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ABSTRACT:

Introduction/purpose: In this paper a new combinatorial proof of an al- ready existing multiple sum with multiple binomial coefficients
is given. The derived identity is related to the Fibonacci numbers.

Methods: Combinatorial reasoning is used to obtain the results.

Results: The already known identity was obtained by using a new com- binatorial reasoning.

Conclusions: The new combinatorial reasoning led to the solution of the already existing identity.

KEYWORDS: Fibonacci numbers, combinatorics.
Pe smoMe;

Beeacnue/ueab: B AaHHOI cTaTbe IPEACTaBACHO HOBOE KOM- OMHATOPHOE AOKA3aTEABCTBO YXKE CYIECTBYIOIEH KPATHON CyMMbI
TOXACCTBA OMHOMHAABHBIX KOIQPHUIMECHTOB, cBA3aH- HOH ¢ uncaamu Pubonagdn.

Meroabr: B cTarpe nenoapsoBaHsl KOMOMHATOPHbIE PAcCyK- ACHHUSL

PesyabraTs: Yrke H3BECTHOE TOXKAECTBO OBIAO MOAYYCHO C IIOMOIBI0 HOBOTO KOMOMHATOPHOTO PACCY>KACHHS.

BriBopbr: HoBoe KOMOHHATOPHOE PAcCyXACHHE IIPUBEAO K Pe- IICHUIO YKE CYLICCTBYIOIIETO TOXACCTBA.

KnwoudeBroe c¢ciao B a: Yucaa Pubonavan, koMGHHATOpHKA.

ABSTRACT:

VBoa/unm: Y 0BOM pasy NpeACTaBACH je HOB KoMOMHaTOop- HH aoKkas Beh mocrojeher Bumectpykor 36upa, Bumectpyxnx
OMHOMHUX KoedUIIMjeHaTa HACHTHTETA KOjH je Y BE3U ca du- 60Ha‘lI/Ij€BI/IM 6pOjCBI/IMa

Metoae: Kaxo 61 ce A0mA0 A0 pesyaTaTa KOPUCTH Ce KOM- GUHATOPHO PE3OHOBAIbE.

Pesyaratu: Aobuja ce Beh mosnatu npentuter Kopuinhe- meM HOBOr KOMOMHATOPHOT PE3OHOBAbA.

3akaydak: Hoo koM6uHATOPHO pe3oHOBambe AOBEAO je A0 pe- mena Beh mocrojeher naenrurera.

KEYWORDS: ®ubonauujesu 6pojesu, koMbuHaTOpUKA.

INTRODUCTION

The Fibonacci numbers date as early as 200 BC in Indian math- ematics, but they were named after the Italian
mathematician Leonardo of Pisa, later known as Fibonacci. He published his masterpiece The Book of the
Abacus in 1202 where he introduced a well-known problem of rabbits, the result of which was the Fibonacci
numbers, known to many today. The Fibonacci numbers have been investigated by many and they occur in
many areas. For more information about the Fibonacci numbers consult the following books (Flajolet &
Sedgewick, 2009; Gessel, 1972; Grimaldi, 2012; Singh, 1985). The topic discussed in this paper is how to
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prove an already known multiple binomial coefhicient sum, using different combinatorial reasoning than to
the one already known. For the original proof see p.69 (Benjamin & Quinn, 2003).
Let us denote the notation which will be used throughout the paper. Writing

T

L k. =0

g=1,

(=2

we mean that the number of sums depends on the parameter |, for example setting / = 3 we get

Z 393D

_| k;_O 1—-0 }{72—0 k’3_0

".I

MAIN RESULTS

We give our new combinatorial proof of the multi binomial identity.

THEOREM 1. The following equality holds

z n\ /n—k n — k,g)
== 471 g 1"
2. (k’l) ( ko ) ( ki1 (Fi1)

[T+ k=0
1>2

The F, sequence is defined as follows

FHIZFZ‘f‘Fl—l;ZZQ;Fl:23F2:3-

Where F, is a Fibonacci Sequence but with different initial conditions and shifted by two index places.
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Proof. We will prove our Theorem using combinatorial reasoning. Let n denote the number of white balls
and 4. the number of colors we paint the balls with. The base case [=1 is trivial, we have n balls and we choose
i of them to paint yellow () . On the right side we choose between two colors, yellow and white for each ball.
Therefore, the right side is2". For simplicity let us consider the case - 2. . Therefore, we have n balls and two
colors. We pick & . white balls and paint them yellow which gives us :). Then we pick the balls that have
not been painted yellow and paint them blue, which gives us ). The number of ways to paint the balls like
this gives us the left-hand side. Alternatively, we can choose 3 colors for each ball to be painted with, white,

yellow and blue, that is 3" . Therefore, we get

T n

Z n Z i — ]fl _ gn
k k
- 2

Let us now consider the case when 1 = 3, where we paint balls with three colors. We pick k. white balls
to be painted yellow, which gives us (:), then we paint those that have not been painted yellow to be painted
blue ), now we choose balls which have not been painted blue to be painted red :*). A ball that has been
painted both yellow and red becomes an orange ball. The number of ways to paint the balls like this forms
the left-hand side. On the other hand, each ball can be painted white,yellow,blue,red and orange. Therefore,
each ball has 5 ways to be painted, and we obtain the equality

n T n

1 n_k'l Tl—k'Q n
Z ky Z ks Z k3 =95

k‘-l :0 kg:O ]Cg :0

Consider the case 1 = 4 with 4 colors. We choose k; . white balls to be painted yellow (), and k; balls to
be painted blue which have not been painted yellow (), kj balls to be painted red which have not been
painted blue ("), ky balls to be painted purple which have not been painted red ¢:*).By adding a new color,
in this case purple, we paint all the balls which have not been painted with red, remember we painted a
yellow one red to get an orange one and we have a red one itself, therefore we paint yellow blue and white,
which is the number of colors we got in the = 2. case. Therefore, by adding a new color, we have the relation
Fy= Fy+Fy=> F, = 5+3=> F, =8, which means that by adding a new color we have the old number of colors
plus the painted ones which have not been painted with the previous color. This means we have 8 colors to
choose from, which in combination with n balls gives us the following equality

SEE (W) n(W)S ()

k1=0 k=0 ka=0 k4=0

Now observing the general case, let £, denote the number of colors

9y 4 Py fogyq
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Adding a new color, we get £, , which means we have F, colors and we paint all the balls in F, that have
not been painted with the n-th color in,, which in turn gives us that the new color may paint all the balls
which have not been painted with the n-th color. Therefore, we obtain a general formula

Fﬁ-{—l — Fﬁ _~_Fn—1-

The right-hand side is obtained by the fact that for each ball we can choose 7.1 colors, therefore we get
(1), The proof is done.

In the following Corollary, we show the usage of the derived Theorem.

EXAMPLE 1. Setting - 6,n — 3 in the previously derived Theorem, we get the following.

3 33—k 3 — ko 3— kg 33—k 3—ks 3 — kg ot

TZA: (ltul) ( k2 ) ( ks ) ( ka ) ( ks ) ( ke ) ( kr ) — (3_11’4;
3N 3=k 3 —ka\ [3—ka\ [3—ks\ B3—-ks\[3—ks\ ..

('Ib.l) ( -152 ) ( Jiaf;g ) ( 'IE-I ) ( Ji‘?ﬂ ) ( ktj ) ( kT ) = -{qu’:{]

I

>

3
o k=0
3
1 k=0

I
CONCLUSION
1. In this paper we have shown that the number of sums and the number of binomial coefhcients
is related to painting balls whose result is related to the Fibonacci numbers raised to the number
of balls.
2. This paper motivates further research in a direction of painting various objects and the sums they

can GCI‘CSCl’lt.
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