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ABSTRACT:

Introduction/purpose: The aim of this paper is to present the concept of the generalized weak contractive condition involving
various combinations of d(x,y) in modular metric spaces.

Methods: Conventional theoretical methods of functional analysis.

Results: This study presents the result of (Murthy & Vara Prasad, 2013) for a single-valued mapping satisfying a generalized weak
contractive condition involving various combinations of d(x,y). It is generalized in the setting of modular metric spaces, and then
it is proved that this single-valued map satisfies the property P. In the end, an example is given in support of the result.
Conclusion: With proper generalisations, it is possible to formulate well-known results of classical metric spaces to the case of
modular metric spaces.

KEYWORDS: Fixed point, weak contraction, modular metric spaces, property P.

Pe sioMe:

Beeacnne/ueab: Lleab AQHHOI CTATbM 3aKAKYAETCSI B NPEACTABACHHU KOHILENMLHMH 0006uieHHOro #-cAaboro cKuUMarmolero
YCAOBHSL, BKAIOYAIOLETO PasaudHble KoMOuHaLuK d(X,y) B MOAYASPHDBIX METPUYECKUX IPOCTPAHCTBAX.

Meroabi: B AaHHO¥ cTaThe NpUMEHSANCH OOLICIPUHSTBIC TEOPETHYECKUE METOAB! PYHKIIMOHAABHOTO AHAAN3A.

Peayabrarsi: B poannom nccaepoBanuu npeacrasaet pesyastat (Murthy & Vara Prasad, 2013) no opnosHauHOMY 0TO6paskeHHI0,
COOTBETCTBYIOIEMY 0606IIEHHOMY #-CAA6OMY YCAOBUIO COKpAIEHHs, BKAIOYAomeMy pasandnbie kombunanuu d(xy). Ono
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LI1LJIANA PAUNOVI#, ET AL. PROPERTY P IN MODULAR METRIC SPACES

O606I.HB.CTC$[ B 3aAQHHH MOAYASIPHBIX MCTPHUYCCKHUX NPOCTPAHCTB, a 3aTCM AOKa3bIBACTCS, YTO NIPHUBEACHHOC OAHO3HAYHOC
OTO6Pa)KCHI/IC OTBCYACT CBOﬂCTBy P. B zakarouenun TIPUBOAUTCS IIPUMED, HOATBCP)KA&IOI.LH/Iﬁ PpE3yAbTaTHI.

BI)IBOAI)I: HPI/I COOTBCTCTBYIOIIMX 0606H.LCHI/U[X MO>XHO C(l)OPMyAI/IPOBaTL IIMPOKO HM3BCCTHBIC PE3YABTATHI KAACCHYCCKHUX
MCTPHICCKUX IIPOCTPAHCTB AAST CAYyIast MOAYASIPHBIX MCTPHUYCCKUX ITPOCTPAHCTB.

KnwowuyeBre cao0 B a: OQukcupoanHas Touka, #-caaboe CKaTHe, MOAYASIPHbIE METPUYECKHE IIPOCTPAHCTBA,
cBoicTBo P.

ABSTRACT:

VYBoa/unm: Lus oBor papa jecte Aa NPEACTABH KOHLICNIT ICHEPAAH30BAHOr -CAA0Or KOHTPAKTUBHOT YCAOBA KOjU YKAy4Yyje
PaSAI/I‘II/ITC KOMGI/IHaLlI/IjC d(X,y) y MOAyAapHI/IM MCTPI/I‘IKI/IM HPOCTOPI/IMa.

Metoae: Konsennnonaane Teopujcke MeToae pyHKIJHOHAAHE AHAAHSE.

Pesyaratu: [IpeacraBme je pesyarar (Murthy & Vara Prasad, 2013) sa cunryaapHo npecauKasatbe KOje 33A0BOMaBa YOIIUTCHH -
cAabH KOHTPAKTUBHHU YCAOB KOJH YKy dyje pasAHduTe KOMOHHaLHje d(xy).On j€ YOTIIITEH Y ITOCTaBA»>AbY MOAYAAPHUX METPUYKHX
npocropa.TaKol’)c, AOKAa3aHO je Ad OBO CHHTYAAPHO IIPECAHMKABambE 3aA0BOnaBa cBojctBo P. Ha Kpajy je HABEACH MPUMEDP KOjU
TIOAPIKABA PE3YATAT.

3akmyuak: Y3 oarosapajyhe renepasusanuje moryhe je opmyancaru Ao06po nosHare pesyaraTe KAQCHYHHMX METPHYKHUX IIPOCTOPa
KOjHU C€ OAHOCE Ha CAyYaj MOAYAAPHUX METPHYKHX ITPOCTOPA.

KEYWORDS: nl)I/IKCHa Ta4Ka, caaba KOHTpaKqua, MOAYAAPHH METPUYKHU ITPOCTOPH, CBojCTBo P.

INTRODUCTION

One of trends in mathematical research is to refine the frameworks of the known theorems and their results.
For instance, Polish mathematician Banach observed the first metric fixed point results in the setting of
complete normed spaces. An immediate extension of this theorem was given by Caccioppoli who observed
the characterization of the Banach fixed point theorem in the context of complete metric spaces. Afterwards,
for various abstract spaces, several analogs of the Banach contraction principle have been reported. Among
them, we can underline some of interesting abstract structures such as modular metric space, partial metric
space, b-metric space, fuzzy metric space, probabilistic metric space, G-metric space, etc.

This paper will be restricted to the recently introduced generalization of a metric space, namely, a modular
metric space. Chistyakov introduced the notion of modular metric spaces (Chistyakov, 2010a, 2010b)
inspired partly by the classical linear modulars on function spaces. Informally speaking, whereas a metricon a
set represents the nonnegative finite distances between any two points of the set,a modular on a set attributes
a nonnegative (possibly, infinite valued) “ficld of (generalized) velocities™: to each “time” #>0 the absolute
value of an average velocity #,4(#,#) is associated in such a way that in order to cover the “distance” between
the points #, # € #, it takes time # to move from # to # with the velocity #4(#,#). But the way we approached
the concept of modular metric spaces is different. Indeed, we look at these spaces as a nonlinear version of the
classical modular spaces introduced by H. Nakano (Nakano, 1950) on vector spaces and modular function
spaces introduced by (Musielak, 1983) and (Orlicz, 1988a, 1988b). More about modular metric spaces can
be read in (Hussain et al, 2011), (Paknazar & De la Sen, 2017) and (Paknazar & De la Sen, 2020).

In the formulation given by (Khamsi, 1996) and (Kozlowski, 1988), a modular on a vector space # is a
function# . #- [0, +oo) satisfying:

(1) #(#) =0 ifand only if # = 0,

(2) #(##) = #(#) forevery # € # with |#| =1,

(3) #(## + ##) < #(#) + #(#) if#,#20and # + # = 1.

A modular # is said to be convex if;, instead of (3), it satisfies the stronger property:

(3%) #(## + ##) < ##(#) + ##(#) if#, # > 0and # + # = L.

Given a modular # on #, the modular space is defined by

go={#c# : ###)>0as# >0}
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It is possible to define a corresponding F-norm (or a norm when # is convex) on the modular space. The

Orlicz spaces #* are examples of this construction (Rao & Ren, 2002). The modular metric approach is
more natural and has not been used extensively. For more on the metric fixed point theory, the reader may
consult the book (Khamsi & Kirk, 2001) and for modular function spaces (Chistyakov, 2010a, 2010b) and
(Chistyakov, 2008). Some recent work in modular metric spaces has been presented in (Mongkolkeha et al,
2011) and (Padcharoen et al, 2016). It has been almost a century since several mathematicians improved,
extended and enriched the classical Banach contraction principle (Banach, 1922) in different directions
along with variety of applications. In the sequel, we recall some basic concepts about modular metric spaces.

Throughout this paper, # will denote the set of natural numbers.

Let # be a nonempty set. Throughout this paper, for a function

#: (0, +o0) X # X # > [0, +00), we write

# (#,#)=#(###)forall#>0and #, # € #.

DEFINITION 1. (Chistyakov, 2006) Let # be a nonempty set. A function #: (0, +o0) x # x # > [0, +0)
is said to be a metric modular on # if it satisfies, for all #, #, # € #, the following conditions:

1) #, (#,#) =0forall # > 0 if and only if # = #,

2)#, (#,#)=#, (#,#) forallk >0,

3) #roy (B, ) < 0 (#,#) + #, (#,#) for all #,# > 0.

If instead of (1) we have only the condition (1'):

# (#,#)=0forall# € #,# >0, then # is said to be a pscudo modular (metric) on #.

An important property of the (metric) pseudo modular on the set # is that the mapping # # #, (#, #) is
non increasing for all #, # € #.

DEFINITION 2. (Chistyakov, 2006) Let # be a pseudo modular on #.

Fixed #o= #. The set

#o=#y(#o) ={# € #:#, (#,#9) > 0 as # > +oo} is said to be a modular metric space (around #).

DEFINITION 3. (Padcharoen et al, 2016) Let #; be a modular metric space.

1) The sequence {#4} in # is said to be #-convergent to # € #¢ if and only if there exists a number # > 0,
possibly depending on {#,} and #, such that ,imew=c,

2) The sequence {#4} in #; is said to be #-Cauchy if there exists # > 0, possibly depending on the sequence,
such that #, (#4, #:) > 0 as #, # > +oo.

3) A subset # of #; is said to be # -complete if any #-Cauchy sequence in # is a convergent sequence and
its limit is in #.

DEFINITION 4.(Mongkolkeha et al, 2011) Let # be a metric modular on # and ## be a modular metric
space induced by #. If ## is a #- complete modular metric space and #: #4 > #4 be an arbitrary mapping, # is
called a contraction if for each # | # € #4 and for all # > 0 there exists 0 < # < 1 such that

B (#8.44) < #4, (#, #)

Mongkolkeha et al, (2011) proved that if #4is a # - complete modular metric space, then contraction
mapping # has a unique fixed point.

MAIN RESULT

In this section, there is a generalization of the result proved by (Murthy & Vara Prasad, 2013):
Let # be a self-map of a complete metric space # satisfying:
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(K
[1+ pd(x,4)|d*(Tx, Ty)

1[ﬂ-’z(ﬂ:, Tx)d(y, Ty) + d(x, Tx)d* (4, Ty)l,
< pmax d(x,Tx)d(x, Ty)d(y,Tx),
d(x, Ty)d(y, Tx)d(y, Ty)
+ m(x,4) — Om(x, 4).

Where,
(Cz):
d*(x,4),d(x,Tx)d(y, Ty),d(x, Ty)d(y, Tx),
mixy) = ma"[ L{d(x, T Tg) + d(y, T)d (g, T9)) } ’

p = 0 is a real number and @: [0,+«=) — [0,+=) is a continuous function
with@ (¢) =0 <+ =0and @(¢) > 0foreach+ > 0.

Then # has a unique fixed point in #.
Now we will generalize the above result in the setting of modular metric spaces as follows:
Theorem 1. Let (#4, #) be a complete modular metric space. Let # be a self-map of a complete modular

metric space #y satisfying:

(C3):
[1+ pwl(? Wlw,2(Tx,Ty)
= w2 (x, Tx)w, (8, TY) + 0, (%, Tx)w,* (4, Ty)],
= pmax 01 (x, T2)w,(x, Ty w, (9, T),
w2 (x, Ty)w, (4, Tx)w, (4, Ty)
+ m(x: y’) - Q)m(x, ’95);
where
(Cy) :

mlz (xl y’)a wq (x) Tx)wl (#1 T@)n m2(x) T'y’)wl (#J Tx);
m(x,4) = max

1
5 w1 (& T2, (2, TY) + w1 (4. T2) w1 (3, T9)]
p = 0 is a real number and @: [0, +«) — [0, +=) is a continuous function

with @ (1) =0 <2 =0and @(¢) > Oforeach+ > 0.

Then # has a unique common fixed point in #;.
Proof. Let #y € #3 be an arbitrary point. Then we can find #; such that #; = #(#,). For this #,, we can find

#) E #s such that #, = #(#1)
In general, one can choose {#411} in #4 such that

Xp+1 =T (x,), n=01.2... o

We may assume that #4 # #4, for each #.
Since if there exists # such that #s = #4,| then #, = #4,1 = #(#.),
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We write #5 = #(#4, #4,1).

Firstly, we prove that ## is a non - increasing sequence and converges to 0.
Case I If # is even, taking # = #,4 and # = #54,1 in (#3), we get

1+ ##1(#2#, #ye1)]#) z (##2#,##2#+1)

1 wlz(xzﬁ., TxZn)wl(x2n+ll Tx2n+1)

2|+ wl(xZnJTx2n)w12(x2n+llTx21}+1) ’

< pmax
wl(xZJ}lTxZn){UZ (x27;u Tx2n+1)m1(x2n+1’ TxZn)’
a’z(xzmTx2n+1)w1(x2n+1»Tx2q)w1(x2n+1:Tx2n+1)
+ m(xzn, x2n+1) - @m(xZnn x211+1)! (2)
where
m(xZT;“ x2n+1) =
w4? (xzw x2n+1)n (Ul(xznﬁ TxZn)wl(x2n+1! sz,]._,.l),
max a’z(xzwTx2n+1)a’1(x2n+1n:rx2q)n
1[ ml(xz,?,sz,I)mz(xz,}.,sz?;,_,_l)
2 +ml(x27]'+1n:rx2?})wl(x21}+lﬁTx2n+l) 3)
Using (1) we get
[1 +pw, (xznnx2n+1)]w12(x2n+1nx2n+2)
1 [ w,? (xznj x2n+1)a’1(x2n+1n x2n+2)
< pmax 2+ w1 (%29, X1 ) 01? (F2ns1, Xans2)]
B W, (xZ'!]" x2n+ 1)“—’2 (xZ'!]'l x2n+2)w1 (x2n+1» x2n+ 1)!
Wz (xZU’x2n+2)m1(x2n+lt x2n+1)w1(x2n+v x2n+2)
+ m(xZHJx2n+1) - @m(xZT]rﬁxzr}+1) ) (4)
where,
mlz(x2nlx2?}+l)l wl(xZHJer]+l)m1(x2r}+l'x2n+2)’
_ fﬂz(xzwxznn)wl (x2n+1'x2n+1)n
m(%2n, X2p+1) = max . ml(qu’er]+1)w2 (xijxzmz)
z +w1(x2q+1n x2n+1)0)1 (x2n+1: xzn+2) (5)

Now consider #,4 = #(#24, #1441); then we have
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[1 + pam]ag,}.,_l < pmax {% [cr%,}azn.;.l + ﬂznﬂfzznﬂ], O,U} +

m(xszx2n+l) - Q)m(xz,}.,xznﬂ) ’ (6)

WRETE, sy 5170) = sty ot 0 sy )+ )
By triangular inequality and using the property of #, we get

mz(x2qrx2n+2) E ml(xZT]'-' x2n+1) + ml(x2q+llx2q+2) (72)
and

m(x2n1x2n+1) =

m(x,4) < max {a%n,az,}az,}ﬂ, 0,%[&2,? (a2 + a2p4q) + 0]} .

If #,4 < #7441, then (#3 ) reduces to
pPa3, 41 < PaA3yey — Oas,,q, a contradiction.

Therefore, . <= ap<a,

Case II. In a similar way, if # is odd, then we can obtain #,41, < #54:1. It follows that the sequence {#4}
is decreasing,

Let,ma=r, for some # > 0.

Suppose # > 0; then from the inequality (#3) and (#4), we have

[1+ pws (2, 2y41) |02 (T2, T 241

1] @1* (209, Ty )1 (%1, T 2941

2 |+, (20, Ty )1 % (241, T2 41)]
wl(xq, Tx,})wz(xn,?'xnﬂ)wl(xml, Tx,}),

@3 (209, T2y 41 )01 (%40, T 209 )01 (0, T4 ) )

< pmax

where,
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m(2,, Xpi1) =
(1% (%, Zya1), @1 (%, Tty )1 (40, T241),)

Wo (29, Ty i1 )1 (241, T2y),

max 4 .
l[ w1 (209, Txp) o (2, T241) ]
\ 2 +w1(-"5:;+1;Txn)(ﬂ1(xn+1j-?xn+1) J
Now by using (1) we get,
[1 + pml(xrjrlxn+1)]m12(xl}+1lx?;f+2)
1[ {012(;En,xn+1)m1(xn+1,xn+2)
< pmax - +m1(xn:xn+1)m12(xn+1:xn+2) '

w3 (%, X4 )02 (X, X2 )01 (Fya0 Xya),
w7 (xn,xn_,_z)ml(xnﬂ, xn+1)m1(xn+1: xn+2)
+ m(xy, 2y41) — Om(2y, 2941),

mlz(xr,u xn+ 1)1 Wy (xw xn+1)w1(xn+1» xr}+2)n
mz(xn,xn_,_z)wl(xnﬂ, xr,-+1):
1[ @y (%, 1) 02 (X, Xy 42)

2 +w; (xr}+ 1 Xp+ 1)“’1 (xn_,_ 1%y +2)

where, m(x,, 2y+1) = max

Using the triangular inequality and the property of #, and taking the limit
# > +oo, we get

(14 pr]r? <pr3 +1? = 0(r?).

Then #(#) < 0, since # is positive, then by the property of #, we get # = 0, and we conclude that

lim @, = lim wq(x.,,x =r=0.
potie T Pt 1( 0 n+1)

(10)

(11)

(12)

(13)

Now we show that {#} is a Cauchy sequence. For the given # > 0, we can find two sequences of positive

integers {#(#)} and {#(#)} such that

Wg(Xm(o) Xy(o)) Z € W1(Xm(o) Fy(o)-1) <€
4
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(14)
and #(#) > #(#) > 4.
Now € < wg| Xm(e)s X))
< 1)) (xm(a)i x?}(ﬂ)) + w1 (‘T’m(ﬂ:” xTF(J))

< 1(Fm(o) Xy (o)1) Y01 (Xy(0)-1, (o))

2 2

< wl(xm(a)r xn(a)—l)"'ml(xn(a)—ll xr,l(a))
4 2

< €+ w1(%y(0)-1, %n(0))
2z

Letting ¢ — +=, we get gl_i)rllwwz(xm(g), xn(g)) = crl_i’r_{_lmml(xm([,), xn(a)) = €

Again using the triangular inequality, we have
€< mﬂ(xm(ﬂ)’ xr}(ﬂ)) = w4(xm(ﬂ)'xn(0))
= Wy (x?rfa)’xn(cr)ﬂ) + w; (xm(rr)*xn(rr)ﬂ) . (15)

We get

€ =02 (%(0) Z(o)+1) < W2(Xm(o) Xy(or+1) < @1(Xm(o) Fn(o)+1)
< 01(Fm(o) Fn(0)+1)

< ‘”é(xm(rr)’xn(cr)) + “’i(xn(a)* xn(a)ﬂ)-

Taking the limits as # > +oo0 , we have

lim ml(xm(g),xn(g)ﬂ) = lim w, (xm(g),xn(a).,_l) = €.

o—+ g—+0 (16)

Now from the triangular inequality, we have
€< Wy (xm(a):xn(a)) < wl(xm(a)lxm(cr)+1) + wl(xm(a)+1l xl}(ﬂ'))
We get

€ W1 (Xm(0) Xm(0)+1) < ©1(Fm(@)+1 Xn(0))
< 01(%n(e) Fm(e)-1) * WL(Fm(0)+1. Fm(0)-1)
< 01(%n(0) Fme)-1) * ©2(Fm(o)-1: %m(0)) + 01 (Fm(0) Fm(a)+1):

Letting o — +< , we have lim w; (X 0)+1, %)) = €

g+ (17)
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Again, from the triangular inequality, we have

Wg(Em(0) X)) < Wa(Zn(o) Xno)+1) + @4 (Fn(e)+1 Tm(o))

We get

mﬂ(xm(o')!xr,r(a)) =< w4(xr}(o')lxn(o')+l)+ mz(xm(cr)+1r xm(o’)) +
wz(xm(cr]+1n xr}(r.r)+1)

Wg(Em(o), X)) s (En(o) Fn(oy+1)-02(Fm(e) 41, Xm(e)) <
wz(xm(cr]+1n xr}(r.r)+1)

< @01 (Fm(@)+1Xm(0)) + @1 (Fn()+1: Xm(a)) -

Letting o - += , we have lim w,(%m(g)+1, Zy(o)+1) = €

T—+e

(18)
Since wz(xm(a)+1’xr}(cr)+1) < ml(xm(cr)+1! xq(cr)+1)
= m%(xm(ﬂﬂln xm(a)) + w%(xm(ﬂr)!xn(nﬁl) =< w%(xm(a)lxn(a)+1)
< wl(xm(a)ﬁxm(cr)_l) + wl(xm(a)—l’ xr}(a)+1)
4 4

< 01(%m(0)-1,%n(@)) * W1 (Fn(or41 Zn())-

Letting o — +<, we have Jlirpmml(xmfg)ﬂ,xnfg)ﬂ) = €. )

On putting # = #44) and # = #4(4) in (#3), we get

1[ 01 (%m(o) T2m(o) )01 (%n(0) T2y ()
2 [+ 01 (%m(o) TXm(0)) @1 (X(o) T2y ()

< pmax
@1 (*m(0) T %m(0) )02 (Xm(a), T *n(0)) 01 (%n(0), TXm(a)),
@2 (%m(o)s Txn(ﬂ))wl (xn(a)':rxm{cr))ml (%n(o) T2n())
+ M(Xm(o) Xn(0)) = OM(Xm(o) Tn(o)) (20)

where,

M(Zm(o) Xy (o))

012 (Zm(0): Zn (o)) )
®1(%m(0) T %m(0)) @1 (X () T %))
= max{ 2 (Xm(o) T2y (0)) @1 (%5 (o) T¥m(a)),
1[ 01 (Fm(o) TEm(0))@2(¥m(o) T¥n (o))

\2 +wq (xn(cr)’ Txm(d))ml(x??(ﬁ)’ Tx??(a)) /

"
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Using (1), we obtain

[1 + pw1(*m(o) #n(0)) |01 (Fm(o)+1, Fn(o)+1)
1[ @12 (%m(o), Zm(a)+1) @1 (%n (o), Zn(oy+1)
2 | +01 (%m0, Zm(@)+1) 01 * (n (o), Zy(or+1) |
W1 (Xm(o)r Xm(o)+1)W2(Xm(a) Xn(0)+1) @01 (%n (o) Tm()+1);
@2 (Fm() Fn(0)+1) @1 (%5 (0) Fm(o)+1) @1 (X1 (0), #n(0)+1)
+M( Xm0y Fn(a)) ~ OM(Xm(a) Tn()) 1)

< pmax

where,

M(ZXm (o) %y (a))

( ©12(%Xm(a) Zn(a)),

ﬂ’l(xm(a)’ xm(a)ﬂ)wl(xn(a): xn(zr)ﬂ)»
= max{  ®2(Zm(o) Xy(0)+1) @1 (Xn(0) Fm(o)+1),
1 [wl(xm(a)nxm(anl)wz(xm(o): Xy(o)+1)

(2 +01 (% (0) Xm(e)+1) @01 (Fn (o) Xy (o)+1)

Letting # > +o0 and using (13) - (19), we get

. |
[1 + pele? < pmax {E [0 + 0], 0,0} + €2 — 9(e?)
= €2 — @(e?),

a contradiction.
Thus, {## } is a Cauchy sequence in ##, since (##, #) is a completemodular metric space.

Therefore, {x, } converges to a point z and Xp41 = T(x,) also

converges to the same point z, limx, = z|
1} (22)

Now, we will prove that # is a fixed point of #.For this, let # = ## and # = # in (#3), we get

[1+pw,(x,,2)|w,?(Tx,,Tz)

é[wlz(xn,'fxq)wl(z. Tz) + wy (%, T2, )w,%(2,T2)],
< pmax aiplt T )as(2.02 )w; (655, +
wz(:t:,i.,’fz)wl(z,ﬂ“xn)wl (z,Tz)
+m(x,,z) — 0m(x,,2) (23)

where,
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m(x,, z)
wlz(x,,,z),ml(x,,,i?"xq)wl(z. Tz},wz(xn,ﬂ"z)wl(:z,l?“xn).
= max 1 .
= [, (2, T2, ), (%, T2) + w4 (2, T2, ), (2, T2)]

Using (22) and (1), we have
[1+ pw,(z, 2)]w,%(z,Tz)

%[mlz(z, Dy (2,72) + wy (2, 2)0,%(2,T2))],

< pmax W, (ij)wz (ZITZ)&J'I(:Z, Z),

w5 (z,Tz)w,(z,z)w,(2,Tz)

+ m(x,,z) — om(x,, z) (24)

where,

il i w,%(z,2), w,(2,2)w,(2,Tz), w,(z, TZ)w, (2, 2),
L i %[wl(z, Z2)w,(2,Tz) + w,(z, z)w,(z,Tz)]
Hence, #12(#, ##) <0 # ## = #.
So, # has a fixed point in ##.
Uniqueness:

To show that # can have only one common fixed point.Suppose # # # be two fixed points of #.
Therefore, # = ## and # = ## from (#3) ,we have

[1+ pw, (x, ¢)]w,*(x,4) < pmax{0,0,0} + m(x, y) — Om(x, ¢)
< (1-0)w,*(x,4)
= w (2, 4) [1+w,(x,4) —1+0] <0
e wlz(’t:/g’) =0
= x =Y.

Corollary 1. Let # be a mapping of a complete modular metric space(##, #) into itself satisfying the
condition

w2 (Tx,Ty) <m(x, ) — 0m(x,¢)
where,

w,*(x,9), 0, (x,Tx)w, (4, Ty),
m(x, 1) = max wy (2, Ty)w, (¢, Tx),
1 )
Sy (2, Tx)w, (x, Ty) + w1 (4, Tx)w, (9, Ty)]

Forall #,# € #and #: [0, +o0) > [0, +o0) is a continuous function with#(#) = 0 # # = 0 and #(#) > O for
cach # > 0. Then # has a uniquefixed point in ##.
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Proof. Put # = 0 in Theorem 1 and we have the required result.

Example 1. Let # = #. We define the mapping #: (0,1) x # x # >[0,1]by #\(#, #) =|#—#|1+Mor all #, # €
#andA> 0. Then it is obvious that ## isa complete modular metric space. Define #: ## > ## by ## =#4and#:
[0, +00) > [0, +00) by #(#) =#3, for any values of # > 0 and #, # € #.Then it is easy to verify the inequalities
(#3) and (#4) hold.Hence from Theorem 1, the mapping # has a unique fixed point 0.Moreover, itis 0 € #;.

ProPERTY P

In this section, we will show that the maps satisfying (#3) and (#4)possess the property P.

Let us denote the set of all fixed points of a self ~mapping # from X intoitself by F(#), that is, F(#)= { #X :
## = #1}.Itis clearly that if # is a fixedpoint of #, then it is also a fixed point of ## for each n, that is,F(#)#F (##)
if F(#) # #. However, converse is false.

Indeed the mapping #: # ># defined by ## =12- # has a unique fixedpoint, that is, F (#) = {14} , but every #
is a fixed point for #2.If F(#) = F(##), for each n, then we say that ## has no periodicpoints.(Jeong & Rhoades,
2005) examined a number of situations in which thefixed point sets for maps and their iterates are the same.
They state thata map # has the property P if F(#) = F(##) for ecach n.

Theorem 2.

Under the condition of Theorem 1, # has the property P.

Proof. From Theorem 1, # has a fixed point. Therefore, #(##) # # foreach # . Fix # > 1 and assume that #
€ #(##).We wish to show that # € #(#).Suppose that # # ##.Using the inequality (#3), we have

[1+pw, (T p, T"p)]w,* (TT ™ *p, TT"p)
i[wlz(’f”‘lp,TT“‘lp)wl(T“p. TT"p) +
2L @, (T, TT ' p)w, X (T, TT"p) I
@ (T, TT p)wp (T p, TT"p)wy (T"p, T p),
@z p, TP e (T, TT™ 0w (Ip,71™p)
4+ m(T™1p, T7p) — om{T™ tp, T"p)

< pmax

where,

m(T"p, T"p)
w2 (T p, T"p), (T 'p, TT"  p)wy (T"p, TT"p),
W, (T p, TT"p)wy (T"p, 7T p),
1[wlﬂiﬂ""‘lp,‘TT"‘lp)wz(T"‘lp, TT"p)
21 4w, (T"p, TT" 1 p)ew (T"p, TT"p)
[1+ pw (T p, T"p)lw,* (T"p, T™*'p)
1[(012(T"‘lp,T"p)wlCT"p,T"“p) +
2l @, (T p, T p)wy*(Tp, T p) I
@y (T p, T"p)w, (T p, T p)w, (T"p, T"p),
W2 (T p, T Ip)wy (T7p, T"p)w, (T"p, T p)
+m(T™ p, 72} — Om(T™ 0, T"p)

= max

< pmax

where,
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71 1 fi T S
w 2T, T7p), w1 (T 1p, T D)y (T"p, T p),

ey @, (Tt p, T p)w, (Tp, T"p),

5 [0 (T D, T )@, (T2, T™1p) + wy (77D, T p)w (T7p, T 1p)]
[1+pw (T p,p)]w (0, Tp)
%[wlz(ﬂ”“‘lp, p)w(p,Tp) + @, (T *p,p)w*(p, Tp)],
w1 (T p,p)w (T 'p, Tp)w, (p, p),

wa (T 'p, Tp)w, (p, w1 (p, Tp)
+m(T™ p,p) — Om(T" p,p)

< pmax

where,

m(T" " p,p) =

(@* (@ p,p), 0y (T p, p)ws(p, Tp), w2 (T 'p, Tp)w, (1. 1),
m‘“‘{ 2037, )y (T, Tp) + w1 (p, p) w1 (b, Tp)] }
@,*(p, Tp).

If #1(##—1#, #) < #1(#, ##) then#12(#, ##) < #12(#, ##) - ##12(#, ##).This implies that # = ##, a
contradiction. Therefore, # € #(#) and #has the property P.
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