimension, 17 sampling points for
two dimensions, and 19 sampling points for three dimensions within its single peak domain. The sampling
points are deterministically and uniformly distributed according to the rule of the uniform design method
and “good lattice points”. The efficient approach developed in this article will be beneficial to relevant
research and application.
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