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ABSTRACT:

Introduction/purpose: An approximation for assessing a definite integral is continuously an attractive topic owing to its practical
needs in scientific and engineering areas. An efficient approach for preliminarily calculating a definite integral with a small number
of sampling points was newly developed to get an approximate value for a numerical integral with a complicated integrand. In the
present paper, an efficient approach with a small number of sampling points is combined to the novel probability— based multi-
objective optimization (PMOO) by means of uniform experimental design so as to simplify the complicated definite integral in
the PMOO preliminarily.

Methods: The distribution of sampling points within its single peak domain is deterministic and uniform, which follows the rules
of the uniform design method and good lattice points; the total preferable probability is the unique and deterministic index in
the PMOO.

Results: The applications of the efficient approach with finite sampling points in solving typical problems of PMOQ indicate its
rationality and convenience in the operation.

Conclusion: The efficient approach with finite sampling points for assessing a definite integral is successfully combined with
PMOO by means of the uniform design method and good lattice points.

KEYWORDS: preferable probability, multi—objective optimization, finite sampling points, simplifying evaluation, uniform design
method..
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MAOSHENG ZHENG, ET AL. APPLICATION OF FINITE SAMPLING POINTS IN PROBABILITY BASED MULTI: OBJECTIVE...

Pe 3m0oM e:

BBeaeHue/1eab: ANIPOKCHMAIINS AASL OLIEHKH OIPEACACHHOTO HHTEIPaAa HE MIEPECTACT IPHBACKATh BHUMAHHE YUCHbIX, BBUAY
CBOErO MPAKTHIECKOTO NPHMEHEHUS B Pa3AHUYHBIX obaacTax umkeHepHbIX HayK. HepaBHo 6b1A paspa60TaH 3¢ PexTUBHBII
MIOAXOA K BBIYHCAEHHUIO OIPEACACHHOTO HHTErPaAa C HEOOABIIUM YHCAOM TOYEK BbI60pKI/I AASL TIOAYYEHUS HPI/I6AI/I3I/ITCAI>HOFO
3HAYEHMs YHUCACHHOTO MHTEIPAAA CO CAOXHBIM IOABIHTETPAABHBIM BBIpRKEHHEM. B panHHOI pa60Te B LIEASIX YIPOIIEHUSA
CAOXKHOTO ompeaeacHHOro uHTerpasa B MOOB (59N npuMeHeH 3 PEKTUBHBIH TOAXOA C HEOOABIIUM YHCAOM TOYEK BI>I60pKl/I,
0OBEAUHEHHBIH C HOBOH MHOTOLIEACBOH OINTHMH3AIHel, OCHOBAHHOH Ha BEPOATHOCTH (MOOB) C IIOMOIIBIO E€AMHOM
9KCIEPUMEHTAABHOM paspa6or1<u.

Metoanr: Pacnipeaescnue Togex BbI6OPKI/I B IIPEAEAAX 00AACTH C OAHUM ITUKOM SIBASIETCS ACTEPMUHUPOBAHHBIM U PABHOMEDPHBIM,
4TO COOTBETCTBYET IPABUAAM METOAQ EAUHO paspa6on<n U TOYEK UACAABHOM PELIETKH; obmas IPEAIOYTUTEABHAS BEPOATHOCTh
SIBASIETCSI YHHKAABHBIM H ACTEPMHHHPOBaHHBIM HHAckcoM B MOOB.

Pesyabrarsr: I [pumenenne g pekTHBHOTO MOAXOAQ C KOHEYHBIMHU TOYKAMHU BblGopKH IPH PEIIEHUH TUIIOBBIX npoGAeM B MOOB
YKa3bIBAET HA €T0 PAIHOHAABHOCTD U yAO6CTBO B 9KCIIAyaTal[UH.

BeBoabl: DPPeKTHBHBIII MOAXOA C KOHEUHBIMU TOYKAMHU BI>I60pKl/[ AASL OLIEHKH OIPEACAEHHOTO MHTETrPasa yCHEMIHO
KOM6I/IHI/IpyeTCH ¢ MOOB ¢ nomMombio MeToAQ EAUHOM pa3pa60T1<1/1 U TOYEK HACAABHOM PEIIETKH.

KnodueBbo e CJ 0B a: IpeAlOYTUTEAbHAS BEPOATHOCTD, MHOTOLIEAEBAS ONTUMU3AIIM, KOHEYHBIE TOYKU BI>I60pKI/I,
YIpOIIleHHE OLIEHKH, EAUHBIH METOA paspa6or1<u.

ABSTRACT:

YBoa/1ms: ApoxcHMalija MPOLCHEe KOHAYHOT HHTEIPaAa He IPECTaje Ad Oyac IpUBAAYHA TEMA 3ax13amyjyh1/1 CBOjOj IPaKTUYHO]
IPUMCHH Y HAyYHUM U HHXKeepckuM obaactuma. HeaoBHo je passujen edukacan

IPUCTYN U3padyHaBawy oapeleHor nHTErpasa ¢ MaAUM GpojeM Tayaka y30pKoBama Kako 61 ce A00HAa PUOAKKHA BPEAHOCT 32
HYMEPHUYKH HHTEIPAA €A KOMIIAUKOBAHHM HHTETPAHAOM. Y OBOM paay epHKACAH IPUCTYII ¢ MaAUM OpojeM Tayaka y30pKOBarba
KOMOHMHOBaH je ca HOBOM BHIIEKPUTEPHjYMCKOM ONTHMHU3ALHjoM sacHoBaHOM Ha BepoatHohu (ITMOO) nomohy yrudpopmuor
eKCIIEPUMEHTAAHOT AM33jHA C LIUAEM Al C€ [I0JEAHOCTABH KoMIAHKOBaHU oapehyenn unterpas y TIMOO.

Merope: Aucrpubynuja Tavaka ysopkoBama YHyTap MOAPYYja M3ABOjCHOT BpXa ACTCPMHUHHCTHYKA j¢ M YHH(OPMHa, LITO
CACAU U3 IIPaBHAA METOAA YHHPOPMHOI AM32jHA U Tadaka AOOpe pemierke. YKyIHa MOXesHa BepoatHoha je jeAMHCTBEHH H
aerepmunncridku naaekc y [TIMOO.

Pesyararu: [Ipumene eprkacHOr IpUCTya ¢ KOHAYHMM Ta4KaMa y30pKOBalba 3a pelnapate TunuaHux npobaemay [IMOO ykasyjy
Ha BErOBY PAIJMOHAAHOCT U IIOTOAHOCT IIPU OIIEpaLiijaMa.

3aknydak: Edukacan mpucryn ¢ KoHauHUM TauKaMa y30pKOBama 3a OLiHy OApeheHOr mHTerpasa ycmemso ce kombunyje ca
ITMOO nomohy mMeTopa yan$popmHor susajua u Tasaxa Ao0pe pereTke.

KEYWORDS: noxesna BeposatHoha, BUIIEKPUTEPHjYMCKA ONTHMH3AIHja, KOHAYHE TaUYKE Y30PKOBaHa, NM0jEAHOCTABASUBAE
€BaAyalHje, METOA YHU(POPMHOT AU33jHA.

INTRODUCTION

Recently, an efficient approach for assessing a definite integral with a small number of sampling points
has been proposed based on the uniform experimental design method and the good lattice point from the
viewpoint of practical application (Yu et al, 2022) preliminarily. It indicated that the efficient evaluation of
a definite integral for a periodical function in its single peak domain can be obtained by using 11 sampling
points in one dimension, 17 sampling points in two dimensions, and 19 sampling points in three dimensions
with a small relative error preliminarily. The fundamental of the finite sampling points (FSPs) for assessing
a definite integral was the rules of uniform and deterministic distribution of the FSPs according to the good
lattice point (Hua & Wang, 1981; Fang, 1980; Fang, et al, 1994, 2018; Ripley, 1981; Wang & Fang, 2010),
or the so-called “quasi — Monte Carlo method” (QMC).

The so—called “curse of dimensionality” problem was broken in the publication of the calculating results of
Paskov & Traub (1995) by using Halton sequences and Sobol sequences for accountinga ten — tranche CMO
(Collateralized Mortgage Obligation) in high dimensions, reaching even 360 dimensions. Their findings
were that QMC methods performed very well as compared to simple MC methods, as well as to antithetic
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MC methods (Tezuka, 1998, 2002; Paskov & Traub, 1995; Paskov, 1996; Sloan & Wozniakowski, 1998).
Afterwards, a lot of similar phenomena were found in different evaluations for pricing problems by using
different types of low—discrepancy sequences (Tezuka,1998). All these consequences provide a powerful
support to using the QMC with finite sampling points to conduct a definite integral numerically.

In the present paper, the newly developed efficient approach for assessing a definite integral with a small
number of sampling points is combined to the novel probability — based multi — objective optimization
(PMOO) so as to simplify the complicated definite integral in PMOOQO. The novel PMOO aims to overcome
the shortcomings of personal and subjective factors in the previous multi — object optimizations, so a novel
concept of preferable probability and the corresponding assessment are developed (Zheng, 2022; Zheng
et al, 2021, 2022). The preferable probability is used to reflect the preferablity degree of the candidate in
the optimization, all performance utility indicators of candidates are divided into beneficial or unbeneficial
types according to their features in the selection, and each performance utility indicator contributes to one
partial preferable probability quantitatively. The total preferable probability is the product of all partial
preferable probabilities in the viewpoint of probability theory, which is the overall consideration of various
response variables simultaneously so as to reach a compromised optimization. The total preferable probability
is the unique deterministic index in the optimal process comparatively. Appropriate achievements have been
obtained.

ESSENCE OF THE UNIFORM EXPERIMENTAL DESIGN METHOD

The uniform experimental design method (UED) was proposed by Fang & Wang (1994, 2018) and the
essence of the UED contains:

A) Uniformity. The sampling points for an experiment are evenly distributed in the input variable
(parameter) space, so the term "space filling design" is widely used in the literature. The UED arranges
the test design (test point, sampling points in space) through a uniform design table, which is
deterministic without any randomness.

B) Overall Mean Model. The UED is to hope that the test point can give the minimum deviation of
the total mean value of the output (response) variable from the actual total mean value.

C) Robust. The UED design can be applied to a variety of situations and is robust to model changes.

D) Following basic procedures are involved in the UED:

1) Total Mean Model

It assumes that there exists a deterministic relationship between the input independent variables
X1, X2, X3, ..., Xs and the response y by

.y :.f](‘)(’.l!"‘CZ!‘)C:%T"xr)) X = {X1; X2; X3, ey Xa’:} ECr. (1)

Furthermore, it supposes that the experiment domain is the unit cube c¢=p0, 11, the total mean value the
response y on ), is,

E(y) = J.f(x-l,xz,XB,...X}_)-dx.l .dxl -dx3 ...dx}.,
c
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(2)

If m sampling points p1. P2, ps, ... pm are taken on ¢, then the mean value of y on these m sampling points is

m
¥(D,)=—= f(p;).
In Eq.(3), 0n = (o1, p2. ps. .. put represents a design of these m sampling points.

4
Fang & Wang (1994, 2018) proved that if the sampling points Pt P2, p .. pn , pm are uniformly
distributed on the domain ¢, the deviation £0)-y®,) of the sampling point set on ¢, and b, is the smallest
approximately.

(3)

2) Uniform Design Table

Fang & Wang (1994, 2018) and Wang & Fang (2010) developed a Uniform Design Table for the proper
utilization of the UED which can be employed by anyone to arrange their sampling points. However, the
preliminarily necessary number of sampling points was not clarified by Fang in their UED. Here in this paper,
the number of sampling points suggested in the article of Yu et al (2022) is adopted for our utilization.

3)Regression

Regression is the next procedure to complete the optimum.

For our purpose, the total preferable probability and the approximate expression for the response
y' = f(x:, X, x3, ., x) can be obtained through data fitting, which is close to the true model (Fang & Wang,
1994, 2018).

The application of uniform design is becoming more and more extensive these years, including a successful
application of the uniform experimental design in the Chinese Missile Design and Ford Motor Company of
the USA, and the number of successful cases is increasing,

COMBINATION OF FINITE SAMPLING POINTS WITH THE PROBABILITY-BASED MULTI-
OBJECTIVE OPTIMIZATION BY MEANS OF THE UNIFORM EXPERIMENTAL DESIGN

The above statements indicate the remarkable features of the UED, i.e., the uniform distribution of
experiment / sampling points within the test domain and the small number of tests, fully representative
of each point, and an easy to perform regression analysis. So here the Finite Sampling Points method
is combined with the novel probability—based multi—objective optimization by means of the uniform
experimental design and the good lattice point (GLP) to simplify the complicated data processing
preliminarily in the following section.

In order to demonstrate the combination of finite sampling points with the probability—based multi—
objective optimization, some typical examples are given in the following sections in detail.
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1)Multi-objective optimization of tower crane boom tie rods

Qu et al (2004) conducted the multi — objective optimization of tower crane boom tie rods by the fuzzy
optimization model.

Through a careful analysis, they set the minimum mass W(X) of the boom tie rod and the minimum angular
displacement é(x) of the boom as the multiple objectives, and obtained the following model,

W(X) = 208.323x1 + 433.868x>,

0(X) = 2.0288 x10™*
90.8621x, +5.3471x,

The constraint conditions are,

0.003379< x1 < 0.005805,
0.003379 < x» < 0.005468.

According to the optimal requirements of W(x) and 6, both w(x) and ex) are unbeneficial indexes (Qu
et al, 2004) which have “the smaller the better” features in the optimization.

Thus, according to the probability—based multi—objective optimization (Zheng, 2022; Zheng et al, 2021,
2022), the partial preferable probabilities of W(x) and 6(x) are expressed as

Py = ﬁW'[Wmax + Win — W(X)] , (®)
P9= /?9 '[emax +9mfh = Q(X)]l (9)

In Egs. (8) and (9), Bw, Wan , and Wi express the normalization factor, the minimum and maximum
values of the index W(X), respectively; Bo, 6mn , and 6na indicate the normalization factor, the minimum and
maximum values of the index é(x), individually.

(6)
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Simultaneously,

IBW — exgx

v 2u

[ D + W, =W (X)), - dix,

1nAax 1nun
X17-%20 (10)
1
ﬂ@ - M -X2u
thaz % [glmx T 9111i11 - Q(X)] ' dxl 'dx2 (11)

In Egs. (8) and (9), xi., x1, x2o and Xau express the lower limit and the upper limit of x1 and x in their
domain, respectively.

According to the common procedure, the subsequent thing is to substitute Eqs. (4) and (5) into Egs. (8)
through (11) with the constraints of Eqs. (6) and (7) to conduct the evaluations. It can be seen that the
assessments are tediously long and complicated due to the sophisticated integration. However, if we use the
finite sampling points algorithm proposed by Yu et al (2022), the approximate assessments of the definite
integral in Egs. (10) and (11) can be simplified with the finite numbers of discrete sampling points.

Accordingto Yuetal (2022), 17 discrete sampling points are suggested for the two independent variablesxi
and x2 preliminarily. So the Uniform Design Table of u(17%) is taken to conduct the approximate assessment.
The designed results for the 17 discrete sampling points are shown in Table 1 together with the calculated
consequences of W(X) and é(x), in which x10 and X20 indicate the original positions from the Uniform Design
Table ux(17% for the [1, 171 x [1, 17] domain.

Table 2 shows the evaluation results of this problem.
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TABLE 1
Designed results U*17(175) together with the calculated consequences of W(X) and 6(X)

=
o
=
=
o

7 0.0053450 0004178 25314 |0D.0036
14 0003533 0005033 |2.9345 00033
E 0003736 0003686 23776 |0D.0036
10 [0.005579 [0.00454e 27805 |0.0032
17 [0.004021 [0.005407 |3.1824 |0.0020
=2 0.004184 0004055 |2 8267 |0.0032
13 [0.004307 [0.004915 |3.0236 |0.0030
= 0.004449 D.0035E3 |2.4723 00032
3 El El 0.004532 0.004424 |2 8758 |0.0023
10 10 |16 0004735 0.005284 |3.2788 |0.0027
11 (11 5 0004577 |0.003932 27220 |D.0023

12 12 (12 0005020 0.004732 |3.1250 |0.0027
12 12 |1 0.005163 |0.003440 |2 5E82 |0.0029
14 (14 |8 0.005306 |0.004301 |2.8712 |0.0027
15 15 15 0.005448 0.005161 |2.3741 |0.0025
16 (16 |4 0.005531 |0.0038039 |2.8174 |D.0027
17 17 11 0005734 [0.004EE9 |3.2203 |0.0025

OO |~ [ LA o o [
CO |~ [ LA [ L[R2 =

Ta6aunua 1 - INToayuennsie pesyasrarst U*17(175) Bmecte ¢ paccunrannsvu nocaeactsusimu W (X) u 6(X)
Ta6ena 1 - Ipojexrosanu pesyararu U*17(175) sajeano ca uspaaynarum nocacauuama W (X) u 6(X)

642



MAOSHENG ZHENG, ET AL. APPLICATION OF FINITE SAMPLING POINTS IN PROBABILITY BASED MULTI: OBJECTIVE...

TABLE 2
Evaluation results of this problem

Partial preferable
probability

Total

Z
@]

Pwx)

Pex)

.-Dt>< 1 03

Rank

0.0659

0.0471

3.1006

16

0.0576

0.0536

3.0905

17

0.0690

0.0473

3.2642

13

0.0608

0.0538

3.2703

12

0.0525

0.0592

3.1091

ko

0.0639

0.0540

3.4512

0.0557

0.0593

3.3037

0.0671

0.0542

3.6333

0.0588

0.0595

3.4993

0.0506

0.0639

3.2346

0.0620

0.0596

3.6957

0.0537

0.0641

3.4426

0.0651

0.0598

3.8930

0.0569

0.0642

3.6514

. —
hlajolw|R|~Njo| o

0.0486

0.0680

3.3052

—
o

0.0600

0.0643

3.8609

JlolalnlelinlDale|o|N oo~ w/n|=

0.0518

0.0681

3.5246

DM

Tabanma 2 — Pesyabrars! orjeHKH AQHHOM npoGAeMbI

Tab6eaa 2 — Pesyaratn npouese oBor mpobaema

Table 2 shows that the preliminarily assessed result of the total preferable probability of sampling point
No. 13 exhibits the maximum in the first glance, so the optimal configuration could be around sampling
point No. 13.

As to sampling point No. 13, the optimal mass Wein of the boom tie rod and the optimal angular
displacement 8oim of the boom are 2.5682 tons and 0.0029° atx, = 0.0052 m?and x, = 0.0034 m?, which are better
than those of Qu’s (2004) results of 2.8580 tons, and 0.0026° at xi =0.0058 m? and x, = 0.0038 m? , comprehensively.

Moreover, regression can be applied for further optimization. The regressed result of the total probability
P with respect to X1 and x2 is

Pix10° = 8.2971 — 249.4110x; — 304.5570x, — 0.0978x10"'x1" —
0.0083x107"x57,
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(12)

R? = 0.9362.

The regressed result of the w with respect to x1 and xz is

W= 2.89x10" + 208.3230x; + 433.8680x>, (14)

=1

(13)

(15)

The regressed result of the total probability @ with respect to x1 and xz is
0 =0.0035— 0.1459x; — 0.2412x> — 5.7700x10°%x, " =1.4000x10 x5, (16)
R? = 0.9941.

The optimal result of the regressed formula of Eq. (12) being maximum is
P(x10"= 3.8890 at x; = 0.0058 m? and x: = 0.0034 m? the corresponding values for optimal w and @ are, w = 26754 tons,
6* =0.0028° which are much better than those of Qu’s results as well.

2) Multi-objective optimization with a single input variable

It is certain that multi-objective optimization with a single input variable is a very simple problem and direct
assessment can be conducted.

The simple example is that the optimal solution of the minsw=x together withminfe=(x-27
simultaneously within the range of x € [-5, 7], which was discussed by Huang & Chen (2009) with tediously
long and complex evolutionary computations of Pareto optimization.

Here, by using the probability—based multi—objective optimization, the problem can be reanalyzed and
the partial preferable probability for ri(x) and £(x) can be expressed as,

Pr = (49 — x2)/432, Pp = [49 — (x — 2)/432.

(14)
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Thus, the total preferable probability p = py-P, takes its maximum value at x = 1distinctly; therefore, the
simultaneous minimum values of f(x) and #(x) are compromisingly equaled to 1. Obviously, the assessing
process is much simpler than that of complex evolutionary computations of Pareto optimization (Huang
& Chen, 2009).

Furthermore, if the sampling point method is used, 11 sampling points can be employed for the assessment
preliminarily (Yu, et al, 2022). The uniformly distributed sampling points are shown in Table 3 in their
domain x e [-5, 7] together with the value of P, and their ranking.

TABLE 3
The positions of the distribution of the sampling points in the
integral domain 5 7 together with the value of Pt and their ranking

=
=)
jeal
il
=)
=

Locat_ion Pro1 02
Iof point
-4 45455 |0.114658
-3.36364 |0.408543
-2 272730722118
-1.18182 |0.991634
-0.03091 1. 171558
1.00000 |1.2245638
2. 03091 |1 171558
Z. 13182 0991634
4.27273 0722118
S 36364 0408543
E.4545E |0.114658

RN

=
I N AR RIS E R

Tabanua 3 — [ToAoKeHUS PaCTIPEACACHHUS TOYCK BHIOOPKH B HHTETPAABHOI
obaactu [-5, 7] BMecTe co sHaueHnem Pt u ux paH>kupOBaHHEM
Tabeaa 3 — INosuuuje Anctpubynmje Ta4aKa y3opKoBama y AOMEHY

uHrerpaaa [-5, 7] sajeano ca speanomhy Pt u muxoBo panrnpame

Again, the maximum value for P, is located at x = 1 exactly.
DiscussioN
1) On the number of the discrete sampling points in the evaluation

In the literature of Yu et al (2022), it is suggested roughly but not proven mathematically that 17 and 19
sampling points are proper preliminarily for evaluating a complicated integral.

Here, we would stress the following. In accordance wih Hua and Wang (1081) and Fang and Wang
(1994), as to the GLP, the discrepancy of the low—discrepancy point set is oo for the s — dimension
with the prime number p, so if we take 11 GLPs for a 1 — dimensional problem, the value of o(1/11) ~ 0.0009, i.¢.,
less than 10%; analogically, for a 2 — dimensional problem, if we adopt to use 17 GLPs, the value of op-(ogp))
is approximately o(17(og17)) ~ 0.0724, which is near to the situation of 1 — dimensional problem; while for a
3 - dimensional problem, if we take 19 GLPs, the approximate result of O(p'(logp)?) is 0(19(1og19)?) ~ 0.0861, which
is close to the situation of a 1 — dimensional problem as well. However, if we accept 23, 29, 31 or even 41
GLPs for 3-d, the consequences for op(oge) are 0.0806, 0.0737, 0.0717, or 0.0634, respectively, which are
nearly the same as that of 19 GLPs basically.

The successful results of assessing complicated definite integrations realize the applicability of the
approximation from the point of view of engineering practice. Perhaps the abstruse physical detail is related
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to the spatial correlation of spatial sampling points, which was pointed by Ripley (1981) and worth to be
further explored by mathematicians.

2) On the combination of the finite sampling points in probability- based multi—objective
optimization by means of the Uniform Experimental Design

The newly developed efficient approach for preliminarily assessing a definite integral with a small number of
sampling points can be combined with the novel probability—based multi-objective optimization (PMOO),
provided the discrete specimen points are uniformly and deterministically distributed within the domain
according to the rules of the GLP and the UED. The optimal results in the present paper for typical examples
indicate the advantages of this treatment. However, further applications and mathematical intensions of the
appropriate algorithm for assessing numerical integration developed newly are needed to be deeply explored
in future.

Besides, in order to improve the precision of approximate maximum by using discrete sampling point
method, sequential algorithm for optimization can be combined with the probability — based multi -
objective optimization in its discreterization (Zheng et al, 2022).

CONCLUSION

From the above discussion, the efficient approach for preliminarily calculating a definite integral with a
small number of sampling points is successfully combined with the novel probability—based multi—objective
optimization (PMOO) so as to simplify the complicated calculation of a definite integral in PMOO. The
Uniform Experimental Design method and the good lattice point are involved in the combination, thus
significantly simplifying complicated data processing by approximation.
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