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ABSTRACT:

Introduction/purpose: A fixed point theorem of an order-preserving mapping on a complete partial b-metric space satisfying a
contractive condition is constructed.

Methods: Extension of the results of Batsari et al.

Results: The fidelity of quantum states is used to construct the existence of a fixed quantum state.

Conclusions: The fixed quantum state is associated to an orderpreserving quantum operation.
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Pe 3m0oM e:

BBCACHI/Iﬁ/HGAb: CKOHCprHpOBaHa TeopeMa O HCHOABI/DKHOI‘/JI TO4YKE C COXPAaHCHHCM IIOpsAKa B IIOAHOM H YaCTHYHOM
bMCTpI/I‘{CCKOM TIPOCTPaHCTBE NPH BHIMOAHCHHUH yCAOBl/lI‘/JI CKaTHA.

MCTOAbI: B AaHHOﬁ CTaTbe MPUMCHCH METOA PaCIIMPEHUS PE3YABTATOB BaTCHPI/I H Ap.

PCBYAI)T&TI;I: TouHOCTH KBAHTOBOIO COCTOSHUA HCITIOAB3YCTCSA AASI IOCTPOCHHUS HEMMOABH)KHOTO KBAHTOBOTO COCTOSIHHA.
BI)IBOAI)I: HCHOABH)KHOC KBAaHTOBOE COCTOSIHHE CBSI3aHO C KBAHTOBOM onepauueﬂ, COXPaHSHOI.LlCl‘;X TIIOPSIAOK.

KnwdueBuo e C J O B a: 4YacTU4YHOC b-MCTpI/I‘{GCKOC TIIPOCTPAHCTBO, OTO6pa>K€HI/IC C COXpaHCHHEM IIOpPsAKa,
KBaHTOBas omnepanms, TOYHOCTb KBAHTOBOI'O COCTOSTHHUS, BEKTOP baoxa.

ABSTRACT:

YBoa/uum: Koncrpyncana je Teopema QuKcHe Tauke Mamupama C OYyBaEEM PEAOCACAA Ha KOMIIACTHOM IapLiMjasHOM b-
METPUYKOM IIPOCTOPY Y3 32A0BOSABAHE KOHTPAKTUBHOT YCAOBA.

Mertope: INpumemen MeTop npomupes je pesyararuma barcapuja u apyrux.

Pesyararu: BepHOCT KBAHTHOT cTarba KOPUCTH ce 32 KOHCTPYHCabhe GUKCHOT KBAHTHOT CTakba.

3axmydax: PHKCHO KBAHTHO CTakbe MOBE3AHO je Ca KBAHTHOM OIIEPALIHjOM KOja IyBa PEAOCACA.

KEYWORDS: MaplujaAHu 6-MCTPHYKH IIPOCTOP, MAIUPAmE ¢ OIYBAEM PCAOCACAR, KBAHTHA orepanuja, BEPHOCT KBAHTHOT
crama, baoxos BexTop.

INTRODUCTION AND PRELIMINARIES

A partial metric space is a generalized metric space in which each object does not necessarily have a zero
distance from itself (Aamri & El Moutawakil, 2002). Another angle of fixed point research emerged with
the approach of the Knaster-Tarski fixed point theorem (Knaster, 1928; Tarski, 1955). The idea was first
initiated from Knaster and Tarski in 1927 (Knaster, 1928), and later Tarski found some improvement of
the work in 1939, which he discussed in some public lectures between 1939 and 1942 (Tarski, 1955, 1949).
Finally, in 1955, Tarski (Tarski, 1955) published the comprehensive results together with some applications.
A different property of this theorem is that it involves an order relation defined on the space of consideration.
Indeed, the order relation serves as an alternative to the continuity and contraction of the mappings as found
in the Brouwer (Brouwer, 1911) and Banach (Banach, 1922) fixed point theorems, respectively, see (Tarski,
1955).

After the approach of the Brouwer (Brouwer, 1911), Banach (Banach, 1922) and Knaster-Tarski (Tarski,
1955) fixed point theorems, many researchers become involved in extension (Browder, 1959; Leray &
Schauder, 1934; Schauder, 1930), generalization (Batsari et al, 2018; Browder, 1959; Du et al, 2018) and
improvements (Batsari et al, 2018; Batsari & Kumam, 2018; Kannan, 1972; Khan et al, 1984) of the
theorems using different spaces and functions. In the way of generalizing spaces was Bourbaki-Bakhtin-
Cezerwik’s b-metric space (Bakhtin, 1989; Bourbaki, 1974; Czerwik, 1993), Matthews’s partial metric space
(Matthews, 1994) and Shukla’s Partial b-metric space (Shukla, 2014).

In the area of the quantum information theory, a qubit is seen as a quantum system, whereas a quantum
operation can be inspected as the measurement of a quantum system; it describes the development of
the system through the quantum states. Measurements have some errors which can be corrected through
quantum error correction codes. The quantum error correction codes are easily developed through the
information-preserving structures with the help of the fixed points set of the associated quantum operation.
Therefore, the study of quantum operations is necessary in the field of the quantum information theory, at
least in developing the error correction codes, knowing the state of the system (qubit) and the description of
energy dissipation effects due to loss of energy from a quantum system (Nielsen & Chuang, 2000).

In 1951, Luders (Liiders, 1950) discussed the compatibility of quantum states in measurements (quantum
operations). He also proved that the compatibility of quantum states in measurements is equivalent to the
commutativity of the states with each quantum effects in the measurement.
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In 1998, Busch et al. (Busch & Singh, 1998) generalized the Luders theorem. He also showed that a
state is unchanged under a quantum operation if the state commutes with every quantum effect that relates
the quantum operation. In 2002, Arias et al. (Arias et al, 2002) studied the fixed point sets of a quantum
operation and gave some conditions for which the set is equal to a commutate set of the quantum effects that
described the quantum operation. In 2011, Long and Zhang (Zhang & Ji, 2012) deliberated the fixed point
set for quantum operations, they presented some necessary and sufficient conditions for the existence of a
non-trivial fixed point set. Similarly, in 2012, Zhang and Ji (Long & Zhang, 2011) deliberated the existence
of a non-trivial fixed point set of a generalized quantum operation. In 2016, Zhang and Si (Zhang & Si,
2016) explored the conditions for which the fixed point set of a quantum operation (5. with respect to a row
contraction A equals to the fixed point set of the power of the quantum operation ), for some 1 < j < +co.
Other useful references are (Agarwal et al, 2015; Debnath et al, 2021; Kirk & Shahzad, 2014).

DEFINITION 1. (Shukla, 2014) A partial b-metric on the set X is a function .: x x x - & such that,

(1) Forall z,y € X, z = yiff ps(z,z) = ps(z,y) = ps(y, y)
(2) For all z,y € X, ps(z,z) < ps(z,9)
)

(3) For all z,y € X, ps(z,y) = ps(y, z)
(4) There exists a real number s > 1 such that, for all =, y, 2 € X, ps(z, 2) <

s[ps(z,y) + ps(y, 2)] — ps(y, y)-

(x.2.) denotes the partial b-metric space. Note that every partial metric is a partial b-metric with s = 1. Also,
every b-metric is a partial b-metric with py(x,x) = 0, forallx,y € X.
A sequence {x,,} in the space (X, p;) converges with respect to the topology 7, to a pointx € X, ifand only if

lim ps(mna T) — E}S(ﬂjﬁ T)
n—r—+00 (1)

The sequence {x,} is Cauchy in (X, p;) if the below limit exists and is finite

lim  ps(xy, Tm) < +o0.
n,m—++o00 )

A partial b-metric space (X, ps) is complete, if every Cauchy sequence {x,} in (X, ps) converges to a point
x € X such that,

oim  ps(2n. ) = ps(, 2). )

DEFINITION 2. A mapping T is said to be order-preserving on X, whenever x # y implies T(x) # T(y)
forallx,y € X.

MAIN RESULT

The objective of this work is to establish a fixed point theorem in a complete partial b-metric space.
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THEOREM 1. Let (X, ps) be a complete partial b-metric space with s > 1 and associated with a partial

order #. Suppose an order preserving mapping T : X » X satisfies

ps(T(z), T(y)) < amax{ps(z,y),ps(x, T(y)), ps(y, T())}

+§3 min{ps(z,T(y)) + ps(y, T(x)), ps(x, T () + ps(y, T(y))}

(4)

for all comparable x,y € X, where o, € [0, 6] and o = mnc2. ). If there exists xg € X such that xo # T(xo),

then T has a unique fixed point & € X such that p(#, #) = 0.

Proof. Suppose xo # T (xo), define a sequence {x,} # X by x, = T"(xo) and let g, = ps(Xn, Xn+1). It is clear that

if X, = Xy+1 for some natural number n, then x, is a fixed point of T, i.e., X411 = T(X,) = X,
Let x,41 #x, forall n € N. Then, we proceed as follows:

Gn = Ps(l'm m-n-&—l) = ps(T(m-n—l)a T(mn))

S Cfmax‘{ps(mn—lamn)aps(mn—laT(:Bn))aps(m-naT(:Bn—l))}
3
+%min{ps($n—laT($n))+
ps(mn (xn 1)) ps(Tn 1, T(Tn 1)) +ps(mn ( ))}
= amax{ps :Bn 1, mn) pq(jﬂn laTn—l—l pq HHPN fn)}

B .

—'_5 mln{p3($?1_1,$?1+1) +ps(mn:-r-n):ps(mn—lamn) +ps($-n,~$n+l)}
= amax{ps(Tn-1,Tn), [Ps(Tn—1, Tn) + Ps(Tn, Tns1)]}

ﬁ SLps(xn—la xn) + ps(mnamn—l—l)] +ps(m-n—1::rn) +ps(l‘n:$n+1)
+5 | ]
2 2

= a(s[ps(@n—1,2n) + ps(Tn, Tnt1)])+

2(9 i 1) [ps(.’lin—lg fl:n) —1—103(3571, :Bﬂ-l-l)}

2
B(s+1
= as+ (T)(ps(xn—la Tn) + ps(mna xn—i—l))
_ das+ Bs+p

(ps (3:71—15 Tn) + ps(mna xn—i—l))

das+ Bs+ 5

= T(Q?I—l + q'n)-

Thus, we have

das + Bs + 3
4

n < (Q’n—l -+ er)

which implies
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4 —4ovs — 35 — | dev: s -
( (15'34 As 'B)Qni( cre—l—fa—l—ﬁ)qn_l

(5)
By simplifying (5), we have

{( das + Bs + 3 )
n = 4 —4as— (Bs— n—1

(6)

For scumn(2, .2, we deduce that

0 < das + Bs + B <1
“4—4as—pPs— [

Therefore, from (6), we conclude that py(xn, Xn+1) = qn < qn-1 = Ps(Xn-1, Xn)- Thus, @)% is a monotone non-
increasing sequence of real numbers and bounded below by 0. Therefore, limys1e gn = 0, see Chidume et al.
(Chidume & Chidume, 2014).

Next, we show (=} is Cauchy. Let x,, xin € X, foralln, m€ n.

ps(l'n,irm) = pS(Tn:EUrTmI”)
= ps(T(zn-1), T(Tm—1))

= ”mﬂx{pa(mn 1, Tm 1):1’7.9(9'771 lamm):pa(mn:mm 1)}
+§ minps(l'n—la Im) +ps(Im—1:$-n)7ps($n—1,~ In) +ps($m—11 Im)

= ‘lmﬂx{s(iﬁs(i"n—la -I'n) +ps($n: Im—l))aps(mn—lamm):ps(xnamm—l)}

6 ps(xn—lam-m) +ps($m—15$n) + ps(mn—lawn) +ps($m—15$m)
31 2 ;

= amax{s(ps(a:n_l,:cﬂ) + S(Ps(ﬂ?m :Cm) +ps($m:mm—l)))aps(-r-n—lax-n)

+ps(Tm—1,Tm)} + g(s(ps(mn,l,mn] + Ps(Tn, T)) + 8(Ps (T 1, Tn)

+ps(33-ma In)) + Ds (x-n—h -Tn) + Ps (m-m—l,- xm)

— a5(po(Tn_1,Tn) + 5(ps (@ Tm) + PolTms Tm-1))
+§(Sps($n—1: mn) + 23}3'5(3371,- -Tm) + Sps(-'rm—la -I'm)
+ps(rn—11 $n) + ps(:‘:m—la :E-m))
sB B sf3
< (as+ q + Z)ps(m-nfltmn) + (0‘32 + ?)ps(mn: Tm)
2, 88 B
+(as” + 1 + 2 )0s(Trm—1,Tm), -
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implies that

J

s sB
(]- - (C(SQ + Q_))ps(mnr :I:-m) S ((1’8 + I + E)ps(:ﬂn—laxn)'f_
sp
(O‘SQ + % + g)p:}(mm—lrmm}
2 s3
< =
= 2—2(182—85(((15’4— 4 + = )p?(Tn—l Tn)

2,58, P
—f—(O:S + A + 4)ps($m—11$m))- ()

Now, taking the limit as n, m » +o0 in (7), we have

lim  ps(zn, zm) = 0.

n,m—+400

Therefore, {x,} is a Cauchy sequence in X. For X being complete, there exists & € X such that

lim pg(z,,2)= Lm pyz,,z,) = ps(z.2) = 0.

Nn—r+00 T, Mm—+00

Now, we proceed to prove the existence of the fixed point of T satisfying (1). Let xo € X be such that xq
# T(xo). If T(x0) = xo then, xo is a fixed point of T. Recall that, T is order-preserving and x # T (xo) then, we
have xo # T(x0) = x1, x1 # T(x1) = x2, x2 # T(x2) = x3, - , X, # T(X) = Xp41. By transitivity of #, we have xg
#FX X #XgH e F X F X1 #F e

For showing & € Xis a fixed point of T, we proceed as follows:

ps(2,T(2)) < SLPS(i':mn+1) + ps(Tn+1, T(f')] _PS(-TH-H:-TH-H)
< slps(2, 2p11) + ps(T(20), T(2)]

< S [Pg(l' T?H—l) + « max{pq(an ) ps(jﬂna T(j'))-'pq(j'-T(rn))}

3

+ 5 min{py(n, T(2)) + s (3, T (), po(@ns T(wn)) + ps(3, ()}
< s[ps(&, zn+1) + a max{ps(zn, 2), ps (20, T(2)), ps(2, T (zn))}

+2 pula, T(3)) + o8 T@n) + pelan T(an) + £l TE))] o

Case I: Suppose max{ps(xn, ), ps(xn» T(#)), ps(#, T(xn))} = ps(xn> #). Then, from inequality (9), we have
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ps(2,T(2)) < s [PS(E’: Tnt1) + aps(Tn, T)

B ps(x,, T(z (@, Tz, s(xn, T'(zy s, Tz
+§(p( (2)) + ps(,T( ));P( (Tn)) +ps(@, T D”

< 5ps(&, Tpa1) + saps(Tn, &) + %(S(ps(mm z) +ps(2,T(2)))

+ps(i': 2:-n—i—l) + ps(ﬂfn: -T-n—l-l) + ps(iﬁa T(i')))
s . 523 .
= (3 + %)ps(ma xn—l—l) + (3& + %)ps(mm :E)

5'2 S S
+(Tﬁ + Zﬁ)ps(iaT(i) + Eﬁps(mnaxn—i—l)-

From the above inequality, we have

W SB s
4 4
52 . s
(SCE + Tﬂ)pS(mna 'T) T Tps(xnemn—l—l)a

a5 T(#)) < 5+ )yl 20 0)+

which implies

53
3 r,T(r) < - — )Ps Aa m
P, 7(8) < s[5+ D apn)+
s?f3 . sB

(s + —=)ps(@n, ) + ——ps(Tn, $ﬂ+1)] .

4 1 (10)
We can observe that for semin(z, 2},
4 - J;zﬁ - 15".‘\'9 = 4 - L‘ggﬁ - J;.B

— 4 - Sﬁ(rﬁ —I_ ]_)4 (11)

If 5=, then, from equality (11) we have
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4—-s*B—sB=4—5B(s+1)

1
=4 — s 1
s(s + )33
s+ 1
=4 — 2
>0 forall s > 1. )
Similarly, if s - 2, then, from equality (11),
4—-s°B—sf=4—5B(s+1)
2
=4 — (. 1):
(s +1)s- 1
<4—s(s+1) 13
S
> () for all s > 1. .

From equalities (12) and (13), we conclude that the right-hand side of (10) is non-negative.
Case II: Suppose max{ps(xn, &), ps(xn» T(2)), ps(#> T(xn))} = ps(xn» T(2)). Then, from inequality (9), we

have

ps(#,T(2)) < s[ps(®, Tnt1) + aps(an, T(2))

+§(?S(IH:T(-§3)) + ps(2, T(xn)) + ps(n, T(20)) + ps(2, T(2)) )]
2 2
< 3[ (T, Tnt1) + as(ps(zn, T) + ps(@, T(2)))

8

JrZ(S(ps(-Tna 51) + ps(Z. T(jﬂ))) + ps(, -Tn—b—l) + ps(@n, -T"n+1) + ps(, T(j')))]

fa

;3 R 3 -
< (g + Zs)ps(xs-’rn—kl) + (3205 + ZSQ);DS(IH,.T)

B ey L B
+(s%a + 132 + Zs)ps(a:, T(z)) + Espa(a:m Tpi1),

from the above inequality, we have
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(1 - s%a — gsz - gs)ps(i‘:, T(z)) < (s+ gs)ps(:ﬁ,mnﬂ)

+(52‘1 T 232)135(55?1333) + Sps(xn}g:n—l—l)a

=

so that

4 A A
= 4 — 45?20 — 352 — f3s [(g + Zs)ps(mamn—f—l)

—f—(SQCY + ﬁS?)ps(mm j) + Esps(mm $n+1)}

4 4 (14)

ps(z, T (%)

from the fact that ¢<min(2. 2, we have if « > ( then by (14), we have

4 —4s*a — Bs® — Bs = 4 — 45* + Bs® + Bs
=4 — (bs + 1)sp. 0s)
If =2 by (15), we have

4 —4s5°a — Bs* —Bs=4— (5s+1)sp

1
=4 — (5s + 1)33—3

> () forall s>1.

(16)
If o= 2 by (15), we have
4 —4s°a — Bs* —Bs=4— (55 + 1)sf3
— 4 — (bs+ 1)
(5s +1)s ——
<4 —(bs+ 1)38—3
>0 foralls>1. -
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From inequalities (16) and (17), we conclude that the right-hand side of (10) is non-negative.
If o < B, then by (14), we have

4 — 45%q — .,-352 — Bs =4 —45°a + as® + Bs
=4 —55%a + sa
=4 — (55 =+ 1)3(1'. (18)

Similarly for (18), we conclude that the right-hand side of (10) is non-negative.
Case IIL: Suppose max{ps(xn, &), ps(xn, T(2)), ps( > T(xa))} = ps(#, T(xn))). Then, from inequality (9),

we have

ps(z,T(2)) < 9[ (T, Tng1) + aps(2, T(z,)))

+ 2 0l (@) + 2o, T () +a(ras Tlan) + £l T(3)]
< 5[ps (&, Tng1) + asps (&, Tnta)
2 (5 n( )+ o, T@) + Pl 1) + P, Ener) + sl T(E))]
< (stas+ gs)ps(fv..mnm + fsﬁp(raﬂ)
B 1 By, @) + Dspan, as).

By the simplification of the above equality, we have

o 4 B )
ps(2,T(2) < ;— 23 8 (s +as+ 25)Ps(@; Tnt1)
6] 2 - ;3
+ =8 ps(Tn, &) + —sps(Tp, Tng1)].
4 1 (19)

Note that, for any value of o, B € [0, 8) and 4 — SZB — sf > 0. Thus, the right-hand side of (10) is non-
negative. Taking the limit as n > +oo of both sides in the respective inequalities (10), (14) and (19), we
conclude that

ps(z,T(z)) = lim ps(z,7(2))

n—+oo
=0.
Thus, T(z) = 2.

Next, we prove that if & € Xis a fixed point of T, then py(#, #) = 0.
Suppose py(#, #)# 0. Then
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Ps (53: %) = ps(T(j\:a %))
< amax{p,(%,2),ps(Z, %)), ps(%,2))}

8. . JP . o
+3 min{ps(z,2)) + ps(&, T(2)), ps(Z, 7)) + ps(z,T(Z))}

= r:rmax{ps(;f:_._:i:),psfj‘:, :i:).'.ps(:ﬁa j)}

B . . . . .
+§mln{p3(:}},ﬂf)+p3(3?f_.‘13)¢p3(33,33)—i—ps(.’a‘?:fb')}

= (a+ B)ps(,2)
= Ops(#, 2)
< ps(Z, 2).

This is contradicting the fact that p(#, &)# 0. Therefore, py( &, &) = 0.
Last, we will prove the uniqueness of the fixed point. Let x;, x, € X be two distinct fixed points of T. Then

ps(x1,22) = ps(T(21), T(22))
< amax{ps(z1, z2), ps(v1, T(72)), ps(z2, T (1))}

+§ min{ps(z1, T (22)) + ps(22, T(21)), ps(x1, T(21)) + ps(w2, T(22)) }
= amax{p;(z1,T2), ps(T1, 22), ps(T1,72)}

g .
+- min{ps(x1, z2) + ps(x1, 2), ps(x1, T2) + ps(T1, T2) }

2
= (O" + ﬁ)ps(II:IQ)
= Ops(z1,72)
< p‘s(mlz-r?)-

This is a contradiction. Therefore, the fixed point is unique.

REMARK 2. If we take « = ; and py(x, T(y)) + ps(y, T(x)) = ps(x, T(x)) + ps(y, T(y)) then we find Theorem
1 of Batsari et al. (Batsari & Kumam, 2020).

COROLLARY 3. Let (X, p) be a complete partial metric space associated with a partial order #. Suppose
an order-preserving mapping T : X > X satisfies

ps(T(x), T(y)) < amax{ps(z,y),ps(z,T(y)),ps(y, T(x))}

+§ min ps(z, T (y)) + ps(y, T(x)), ps(z, T(z)) + ps(y, T(y)) 20

for all comparable x, y € X, where 6 € [0, 1]. If there exists xo € X such that xo # T(xo), then T has a
unique fixed point # € Xand p(#, ) =0.
Now we apply our main result similar to (Batsari & Kumam, 2020) as follows:
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APPLICATION TO QUANTUM OPERATIONS

In quantum systems, measurements can be seen as quantum operations (Seevinck, 2003). Quantum
operations are very important in narrating quantum systems that collaborate with the environment.

Let 5(m) be the set of bounded linear operators on the separable complex Hilbert space H; 5() is the state
space of consideration. Suppose A= {4;.4; :i=1,2.3....} is a collection of operators ;s c 5(#) satisfying S 4.4; <1.
A map o501~ 5(m) of the form ¢aB)=x 4B4; is called a quantum operation (Arias et al, 2002), quantum
operations can be used in quantum measurements of states. If the A;’s are self adjoint then, ¢. is self-adjoint.

General quantum measurements that have more than two values are narrated by effect-valued measures
(Arias et al, 2002). Denote the set of quantum effects by e(#) = {4 ¢ B(1): 0 < 4 < 1}. Consider the discrete
effect-valued measures narrated by a sequence of E; € ¢(H), i = 1, 2, . . . satisfying E; = I where the sum
converges in the strong operator topology. Therefore, the probability that outcome i eventuates in the state
p is p(E;) and the post-measurement state given that i eventuates is = (Arias et al, 2002). Furthermore, the
resulting state after the implementation of measurement without making any consideration is given by

d(p) = > Efﬂﬁf

If the measurement does not disturb the state p, then we have ¢(p) = p.

(21)

Furthermore, the probability that an effect A eventuates in the state r given that the measurement was
conducted is

P@(p}(A) =t {AZEEPEE} = t”"( Z E;'%PEEP)

If A is not interrupted by the measurement in any state we have

S B pE? = A,

and by defining .y - s/, we end up with ¢(A) = A.
From now, we will be dealing with a bi-level (|0#, |1#) single qubit quantum system where a quantum
state | V# can be narrated as

(T) = al0) +b[1), witha,b € C and |a|* + [b|* =1

see (Batsari & Kumam, 2020; Nielsen & Chuang, 2000). Considering the characterization of a bi-level
quantum system by the Bloch sphere (Figure 1) above, a quantum state (|¥#) can be represented with the
density matrix below (p),

1 1+ ncosé 1 cos ¢sinf — insin ¢ sin #
71c0s ¢ sin f + in sin ¢ sin # 1—ncosf ’

nel0,1),0<8<m and 0 < ¢ < 2.
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(23)
Also, the density (p) matrix is,
—lf o L 14r, =iy
p_i[ +T‘ﬂ'g]_§ r.+ir, 1—r
T Yy z3 24

where 7= ..n,..) is the Bloch vector with 71 <1, and o = [0y, 0y, 0,] where

(o1 (0 =i\ (1 0
=1 0)" i 0)7% o -1,

w)

D

\
1
|
|
|
|
I
1
[

/

|
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’
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\
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FIGURE 1
Bloch sphere

Let p, o be two quantum states in a bi-level quantum system. Then, the Bures fidelity (Bures, 1969) between
the quantum states p and o is defined as

F(p,0) = [tr\/p2op2]*.
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The Bures fidelity satisfies 0 < F(p, o) < 1, if p = o it takes the value 1 and 0 if p and o have an orthogonal
support (Nielsen & Chuang, 2000).

Now consider a two-level quantum system X represented with the collection of density matrices {p : p is
as defined in Equation (24)}. Define the function p,: X x X » &, as follows:

ps(p,8) = { max{ |7 |, |75l }es (=F®D - p 5,
o 0, p = 9.

It is easy to show that ps is a b-metric on X with s taking the value 1 approximately. They also define an
order relation # on X by

p = ¢ iff the line from the origin joining the point 75 passes through 7. (25)

It is casy to show that the order relation defined above is a partial order (Batsari & Kumam, 2020).

As in (Batsari & Kumam, 2020), we find the following corollary.

COROLLARY 4. Let (ps, X) be a complete partial b-metric space associated with the above order #.
Suppose an order-preserving quantum operation T : X » X that satisfies conditions in Theorems 1. Then,
T has a fixed point.

The following example validates our main result.

EXAMPLE 0.1. Consider the depolarizing quantum operation T on the Bloch sphere X; 76 = 1+ 1~ with
the depolarizing parameter p € [0, 1]. Let the comparable quantum states satisfy (25).

We examine that T : X > X satisfies all the conditions of our theorem. Now, let p, 8 € X. We show that
T is order preserving with definition (25). For this, we will prove that if p # 8 then T(p) # T(d).

Therefore, as (Batsari & Kumam, 2020) using the Bloch sphere representation of states in a bi-level
quantum system below

1 1+ pcoséd J1cos ¢sinf — iy sin ¢ sin 6
=3 (cos ¢sinf + iy sin ¢ sin f 1 — pcosf ’
pwel0,1,0<60<m and0< ¢ <2m,
So
1/p 0O
T(p)= =
=3 o)+
1—p 1+ prcosf Jcos ¢ sinf — iy sin ¢sin 6
2 pcos¢siné + iy sin ¢ sin § 1— pcosb
1(p 0 1 1+ pcosé Jtcos ¢ sinf — ipsin ¢ sin f
S 2\0 p 2 \pcos dsin@ + ipsin dpsinf 1 — pcosé
1 P+ pucost Pl cos ¢sin @ — ippsin ¢ sin B
2 \ppcos ¢sin @ + ipp sin ¢ sin p— pcosf
_ 1 14+(1—p)pcos @ (1—p)[p cos ¢ sin —ip sin ¢ sin 0]
- 5 (1—p)[p cos ¢ sin f+ip sin ¢ sin 6] 1—(1—p)pcosé.

Clearly, the angles 6 and ¢ do not change by the depolarizing quantum operation T. Also, we can deduce
that the distance of the quantum state p from the origin given by  is greater than or equal to the distance
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of the new quantum state T(p) from the origin given by (1-p)u, p € [0, 1]. Consequently, for any two
quantum states which are comparable p, 6 & X(p # 8), with respective distances from the origin we and 3
such that, Up < Us, the depolarizing quantum operation T constructs two quantum states T(p), T(8) € X,
have distances (1 — p)y, and (1 — p)us from the origin for p & [0, 1] respectively. Since , < ys, then (1 -
P < (1 = p)us, forall p € [0, 1]. Thus, T(p) # T(3), which proves T is order-preserving.

The fidelity of any two quantum states o= i(n+ -5 and 5=} + 5.9 is,

L - -
Flp,8) = 511+ 7575 + /1= |12/ = 52 ,

see (Batsari & Kumam, 2020; Chen et al, 2002), where 7+ is the inner dot product between the vectors
7, and #3. So, for any comparable quantum states = (= +75-#) and s = i+ 725 7 = Il eso for 3 being the angle
betweenr; and 5. Using Equation (26), we have,

@i). F(p,p) = 1.
(i) F(p,0) = %; for p a pure state and o the completely mixed state.
(iii) F(p, p—) = 0; for p a pure state that is 180° separated from p,

see (Davies, 1976; Gohde, 1965). Thus, 100 < 0769 < 1151 for p, 8 € X. Now, usings = 1and 6 € [0, 1]
on Theorems 1. We have

73|l }(,1 (1-F(T(p).T'(4)))

ps(T(p), T(d)) = max{||7,|],
1 T
_ 1||(g||eg(1—x“(1(;O)J(d')J)

< 5([6]|les A= FT@ 4 | plles -FT@00N)
1,1

= 5 G@:(T(0),8) +2s(T(p), p)))

1,1

— 5(5 max{ps(p,d),ps(p, T(5)), ps(T(p), )}

ps(p, T(8)) +ps(T(p).8) ps(p,T(p)) +ps(8,T(5)) )
2 ’ 2 ‘

+ min{
Taking« -1 and f = 1, condition (1) in Theorem 1 is satisfied. So T has a unique fixed point in X.
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