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ABSTRACT:

Introduction/purpose: The aim of this paper is to introduce the notion of an interpolative generalised Meir-Keeler contractive
condition for a pair of self maps in a fuzzy metric space, which enlarges, unifies and generalizes the Meir-Keeler contraction which is
for only one self map. Using this, we establish a unique common fixed point theorem for two self maps through weak compatibility.
The article includes an example, which shows the validity of our results.

Methods: Functional analysis methods with a Meir-Keeler contraction.

Results: A unique fixed point for self maps in a fuzzy metric space is obtained,

Conclusions: A fixed point of the self maps is obtained.

KEYWORDS: Fuzzy metric space, common fixed points, weak compatibility, Interpolative generalised Meir-Keelar contraction..
Pe sioMe:

BseacHue/uean: Lleab AQHHOJ CTaTbU 3aKAIOYAETCS B BBEACHUH ITOHATHS HHTEPIIOASLIMOHHOTO 06G06IIEHHOTO YCAOBHSA CXKATHS
Menpa-Keaaepa aas 0TOOpaXeHUI B HEYCTKOM METPHUICCKOM IIPOCTPAHCTBE, KOTOPOE pacmupsieT, obbeanHser u 0606maeT
MHoroo6pasue Menpa-Keaaepa, npeaHasHAueHHOE TOABKO AAS OAHOTO OTOGpaxkeHHs. IIpH NPHMEHEHMM YCTaHABAMBACTCS
€AMHAS TEOPEMA O COBMECTHOMH HEMOABIKHOM TOUKE AASL ABYX OTOGpaXkeHHIT Yepes caabyro cOBMeCTHMOCTb. B cTathe npusescn
IpUMep, AOKA3bIBAIOIIHIL AOCTOBEPHOCTh PE3YABTATOB HCCACAOBAHHUA.

MeTtoabr: Metoas! GpyHKIIOHAABHOTO aHAAU3A ¢ cOKpameHneM Menpa-Keaaepa.

Pesyabrars: [ToayueHa yHHKaABHAS HETOABHIKHASI TOUKA AASL OTOGPAXKCHHUH B HEIETKOM METPUIECKOM IIPOCTPAHCTBE.
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SHOBHA JAIN, ET AL. INTERPOLATIVE GENERALISED MEIR-KEELER CONTRACTION

BI)IBOAI)I: HOAy‘{CHa HCIIOABH)KHAA TOYKa cobBCTBEHHBIX OTO6P3>KCHPII>1.

KnwdueBuo e CJ OB a: HEYETKOC MCETPHYICCKOE MPOCTPAHCTBO, O6LLII/IC (l)I/IKCI/IPOBaHHLIC TOYKH, caabas
COBMCCTUMOCTbD, HHTCPIIOASIITHOHHOE 0606I.I.ICHHOC COKpalllcHHE Mera—KeAAepa.

ABSTRACT:

VBoa/1us: Llus oBor pasa je aa ce yBeae I10jaM HHTEPIIOAATHBHOT reHepasusosaHor Meup-KeaepoBor KOHTPaKTUBHOT yCAOBA 32
npecankasama y ¢pysumerpuukom npocropy. OH ysehasa, o6jeaumyje u renepasusyje Menp-KeaepoBy KOHTpakuujy u cAysku 3a
caMo jeaHo npecankasatse. Kopucrehu ra, yenocraBmsamo jeAUHCTBEHY 3ajeAHHUYKY TeOpeMy GUKCHE TauKe 32 ABA IPECAMKABAHA
Kpo3 caaby koMnaTHOUAHOCT. Pap caapyku mpuMep Koju MOKasyje BAAMAHOCT HAILIUX PE3YATATA.

Metope: Meroae pynkinonasne anasuse ca MeupKeaeposom koHTpakiujom.

Pesyararu: JeanHcTBeHA QHKCHA TadKa 32 IPECAUKABaba Y GySHIIPOCTOPY je A0bGHjeHa.

3axmyuax: OuxcHa TauKa mpecankaBama camor y cebe je AobujeHa.

KEYWORDS: (l)ySI/IMCTPI/I‘IKI/I pocTop, SajCAHI/I‘IKC 4)I/IKCHC Ta4ykKe, caaba KOMHaTI/IGI/IAHOCT, UHTEPIOAATHBHA I€HEPA-AU30BaHA
Meup-Keaeposa xorrpaxuuja.

INTRODUCTION

In 1965 L. Zadeh (Zadeh, 1965) introduced the theory of fuzzy sets. Later on, in 1978, the concept of a
fuzzy metric space was introduced by Kramosil and Michalek in (Kramosil & Michalek, 1975), which was
modified by George and Veeramani (George & Veeramani, 1994) in order to obtain a Hausdorft topology
for this class of fuzzy metric spaces. Then in year 1988, Grabiec (Grabiec, 1988) gave a fuzzy version of the
Banach (Banach, 1922) contraction principle in the setting of a fuzzy metric space. Over the past years,
various authors have tried to generalize the fixed point theorem by modifying and varying the contractive
condition, see, e.g, (Gregori & Sapena, 2002), (Jain & Jain, 2021), (Mihet, 2008), (Saha ctal, 2016), (Tirado,
2012) and (Wardowski, 2013) in the sense of George and Veeramani. In 2019, Zheng and Wang (Zheng
& Wang, 2019) introduced a Meir-Keeler contraction in the setting of a fuzzy metric (Schweizer & Sklar,
1983) space and proved some fixed point results for a self map.

Inspired with the interpolative theory, Karapinar and Agrawal (Karapinar & Agarwal, 2019) introduced
the notion of an interpolative Rus-Reich-C ‘iric’ type contraction via the simulation function in a metric
space. Motivated by this paper, we introduce an interpolative generalised Meir-Keeler contraction (Gregori
& Minana, 2014) for two self maps (Rhoades, 2001) in the setting of a fuzzy metric space, which enlarges,
unifies and generalizes the existing Meir-Keelar contraction in a fuzzy metric (Mihet, 2010) space through
weak compatibility (Banach, 1922).

The structure of the paper is as follows:

After the preliminaries, we introduce a interpolative generalised MeirKeeler contraction in the setting of
a fuzzy metric space. Then we study the Meir-Keeler contractive mapping due to Zheng and Wang (Zheng
& Wang, 2019). In section 4, the existence of a unique common fixed point of an interpolative generalised
Meir-Keeler contractive mapping has been established through weak compatibility followed by an example.

PRELIMINARIES

DEFINITION 1. (George & Veeramani, 1994) A mapping # : [0, 1] x [0, 1] > [0, 1] is called a continuous
triangular norm (t-norm for short) if # is continuous and satisfies the following conditions:

(i) # is commutative and associative, i.e.a#b=b#aanda# (b#c)=(a#b)#¢ foralla, b, c# [0, 1];

(ii) 1 #a=a, foralla# [0, 1];

(iii)a#c<b#d fora<b c<dforabcd#[0, 1]
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The well-known examples of the t-norm are the minimum t-norm #y,, a#,, b = min{a, b} written as #,, and
the product t-norm #,a # b = ab.

DEFINITION 2. (George & Veeramani, 1994) A fuzzy metric space is an ordered triple (X, M, #) such that
Xisa (nonempty) set, # is a continunous t-norm and M is a fuzzy set on X x X x (0, +o0) satisfying the following
conditions, for all x, y, z # X and t, s > 0;

(GV1) M(x, y, t) > 0;

(GV2) M(x, y, t) = 1 if and only if x = y;

(GV3) M(x, y, t) = M(y, x, t);

(GV4) M(x, z, t +5) 2 M(x, 3, t) # M(y, z, 5);

(GV5) M(x, y,.) : (0, +00) > (0, 1] is continnous.

Note that in view of the condition (GV2) we have M(x, x, t) = 1, forallx € Xand t > 0 and M(x, y, t)
<1, forallx#=yandt>0.

The following notion was introduced by George and Veeramani in (George & Veeramani, 1994).

DEFINITION 3. (George & Veeramani, 1994) A sequence {x,,} in a fuzzy metric space (X, M, #) is said to
be M-Cauchy, or simply Canchy, if for each # # (0, 1) and each t > 0 there exists an ng # N, such that M (x,, x,,
t) > 1 —#, for all n, m 2 ng. Equivalently, {x,,} is Cauchy if lim,, 400 M (% X t) = 1, for all t > 0.

LEMMA 1. (Grabiec, 1988) Let (X, M, #) be a fuzzy metric space. Then M(x, y, .) is non-decreasing for all
%y #X

THEOREM 1. (George & Veeramani, 1994) Let (X, M, #) be a fuzzy metric space. A sequence {x,},\ in
X converges to x # X if and only if im0 M(x,, x, £) = 1.

DEFINITION 4. (George & Veeramani, 1994) (X, M, #) (or simply X) is called M-complete if every M-
Cauchy sequence in X is convergent.

LEMMA 2. (Saha et al, 2016) If # is a continuous t-norm {a,}, {Ba}, {ya} are sequences such that a, > «,
o> Bandy,>yasn->+oo then

limpg y oo(Qp * B * ) = ok limy_, oo Br * 7,
and
lim (o * B *x ) = axlimy B *7.

LEMMA 3. (Saba et al, 2016) Let {f{k, .) : (0, +o0) > (0, 1]: k=0, 1, 2, ..., } be a sequence of functions such
that f(k, .) is continuous and monotone increasing for each k 2 0. Then tu....sw.v) is a left continuous function
intand im ., i1 15 aright continuous function in it.

Denote A =1{3|3: (0, 1] » (0, 1]} where d is right continuous.

DEFINITION 5. (Zheng & Wang, 2019) Let (X, M, #) be a fuzzy metric space. A mappingf: X » X is said
to be a fuzzy Meir-Keeler contractive mapping with respect to 3 # # if the following condition holds:

forall e € (0,1),e —d(e) < M(z,y,t) <€ implies M(fx, fy,t) > e, (1)

forallx,y € X, t> 0.
DEFINITION 6. (Jain et al, 2009) Two self maps f and g in a fuzzy metric space (X, M, #) are said to be
weakly compatible if they commute at their coincidence points i.e. for x # X, fx = gx =y implies gy = .
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INTERPOLATIVE GENERALISED MEIR-KEELER CONTRACTION

DEFINITION7. Let (X, M, #) be a fuzzy metric space. A pair (f, g) of self maps in X is said to be an interpolative
generalised Meir-Keeler contractive if there exists a, B # [0, 1) with a + < 1 and for all x, y #X, t > 0

forall e € (0,1),e —d(e) < M(z,y) < € implies M(fx, fy,t) > €, @)
where
M(z,y) = (M(fz.gz,1))*(M(fy. gy,1))" (M gz, gy, 1)) ">,

REMARK 1. From equation (2) forallx # y € X, t > 0 the pair (f, g) is a strict contraction i.c.

Thus forx # y

j'lf(f.’]‘;'. fy t) > ()lf(fﬂ? gzr, t))u(fl'f(fy aqy, t)]ﬁ(ﬂf(gx- gy, t)){l_a_ﬁ} (3)
REMARK 2. Taking g = I, the identity map in equation (2) we obtain
forall e € (0,1),e — d(e) < M(z,y) < € implies M(fx, fy,t) > e, (4)

where
M(z,y) = (M(fx,z,t))*(M(fy,y, t)* (M (z,y, 1)) 77

which is an interpolative generalised Meir-Keeler contraction, for a self map f.

REMARK 3. Taking a = 0, 8 = 0 in equation (4) then M(x,y) = M(x, y, t) and we have
forall e € (0,1),e —d(e) < M(z,y,t) < e implies M(fz, fy,t) > e, (5)

which is precisely the Meir-Keeler contraction, for a self map given by Zhengand Wang (Zheng & Wang,
2019).
LEMMA 4. (Zheng & Wang, 2019) If 0 # #, then for t # (0, 1), there exists k = k(t) # N such that

t+%{1and5(t+$)—ﬂ—f3‘}n.

Before we prove the main result, we prove the following lemma:
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LEMMA 5. Let (f; g) be a pair of an interpolative Meir-Keeler contractive mapping with respect to 8 # # and
JX) #g(X). Construct a sequence {y,}, by fx, = gxys1 =y forn =0, 1, 2, . . .. Then limysso0 MV Yni ) = 1.
Proof- Suppose if possible on the contrary that limp, e M(yn, Yn+1, t) = p(< 1). Fora, B € [0, 1) we have

: y ) _ : ((_ﬂf(_f’rn 9Tn, t))a(ﬂ"-{(fxn+lvg$n+lr 1&_))3
i M, Znsa) = Lo { (M(g2n, grns1,1))1=0=5)

{ (M (Y Y1, 1)) *(M (Y1, Y 1)) }

n—-+00 n—-+00

= lim

ns-oo (M (Yn—1,yn, 1)) 17075
_ : a 3 (1—(1—_3))

TLHTDO (P Fp
= p_

By using lemma (4), for p < 1 and 8 € A\ we can find k =k(p) € N such that

) ) a(;
p+% < landé"(er f}) — &fj > 0.
Since limp;+e0 M(Xp, Xa+1) = p, we can find ng such that when n > n,,

o )
M(zp, xpe1) >p+ % —0 (p—l— %) .

(6)
Also, there exists n1 such that whenever n > n;,
o(p)
M(zp, xpse1) <p+ 5
7)

Let n > max{no, n;}. Then both equations (6),and ( 7) hold for such n. Taking .- »+ % iin equation (2) we get

)
M(fzn, frni1,t) > p+ %):

i. e. M(yn yns1, £) > p + %, which contradicts the fact that lim,;+. M(yn, yn+1, t) = p. Therefore, lim,,
+o0 M(Ym Yn+1s t) =1

MAIN RESULTS

Our first new result is the next one:
THEOREM 2.: Let fand g be self maps in a fuzzy metric space (X, M, #) satisfying the following conditions:

(4.11) fIX) # g(X);
(4.12) The pair (f, g) is an interpolative generalised Meir-Keeler contraction;
(4.13) f(X) is complete;
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(4.14) The pair (f, g) is weakly compatible.
Then f and g have a unique common fixed point in X if and only if there exists x0 # X such that )\ o M(x

o,f(x()), [) > 0.
Proof. : Suppose the pair (f, g) has a unique common fixed point u then u = fu = gu. Therefore, M(u, fu,

t) = 1, #t > 0. Hence

Ni=o M(u, fu,t) > 0.

Conversely, suppose that there exists xo € X such that A 0 M(xo, f(x0), t) > 0. Construct a sequence {y,},
by defining fx, = gx,+1 = yn, forn =0, 1, 2, . . .. First we show that if the two maps f and g have a common
fixed point then it is unique. Let u and v be two common fixed points of fand g. Thenu=fu =guandv =
fv = gv. We show thatu =v.

Suppose, on the contrary thatu # v, then fu # fv. Now

Mu,v) = (M(fu,gu,t)*(M(fo,gv,t))(M(gu, go, 1)) =),
= (M(u,u,t))*(M(v,v,t))?(M(u,v,t)) 15,

Now

M(u, v, t) = M(fu, fv, t),

> M(u, v), using (3)

= (M (”) v, t)) (1=e=)

i.e. M(u v, t) > (M(u, v, t))(l_“_ﬁ),
implies

(M(u,v,t))@F) > 1,

which is not true as the lefc hand quantity is less than 1.So u = v. Thus, if the pair (f, g) has a common
fixed point then it is unique

Step 1 To see the existence of a common fixed point of the self maps f and g, we consider the following
cases.

CASE I Suppose any two terms of the sequence {y,} are equal i. . for some n € N, y,, = yns1. As y, = fx,
= gXni1 = fXns1 = ZXns2 = Yns1 We have X1 = gXas1. Let Xn11 = gXnt1 = 2. S0 X441 is a point of coincidence
of the pair (£, g). As the pair (£, g) is weakly compatible we have fz = gz. Now we show that fz = z. Suppose,
if possible on the contrary, that fz # zso fz # fx,.1. By using equation (3) we have

ﬂf[zfz-f) - ﬁ{(.f"xrt-ﬁ'l:fz:t)r
> (ﬂ'f(f']:n-kl! GTn+41, T))ﬂ(ﬂf(fz- gz, tj]ﬁ(ﬂi{(gl‘n%—l! gz, t))(liniﬁ):

= (M(z.2,8))*(M(fz, fz.t))?(M(z, fz,t))17>P),
= (M(z fz,t) 777

i.e.
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M(z, fz, t) > (M(z, fz, )", for all ¢t > 0 implies (M(z, fz, t))**® > 1, which is not possible. Hence fz
= z. Therefore, z is a common fixed point of the pair (f; g) in this case.

So we can assume the consecutive terms of the sequence {yn} are distinct.

Again, to see the existence of a common fixed point in other cases, we first show that all the terms of the
sequence {y,} are distinct.

CASE II Suppose y, = Y, for some m > (n + 1), then as all the consecutive terms of the sequence {y,} are
distinct, we claim that y,,1 = ym+1. Suppose if possible on the contrary yoi1 # yms1 theny, # yor1 # yme
# ymimpliesy, # #ym, which contradicts our assumption. So we have y,41 = ym+1. Also and

f:rn-i-l fTrH-? f)
ﬂf f-Tn-I—l 9Tp41, T))x(ﬂf(f‘r”_;_z:g{.]:_“_;_z:t))ﬁ
(M(g%n+1,9Tnt2,1)) )
. ﬂf Jn+l Yns )) (411(Jr1+2:y7e+13t))'5
Jrur Jn Yn+1; f))(l_a_jj

= (hr Jn+1 Yns )) - (*Mr(yn-f—ﬁ:y-n+l:t))';i

M (yn,-i-l s Yn+2, T)

ﬂ'1‘r(:";"-r1+1: YUn+2, t) > (ﬁ"{(yn-}—la Yn t))l_ﬁ(*hr(yn-l-ﬁa y-n+1t))'3-

Thus

i“"f(yn: YUn+1, f) < ﬂ'ff(yn—l—lv YUn+2, f) ®)

So
ﬂ'f(y-ru Yn+1+ f) < ﬂ‘( (y‘n+l: yn+23 T) < ﬂ'f(y-n+2: yn+3= f) < ... < ﬂf (y-m 5 3}m+13 f)
i. €. M(Yn, Yn+1, £) < M(¥n» Yns1, £), which is not possible. So this case does not arise.

Thus, we conclude that for distinct n, m € N, y,, # ym. Therefore, the elements of the sequence {y,} are
distinct. From equation (8) we have

M (Yn, Yn+1,t) < M(Yn+1,Yn+2,1).

for all t > 0. Thus, {M(yn, Yn+1, t)}, for each t > 0, is a strictly increasing sequence, which is bounded above
by 1. Therefore, by lemma 5, for t > 0,

lim M(yn, yns1,1) = 1,

n—+00 9)

Now we prove that the sequence {y,} is M-Cauchy. Suppose if possible on the contrary that it is not true;
then there exist € (0, 1), tp > 0 and the sequences {p(n)}, {q(n)} (p(n) being the smallest ones of the index)
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n < p(n) < q(?l),ﬁf(yp(“), yq(n)st(]) <1- ﬂ:ﬂ'f(yp(nj—l: yq(n):tﬂ) >1- n- (10)

STEP 2: In this step, we show that lim,« M(yp(n),l s Yqm)-1-t) =1 =7n.Now foralln 2 1,0 <% < to/2,
we obtain,

l—n = 11(.}'}:01) yq(n) ) USing (10)
= 1I(yp(n] Yp(n)—1 A) * ﬂ’I(Jp( 1)—15 Yg(n)—1: to, A— 2)*
ﬁ"f(yq{n]—lv Yq(n)> )‘) (11)

Let

hl(f) = lim P"f(Jp{n] 1s Jq[n]l ) t>0.

n—+4oo0

Taking the limit supremum on both sides of equation (11), and using the properties of M and #, and by
lemma 3, we obtain

I-n =21=* limf;—}—kxﬂ'jr(yp{n}—l: Yg(n)—1: to — 2/\) * 1
= h (in — 2)\).

using (10).

Since M is bounded with the range in (0, 1], continuous and nondecreasing in the third variable t, it follows
from lemma 3, that h; is continuous from the left. Therefore, for A > 0, we obtain

hl(tﬂ) ].11’11 ﬁ‘f(yp (n)—1: Yg(n)—1: tﬂ) <1- -

n—+oc (12)

Let

hﬂ(ﬂ — ]-i_mn—}—}—:)c-ﬂf(yp{ﬂ}—].: yﬁj‘{'f!:]—].'.' t)Jf; } 0'
Again, foralln> 1,2 >0

ﬂ{(yp(n)—l: Yg(n)—1s to+ )\) z A:f(yp(n)—la Yq(n)» tﬂ) * M (yq(n)v Yq(n)—1: A)

= (1 - 7?) * ﬂ'f(yq[n}s Yq(n)—1- tﬂ)

using (10).
Taking the limit infimum as n » 4co in the above inequality, we obtain
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h?{)‘ + tﬂ) - ]iﬂn—r-I—D-c-‘fjl"fEr (yq{n}—l: Yg(n)—1s A+ tﬂ):
= (]— - I:-") * liﬂn—}{-mﬂ'{(yp{nj: Yq(n)—15 /\)1
= (1-m)=*1
= 1-n.

using (9).
Since M is bounded with the range in (0, 1] , continuous and nondecreasing in the third variable t, it
follows from lemma 3, that h; is continuous from the right. So lettingd > 0, we obtain

li]n-n—}--l—ocﬁ’if(yp{nj—l: Yq(n)—11 tﬂ) > (1 - T}')

(13)
Combining the inequalities (12) and (13), we get
Im M(q 1.1 _1.t0) = (1 — n).
=500 (Jp(n} 1: Yg(n)—1; ) ( :-') (14)
STEP 3 In this step, we show that lim, e M(yp(n) » Yq(n) » to) = 1 — 7. From equation (10) we have
limy,— 400 M (Yp(n)s Yg(n)> to) < 1 —1. s

Also for alln > 1 and A > 0 we have

J?l'lr(gf"p{n]n Yq(n), to+2\) = M (yp(n): Yp(n)—1, /\) * M (yp(n}—la Yq(n)—1; to) *
* M (yq(n}—l s Yq(n)» /\)

Taking the limit infimum as n > +co in the above inequality, using (9), (14) and the properties of M and
# and by lemma 2, we obtain

]i_mn—p+3cﬁ’f(yp(n)w Yy(n): to + 2A) > 1% ]iﬂn—y-{—ooﬁ'f{ (y'p(n}—lv Yq(n)—1- tﬂ') * 1
=1-mn, using (14) (16)

Since M is bounded with the range in (0, 1], continuous and nondecreasing in the third variable t, it follows
from lemma 3 that ...V, v .0 is a continuous function of t from the right.
Therefore, for A > 0, we obtain

]in]n—r-l—cc-ﬂf(yp[n}: yql[n}:tﬂ) 2 (1 - ?})

(17)
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Combining inequalities (15) and (17), we get

lim ﬂ;f(yp{njqu{n}! tﬂ) — (1 - ]?)

n—+00

STEP 4 In this step, we show that the sequence {y,} is an M-Cauchy sequence.
Using equations (9) and (14) at t = to, we have

A _ (ﬂf(fxp(njvgxp(nj: tﬂ'))u (ﬂ'{(f‘rq(njvgxq(n): fO))'S
‘u'(m'p(n) : xq(n)) a { (ﬂ’f(gxp(n}s 9Tq(n); tﬂ)){l_a_'gj

{ (ﬂf(yp(n)s Yp(n)—1; tﬂ))a(ﬂf(yq{nj » Yg(n)—1s tﬂ))g }

("h"f(yp(n)—lvyq(nj—l:tﬂ))(l_a_ﬁ) (19)
Therefore
: ; _ A\ 1—a—3)
_ lim ﬂ’f("rp[n}:- mq[n}) — (1 - ]?) :
t=tp ,n—r+00
(20)
And
(M2, 95y 10)) M (FZ g0, 6 gy, o))
M(zy Toiy) = p(n)> 3+ p(n) q(n)> I*q(n)
(Tt Za(r) { (M (gp(n)> 9%q(ny» to) 1~
> ﬂ'—{(f:rp(n) ) fxq(n):' tﬂ)
- ﬂ’:{(yp(n)v yq(n) ’ fﬂ) .
‘n"i((y'p(n): Yg(n)» tﬂ) > ﬁf(:rp(nj ’ 'Tq('nj) (21)

For n - +o0 and using equations (20) and (21), we have
implies that (1 —)®*® > 1., which is not possible as(1 — ) < 1. So,{y,} is an M-Cauchy sequence in g(X)
which is M-complete. Therefore, there exists z € g(X) such that

{y” } — Z. (22)
i.e

{fz,} = 2z and {gz,i1} — 2. (3)

Asz € g(X) there exists v € X such that
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Z = gvu. (24)

STEP 5 Now we show that gv = fv. Suppose, on the contrary, that fv# gv(= w). Then exists a positive
integer ng such that gv# gx,, for all n > n,.

M(zp,v) = (M(fzn,gzn, t)*(M(fv,gv,1))?(M(gzn, gv,t) =P
= (M (Y, Yn—1, 1)) (M(fv, 2,£))* (M (g2, 2,8) 1727,

Now

M(fxn, fu,t) > M(xp,v)
= (fl'f(yn Un—1, t))u(fl'f(f?“ 2, f))ﬁ(ﬂ'f(gﬂﬂn‘ 2y t))(l_a_'a}'

For n > +o0 and using equations (9), (23) and (24) we get
M(z, v, t) > [M(fv, 2, t)]% i. e. M(fv, z, £)]"® > 1, which is not possible if fv # z. Hence v = u and we have

fv=gv ==z 025)

As the pair of self maps (£, g) is weakly compatible, we have

fz=gz. -

STEP 6 Now we show that fz = z. Suppose, on the contrary that fz# z. Then gz # z.

[

M(z,v) = (M(fz,g2,t)*(M(fv,gv,t))?(M(gz,gv,t)*5
= (M(fz zt)1 8 using (25, 26)

and

M(fz,z,t) = M(fz fv,t)

> M(z,v), using (25)
= [M(fz,z 12 P),

i.e. M(fz, z, t)<"‘+@ > 1 which is not possible as the left hand side is less than 1.Thus, fu = gu = u.
Taking g = I in Theorem 2, then the sequence {x,} = {xq, fxo, - - £xq, , - - -} becomes a Picard sequence for

the self map fand we have
COROLLARY 1. Let fbe an interpolative fuzzy Meir-Keeler contractive map on a M-complete fuzzy metric

space (X, M, #). Then the map f has a unique fixed point in X.
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REMARK 4. If we take & = 0 and = 0 in the above corollary, we obtain Theorem 3.1 of Zheng and Wang
(Zheng & Wang, 2019).

EXAMPLE 1. (of Theorem 4.1) Let X = [0, 1] . Define a self map f: X » X by f(x) =x/2, and g(x) = x,
the identity map on X. Taking M(x, y) = 1/1+d(xy) , then (X, M, .) is a complete stationary fuzzy metric
space with the product t-norm. Define ¢ as follows:

1.
5(1.) — 2 1 n—
n(n+2)° -|-l !

if[}cif{%,

Thend € A.
Taking o = 0 = . observe that for all values of x,y € X, f(x), f(y) € [0,1/3). We show that the quadruple
(X, M, 8, f) is an interpolative MeirKeeler contractive. For this we prove the following condition:

forall € € (; 1),e —d(e) < M(z,y) <e = M(fz, fy) > e.

3 —1 ' - = 1
If € € (T l) = nn ==~ = nj—l’ = (f) - n(n+2)°

Therefore, the inequality #— < M(x, y) < # gives

-1 1 1 i 1 2
(=) — gy <€ 0(6) < tragy <€ < atyp- Therefore | <d(z,y) < 7

which implies thatx,y € [0, 1]. Hence

1 1 1 n
M(fz, fy) = = - €
(.fT. fy} 1+ d(f:-':,fy) 1+ d(.; a;} 1+ % n-+1 €

Thus, the quadruple (X, M, §, f) is an interpolative Meir-Keeler contractive and x = 0 is the unique fixed
point of the map £.
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