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ABSTRACT:

Introduction/purpose: A graph as a mathematical object occupies a special place in science. Graph theory is increasingly used in
many spheres of business and scientific fields. This paper analyzes pentagonal cactus chains, a special type of graphs composed
of pentagonal cycles in which two adjacent cycles have only one node in common. The aim of the research is to determine the
dominant set and the dominance number on ortho and meta pentagonal cactus chains.

Methods: When the corresponding destinations are treated as graph nodes and the connections between them as branches in the
graph, the complete structure of the graph is obtained, to which the laws of graph theory are applied. The vertices of the pentagon
are treated as nodes of the graph and the sides as branches in the graph. By applying mathematical methods, the dominance was
determined on one pentagon, then on two pentagons with a common node, and then on ortho and meta pentagonal cactus chains.
Results: The research has shown that the dominance number on the ortho chain of the length h > 2 is equal to the value of the
expression while on the meta chain it is equal to the value of the expression h+1, which was proven in this paper.

Conclusion: The results show that the dominant sets and the dominance numbers on ortho and meta pentagonal cactus chains
are determined and explicitly expressed by mathematical expressions. They also point to the possibility of their application in the
fields of science as well as in the spheres of business in which these structures appear.

KEYWORDS: graph, pentagonal cactus-chain, dominant set, dominance number.

Pe sowMme

Beeacnue/ueas: I'pad xax MatemaTnaecknii 00beKT 3aHEMaeT 0c060¢ MecTo B HayKe. Teopus rpadoB Bee Haie HCIIOABSYETCS BO
MHOTHX BUAAX ACSITEABHOCTH U PA3AMYHBIX HayYHBIX 00AaCTsIX. B AAHHOM CTaThe aHAAMBUPYIOTCS [SITUYTOABHBIE KAKTYC-LICIIOYKH,
KaK 0coOblil BUA IPadOB, COCTOSIHUX U3 ISTHYTOABHBIX LIUKAOB, B KOTOPBIX ABAd COCCAHHX L{MKAQ MMCIOT TOABKO OAUH OOLIHIt
ysea. Lleab HccaeAOBaHIS 3aKAI09AAACH B OTIPEACACHUH AOMHUHUPYIOIIETO MHOXKECTBA M AOMUHHPYEIIETO YKMCAA B OPTO- M METa-
IATUYTOABHBIX KYKTYC-I[CIIOYKAX.

Meroasr: Korpa cooTBeTCTByIOIIME MOAOKEHMS PACCMATPHBAIOTCSA KAK Y3ABI Ipada, a CBASM MEKAY HHMHM — KAaK BETBH
rpada, MOAYYaeTCS NMOAHAS CTPYKTypa rpada, K KOTOPOH NPHMEHSIOTCS 3aKOHBI TeOpHH rpadoB. Bepumusl maTuyrosbHuka
PACCMaTPUBAKOTCS KaK y3AbI rpada, a CTOPOHBI — Kak BeTBU rpada. C MOMOLIBI0 MATEMATHIECKHX METOAOB, OBIAO OIPEACACHO
AOMHMHUPOBAHHE HA OAHOM IUITHUYTOABHMKE, 3aT€M Ha ABYX IUITMYTOABHHMKAX C OOIIMM y3AOM, 2 3aT¢M Ha OPTO- M METa-
IIATUYTOABHBIX KAKTYC-IICITOYEK.

Pesyabrarsr: FccaepoBaHue OKa3aA0, YTO YHCAO AOMHUHHUPOBAHMS HA OPTO-LIEIH C AAMHON h > 2 paBHO 3HAYEHMUIO BHIPXKCHUS B
TO BpeMs KaK Ha METa-LIeIIM OHO PABHO 3HAYCHMUIO BhIpaXKeHHUsE h+1, 4TO M CACAOBAAOCH AOKA3ATb B AAHHOI CTaTbeE.

BriBopbI: PesyAbTaThl HCCACAOBAHMS MOKA3aAM, YTO AOMHHHPYIOLHE MHOXCCTBA M UHCAA AOMHHHPOBAHMS B OPTO- H METa-
IIATUYTOABHBIX KAKTYC-IICIIOUKAX OIIPEACASIOTCS M IKCIIAMIIUTHO MCYHUCASIOTCS MATEMATHIECKUME BhIpaskeHHAMH. OHM Taioke
YKa3bIBAIOT Ha BO3MOXHOCTh X NPUMCHEHMsI KaK B 0DAACTH HayKH, TaK U B cepax OM3HeCa, B KOTOPBIX NPHCYTCTBYIOT 3TH

CTPYKTYpBHI.
KanwueBr e ¢ 0B a:rpap, MATHYrOAbHASA KAKTYC-LIEIIOYKA, AOMUHUPYIOIIEE MHOXECTBO, YUCAO AOMUHHUPOBAHHSL.

ABSTRACT:

VBoa/1us: Ipad xao mMaTemMaTHdKH o6jel<aT 3aysuMa noce6HO MecTo y Hayuu. Teopuja rpagoBa Hasasu cBe Behy IpUMEHY Y
MHOI‘O6POjHI/IM cdepaMa IIOCAOBAbA, KAO M HAYYHUM obaactuMa. Y oBoM PaAy aHAAU3UPAHU Cy IETOYTAOHU KAKTYC-AAHIU KOjH
IPEACTAB&AjY noce6Hy BPCTY rpadpa cacTaBAEHOT OA METOYTAOHUX LIUKAYCA Y KOjHMa ABA CYCEAHA LIIUKAYCA UMAjy 33jeAHHYKH CAMO
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jeaan uBop. Llus ncrpaxusama jecte oapelnpame AOMHHAHTHOT CKyIIa U AOMHHALIMjCKOT 6poja Ha OPTO M MeTa METOYra0HUM
KaKTyC-AQHI[UMA.

Metoae: Kapa ce oprosapajyha oppeaniura rpetnpajy kao 1Boposu rpada, a Bese Mel)y uma kao rpate y rpady, oo6uja ce mormyHa
CTPYKTypa rpada Ha KOjy ce IPUMEHYjy 3aKOHHTOCTH Teopuje rpadoBa. TeMeHa IeTOyraa Cy TpEeTHpaHa Kao YBOPOBH rpada, a
cTpaHuue Kao rpaHe y rpady. [IpuMeHOM MaTeMaTHYKHX MeTOA2 oApeleHa je AOMHHALMja Ha jeAHOM IIETOYIAY, 3aTUM HA ABa
MIETOYTAA Ca 33j€eAHMYKHUM YBOPOM, A HAKOH TOTa HA OPTO U META METOYTaOHUM KaKTyC-AQHI[UMA.

Pesyaratu: Vcrpaxusara cy mokasaaa A2 je AOMUHALMjCKH Opoj Ha OPTO AaHLy AykuHe h 2 jeAHak BpeAHOCTH U3pasa , AOK je Ha
MeTa AQHIIY jeAHAaK BpeAHOCTH u3pasa h + 1, wro je pookasao y paay.

3akaydak: PesyaTatu mokasyjy Aa cy AOMHHAHTHH CKYIIOBU U AOMUHALMjCKH OPOjeBU Ha OPTO U MeTa IETOYTAOHUM KaKTyc-
AQHIMMA OAPEhCHU M eKCIIAMLMTHO MCKa3aHM MaTeMaTHdYKUM H3pasuMa. 1akole, ymyhyjy Ha moryhnocr muxose npumene y
obaacTHMa HayKe, Kao U y cdpepaMa OCAOBabA Y KOjHMa Ce TI0jaBAYjy OBE CTPYKTYpE.

KEYWORDS: rpanl), IIETOYTaOHU KaKTyC-AaHALl, AOMHUHAHTHH CKYTI, AOMI/IHaLII/IjCKI/I 6p0j.

INTRODUCTION

Mathematical apparatus and mathematical methods are used in almost all fields of science, both natural
(Ghergu & Radulescu, 2011; Velickovi¢ et al, 2020) and social (Vladimirovich & Vasilyevich-Chernyaev,
2021). A graph as a mathematical object occupies a special place in science (Bakhshesh, 2022; Hajian & Rad,
2021; Herndndez Mira et al, 2021). It is used in medicine, genetics, chemistry, etc. All structural formulas
of covalently bound compounds are graphs. Chemical elements are represented by graphs where atoms are
vertices and chemical bonds are lines in the graph (Balaban, 1985). A graphical representation of chemical
structures provides a visual insight into molecular bonds and chemical properties of molecules. The QSPR
study has shown that many of chemical properties of molecules are closely related to theoretical graphical
invariants called molecular descriptors (Mihali¢ & Trinajsti¢, 1992). The theoretical graphical invariant is
also the dominance number, which is the simplest variant of the k-dominance number that is used many
times in mathematics (Zmazek & Zerovnik, 2003).

A graph is usually denoted by G, a set of its vertices (nodes) by 7{G) and a set of its branches (lines) by
E(G).

A set D that is a subset of the set /(G) is called a k-dominant set in the graph G if for each vertex outside
the set D there is at least one vertex in the set D such that the distance between them is less than or equal to k.
The number of elements of the smallest k-dominant set is called the k-dominance number and is denoted by .
If £ =1, the 1-dominance number is called the dominance number and is denoted by y and the 1-dominant
set is called the dominant set.

A cactus graph is a connected graph in which no line (branch) is in more than one cycle. The study of
cactus graphs began in the middle of the 20th century. In his work (Husimi, 1950) Husimi uses these graphs
in studies of cluster integrals. Riddell (Riddell, 1951) uses them in the theory of condensation. They were
later used in the theory of electrical and communication networks (Zmazek & Zerovnik, 2005) as well as in
chemistry (Sharma et al, 1997; Gupta et al, 2001; Gupta et al, 2002).

It is known that many chemical compounds have a pentagonal shape in their configuration. Among
them are cycloalkanes, which are very common compounds in the nature. The five-membered and six-
membered cycloalkanes, cyclopentane (Figure 1) and cyclohexane, which contain 5 and 6 ring carbon atoms,
respectively, are very stable and their structures appear in many biological molecules.
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FIGURE 1
Cyclopentane

Puc. 1 — Llukaonenran
Cauka 1 - [{uxkaonenTan

Their ring structures are also included in the composition of steroids. A large number of steroids are
synthesized in laboratories and used in the treatment of cancer, arthritis, various allergies and other diseases
(Balaban & Zeljkovi¢, 2021). Pentagonal forms in combination with hexagonal forms are present in many
compounds, among which are heterocyclic compounds: morphine, benzofuran, dibenzothiophene and
others.

In this paper, we analyze the k-dominance of pentagonal cactus chains. Hexagonal cactus chains were
investigated in papers (Farrell, 1987; Vukic¢evi¢ & Klobucar, 2007). Afterwards, the papers (Majstorovic et
al, 2012; Klobucar & Klobucar, 2019) determined the dominance number on a uniform hexagonal cactus
chain, the dominance number on an arbitrary hexagonal network, and the total and double total dominance
number on a hexagonal network. The K-dominance on rhomboidal cactus chains (Carevi¢ et al, 2020) as
well as on the icosahedral-hexagonal network (Carevi¢, 2021) was also investigated.

PENTAGONAL CACTUS-CHAINS

The pentagonal cactus-chain G is a graph consisting of a cycle with 5 vertices. A vertex that is common to
two or three pentagons is called a cut-vertex. If each pentagon in the graph G has at most 2 cut-vertices and
each cut-vertex is divided between exactly 2 pentagons, the graph G is called a pentagonal cactus-chain.

With #* we will denote a pentagonal cactus-chain of the length h and #'=##, ... # where #" are successive
pentagons in the chain (Figure 2).
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FIGURE 2
Pentagonal cactus-chain of the length 7

Puc. 2 — ITaruyroapHast KakTyc-IIeIouKa AAMHOM 7

Cauxka 2 — I'leroyraonu kakryc-aaHar Ay>kuse 7

Denote by x and y the vertices in the graph G and by d(x, y) thedistance between them, where the distance
between two vertices is equalto the number of branches located from one vertex to another. Denote by #4
the minimum distance between the pentagons #* and #"**:

#o=min{#(#, #): ### #8#2 # = 1,2, .., #-2}

Then #” is the distance between the pentagons #* and #'12

With the exception of the first and last pentagons in the cactus chain, which have one cut-vertex, all other
pentagons have two cut-vertices, and they are called inner pentagons.

In the pentagonal cactus chain #; we distinguish between ortho andmeta inner pentagons. An inner
pentagon is called an ortho pentagon if itscut-vertices are adjacent, and a meta pentagon if the distance
between itscut-vertices is d = 2.

A pentagonal cactus chain is uniform if all its inner pentagons are ofthe same type. A chain #; is called an
ortho-chain, and is denoted by #; if all its inner pentagons are ortho-pentagons (Figure 3).

lr_.-"ll ._ .l_.'"ll \-.
D )
W
v S
FIGURE 3

Ortho cactus-chain
Puc. 3 — Opro-kakryc-1enouka
Canxa 3 — Opro KaKTyc-AaHary

Analogously, a chain #; is called a meta-chain, and is denoted by #; if all its inner pentagons are meta-
pentagons (Figure 4).
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FIGURE 4
Meta cactus-chain

Puc. 4 — Mera kakTyc-1jenoduxa

Camnka 4 — Mera KakTyc-saHan

To determine the dominant set on the uniform pentagonal cactuschains #; and #, it will be necessary to
point out certain vertices in thecactus chain. That is why it is necessary to mark them. In the orthopentagon

#" the cut-vertices are adjacent and we will denote them by # and #4,;. The other vertices in #” it will be
denoted by #; %, #, *and #; * (Figure5):

K3 =

vV
| i+1
FIGURE 5
Marking vertices in the ortho pentagon

Puc. 5 — O603HaucHHE BEPIINH B OPTOTOHAABHOM ILITHYTOABHHKE
Canxa 5 — OsHavaBame YBOPOBA Y OPTO IIETOYTAY

In the meta pentagon #* the cut-vertices are at a distance d = 2 andwe will denote them by #24-1 and #2411,
With #,# we will denote the vertexto which it applies d(#24-1, #2¢) = d(#24, #2441) = 1. The other two nodes

inthe pentagon #” will be denoted #; *and#, * (Figure 6):
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FIGURE 6

Marking vertices in the meta pentagon
PI/IC. 6 - O603Ha‘{CHI/IC BCPIHI/IH B MCTQ.‘HHTPIYFOABHHKC
CAMKa 6 - OSHa‘IaBanC ‘iBOpOBa y METa HCTOyrAy

RESEARCH RESULTS

In this section, we consider 1-dominance on ortho and meta pentagonal cactus chains. We will first consider
the dominance of one pentagon and two adjacent pentagons in the ortho and meta chain of cacti.

Lemma 3.1. The dominance number for the pentagon isy = 2.

Proof: Let us denote the vertices of the pentagon by #y, #,, #3, #4, #s (Figure 7):

X3

X X4

FIGURE 7
Dominant set on a pentagon

Puc. 7 - AoMuHMpYyIOlIee MHOXECTBO Ha ISTHYTOABHHKE
Canxa 7 — AOMHHAHTHH CKYII HA IIETOYTAY

One pentagon vertex dominates two adjacent vertices. Let us take thevertex #1. It dominates the vertices
#2 and #5. As the pentagon has Svertices, domination over the other two vertices #3 and #4 is necessary. We
conclude that one of the remaining two vertices must belong to thedominant set on the pentagon. Let it be
the vertex #3. Thus, the set D ={#1, #3} is the dominant set for a given pentagon but it is not the only is the
dominant set for a given pentagon but it is not the only dominant set whose cardinality is equal to 2. They
are also sets that contain any two non-adjacent pentagon vertices. Let us prove that any of the mentioned
two-membered sets is the minimum dominant set on the pentagon. Assuming that there is a dominant set of
less cardinality D', it would have to contain only one vertex and one vertex cannot dominate the remaining
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4 vertices of the pentagon. Thus, the minimum dominant set on a pentagon is a two-membered set, so the
dominance number for the pentagon is # = 2.

Lemma 3.2. The dominance number for two pentagons with one cut-vertex is # = 3.

Proof: Let us denote the vertices of two pentagons by one commonvertex with #3, #,, . . ., #o (Figure 8):

K 3
"".l. .r':
: F’t‘:q J{Q
3
f/ r-z
X X
&, -
S, d
\'/ e
Xy
FIGURE 8

Dominant set for two pentagons with a cut-vertex
Puc. 8 — AoMHHMpYIOLEe MHOXECTBO AASI ABYX IIATHYTOABHUKOB C IIEPECEKAIOIEICS BEPIIMHOM
Canxa 8 — AOMHHAHTHH CKyII 33 ABA IIETOYTAA CA IPECEUCHUM YBOPOM

Let #, be the cut-vertex of the given pentagons #' and #%. Based on Lemma 3.1. the pentagon #! excluding
the vertex #; must have another dominant vertex that is not adjacent to the vertex #; .Let it be the vertex #;.
Also by applying Lemma 3.1. the pentagon excluding the vertex must have another dominant vertex that is
not adjacent to the vertex #; . Let it be the vertex #; . Thus the nodes #,, #3 , and #;, dominate over the nodes

#2, #4, #s, #6, #3 and #9 so the dominant set for the pentagons #1#% is the set D = { #,#3, #- 1. Analogous to

the consideration in Lemma 3.1. the set D is not the only three-membered set that is dominant #'#* on but
there is no dominant set of less cardinality. Suppose that there is a dominant set D' whose cardinality is equal
to 2. Let D' contain one vertex from each pentagon, for example #/ = {#;,#5}.The vertices #; and #; would

thendominate over the remaining 7 vertices in #'#% and this is impossible. Thevertex #; asa common vertex for
both pentagons dominates over twoneighboring vertices in both pentagons, so it dominates over 4 vertices

in#'#%. The vertex #3, or any other vertex not adjacent to the vertex #;dominates two adjacent vertices.So, the
total sum of vertices covered bydominance is 4 + 2 = 6 and that is less than 7. Thus, 2 vertices cannotdominate

the remaining 7 vertices in #1#2. We conclude that the minimumdominant set for ##7 is a three-membered
set and # = 3.
Let us consider the dominance on pentagonal ortho and meta cactus chains of arbitrary length.

Theorem 3.1. # (#4) = [3—3] foreachh> 2 #h # N

Proof: We observe a pentagonal ortho cactus-chain #; = #ly? 4 (Figure 9) and a set:

D=t = Laul Vi =1 [4]]
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9495

FIGURE 9
Minimum dominant set for

Puc. 9 - MuHHMAABHO AOMUHHUPYIOIEE MHOKECTBO AAST
Canka 9 — MUHHMAaAHY AOMMHAHTHH CKYII 32

Let us prove that # is the dominant set of minimum cardinality for apentagonal ortho cactus-chain #;=
#u #

Let us divide the ortho-chain #. into subchains #2*~'#**1=1,2, ..., [% ] (Figure 10) and the last pentagon
## if h is an odd number.

X X
_.-"/
X
FIGURE 10

Subchain of the ortho-chain
Puc. 10 - IToanenouka opro-rienouxu
Caunxa 10 — I'Toasanar opro saHna

Based on Lemma 3.2. the set 4, = {x%i_l, x%i, Vzl-} fori=1,2,.., [% ] is the dominant set of minimum

cardinality for the subchain #2142 Anortho-chain of the length h for h = 2k, k # N is composed of %

2subchains#” 1#*i=1,2, ..., g (Figure 9A), so the set

D1= U?ZIAZ' fork=%

is a dominant set for the ortho-chain #. Therefore, it is

Y (0,) <card(Dy) =g3=37h
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where we have marked the cardinality of the set #; with card(#,).If » is an odd number (Figure 95 ), then
the set

Dy= US4U (o V) fork = [ 4]

is a dominant set for the ortho-chain #; and then is
h 3h
}’(Dh) < Caf’d(DZ) = lEJ d 3 ¥ 2 - [?l
I

.3+2=
Note that the set
fork =

if . an even number is equal to the following expression:

Also for k£ =

and . is an odd number, the set

is equal to the following expression:
In case h is an even number,

then we conclude that it is

So, the set
,i=1,h}
)Z.ZI;

. is the dominant set for the ortho-chain

when h is even or odd number.

Also, in the case where h is an even number,

. So,

when h is even or odd number. Prove that the set

is the dominant set of minimal cardinality. Each subchain

contains 3 dominant nodes based on Lemma 3.2. Based on this, we conclude that each dominant set on
the chain

contains more than 3 or exactly 3 dominant nodes in each subchain

and more than 2 or exactly 2 dominant nodes in the last pentagon if h is an odd number, based on Lemma
3.1. So, we conclude that it is

. 3in case h is an even number, and

-3+ 2in case h is an odd number. When we combine both cases, we get that

It follows from

and

thatitis

Corollary 3.1.

for each.

2#h#N.

Theorem 3.2.

)=h+ 1 foreach.

2#h#N.

Proof: We observe a pentagonal meta cactus-chain

(Figure 11) and set:
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,i=Lbh+ 1}

Figure 11 — Minimum dominant set for

Puc. 11 — Munumarvno domunupyrnouyee Muoxcecmso oas

Cauxa 11 — Munumarnu domunanmunu ckyn 3a

Let us prove that

is the dominant set of minimum cardinality for a pentagonal meta cactus-chain

. Based on Lemma 3.1. each pentagon has a dominant set made up of two non-adjacent vertices. Thus,
the set .

. is dominant for the pentagon

for each i = 1, h. By merging the dominant sets of all pentagons in the chain, we get a set that is dominant
for the whole chain. But, each pentagon

has a common vertex with the pentagon

foreachi=1,h- 1. Common vertices should not be repeated in the dominant set. So, the set

is the dominant set for the meta-chain

Note that it is

,i=Lbh+ 1}

Thus, the set

,i=1, b+ 1}is the dominant set for the meta-chain

for each h#N and h >2. Let us prove that

is the dominant set of minimal cardinality. Suppose that there is a set S of less cardinality that is dominant
on the meta-chain

. The set S would then have one node less than the set

. Let it be a vertex

foranyi= 1, h. Then the pentagon

would have only one dominant node

. Based on Lemma 3.1. that is not possible. We conclude that

is the minimum dominant set for

so it is

)=h+1.

Corollary 3.2.

for each.

2#h#N.

Conclusion

In this paper, we have shown the arrangement of vertices in dominant sets on uniform ortho and meta

pentagonal cactus chains that appear in molecule structures of numerous compounds. We also proved that

the dominance number for a pentagonal ortho-chain of the length h is equal to the value of the expression
while for a pentagonal meta-chain it is equal to h + 1.
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