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ABSTRACT:

Introduction/purpose: Vertex-degree-based (VDB) graph matrices form a special class of matrices, corresponding to the currently
much investigated vertex-degree-based (VDB) graph invariants. Some spectral properties of these matrices are investigated.
Results: Generally valid sharp lower and upper bounds are established for the spectral radius of any VDB matrix. The equality cases
are characterized. Several earlier published results are shown to be special cases of the presently reported bounds.

Conclusion: The results of the paper contribute to the general spectral theory of VDB matrices, as well as to the general theory
of VDB graph invariants.

KEYWORDS: Vertex-degree-based matrix, VDB matrix, vertex-degree-based graph invariant, VDB graph invariant, spectral radius
(of matrix).

Pe s31oMe;

Bsepenme/uear: Marpuust rpada, ocHoBamHpie Ha BepmuHHBIX cTemensx (BAB), ofpasyior ocobsrii kaacc marpur,
COOTBETCTBYIOIUX B HACTOsIIICE BPEMsI LIHPOKO MCCACAOBAHHBIM HHBAapHaHTaM rpada, OCHOBAHHBIM Ha BEPUIMHHBIX CTCHCHSX
(BAB). B AaHHOI1 cTaThe HCCAEAOBAHBI HEKOTOPBIC CIIEKTPAABHBIE CBOMCTBA IIOAOOHBIX MAaTpPHLI.

Pesyapbratst: [ToayueHs! 0OImenpHHSTbIC HUXKHSIS U BEPXHSISL TPAHUIIBI CIIEKTPaAbHOTO pasnyca Matpun BAB. Taxoke npeacTBAcHDL
CAy4YaH, B KOTOPBIX IPUMCHSIOTCS PABCHCTBA. B cTaThe MOKa3aHO, 9TO paHee OIyOAMKOBAHHBIC PESYABTATHI SIBASIOTCS YACTHBIMH
CAy9asIMH IIPEACAOB, KOTOPBIE TeNephb 60ACE TOAPOGHO OIMCaHbL.

BeiBoabL: Pesyabrarsr HacTosLer paboThI BHOCAT BKAQA B OOLIYIO CIIEKTPaAbHYI0 Teopuio Marpuy BAB, a Taxke B 06umyro Teopuo
unBapuanTos rpa¢pos BAB.

KnodyeBo € CJ 0B a: MaTpula OCHOBAHHAS HA CTENIEHU BepunH, Marpuria BAD, nusapuant rpada, ocHoBaHHSbIi
Ha CTENEHH BepIIHH, nHBapHaHT rpada BAB, cniexrpasbmsiit papnyc (MaTpuupr).

ABSTRACT:

VBoa/umn: Ha crenennma uBoposa sacnoBane, BAB rpadoscke Matpuiie 06pasyjy Kaacy crieniujaAHHX MaTpPULIA KOje OATOBApajy,
AQHAC YECTO HUCTPAXUBAHUM, Ha CTCIICHHMa YBOpPOBa 3acHOBaHMM, BAD rpadosckum mnsapujanTama. Mcnurusane cy Heke
CIIEKTPaAHe 0COOMHE OBUX MATPULIA.

Pesyaratn: Aobujere cy ommreaxehe aome u ropme rpanunue 3a crnextpastu papujyc BAB marpuna. Oxapaxrepucanu cy un
CAyYajeBH KaAd BAXE JeAHAKOCTU. 32 HEKOAUKO paHHje [yOAMKOBaHHX PE3YATATA je IIOKA3aHO Ad CY CIICLIMjaAHH CAYYajeBU CaAl Y
HaBEACHHM I'PaHHI[AMA.

3akmydak: PesyATaT M3AOKEHHU y paAy NMPEACTaBAAjY AOIPUHOC OIIITO]j CHEKTPaAHOj Teopuju BAD Marpuia, xkao u omurroj
teopuju BAD rpadgosckux nuBapujanTu.

KEYWORDS: rpa(l)oscxe MaTpHIle 3aCHOBAaHE Ha CTCICHHUMa YBOPOBA, B,A,B MaTpuue, I‘Pa(l)OBCKC I/lHBaPI/IjaHTe 3aCHOBAHE Ha
CTENIEeHUMA YBOPOBa, BAB I‘pa(l)OBCKC I/IHBaPI/ljaHTC, CIEKTPAAHU paAI/ijc (MaTPI/ILlC).
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INTRODUCTION

This paper concerns simple connected graphs. Let G be such a graph. Its vertex and edges sets are V(G) and
E(G), respectively, whereas its order (number of vertices) and size (number of edges) are |V(G)|=n and |
E(G)|=m, respectively. By uv € (G), we denote the edge of G connecting the vertices u and v.

The degree (= number of first neighbors) of a vertex u € V(G) is denoted by d,.. If d, = r for allu € V(G),
then G is said to be a regular graph of the degree r. If d,=n-1 for all u € V(G), then G is the complete graph
(of the order n), denoted by K,.

For other graph-theoretical notions, the readers are referred to standard textbooks (Harary, 1969; Bondy
& Murthi, 1976).

In the present-day mathematical and chemical literature, a large number, well over hundred, of degree-
based graph invariants of the form

TI(f;G)= > f(d,.d,)

uveE (1) (1)

are being studied, where f(x,y) is an appropriately chosen function with the property f(x;y) = f(y,x) and
f(x,y) = 0 forall x,y = d,,d,.

In chemistry, molecular physics, pharmacology, and elsewhere, these graph invariants found a great
variety of applications, and are usually referred to as ,topological indices* or ,molecular structure-
descriptors” (Gutman, 2013; Todeschini & Consonni, 2009; Kulli, 2020). Instead of ,,vertex-degree-based”
the abbreviation VDB is often used (Rada, 2014; Li et al, 2021; Monsalve & Rada, 2022).

Let the vertices of the graph G be labelled as vy,v5,...,vi.. Then, to each VDB graph invariant TI(£;G), a
symmetric square matrix M(£;G) of the order n can be associated, whose (i,j)-element is equal to f(dy;.d,;) if
the vertices v; and v; are adjacent, i.e. if vi,v; € E(G), and is equal to zero otherwise. In particular, TI(£;G);
=0foralli=1,2,..n.

Asitiswell known in linear algebra (Brualdi & Cvetkovi¢, 2008), the cigenvalues of M(£;G) are real-valued
numbers, forming the spectrum of the matrix M(f;G). Further on, they will be denoted by 4.4.....2, so that
424224 Then 224, i=23...n, and therefore 4 is called the spectral radius of the corresponding VDB graph
matrix (Stevanovié, 2015).

In order to prove our main result, Theorem 1, we need an auxiliary lemma.

Lemma 1. Let 4.4,.....4, be the eigenvalues of the VDB matrix M(f;G). Then

S5 20
i=1

and

> AP =2TI(f*G).
i=1
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(3)

Proof. By definition of the matrix M(f;G), its diagonal elements are always equal to zero. From this, Eq.
(2) follows straightforwardly.

In order to arrive at Eq. (3), note that the sum of k-th powers of the eigenvalues is equal to the trace (sum
of diagonal elements) of the k-th power of the respective matrix. Thus,

n

42 =TrM(£3G) = 3 (M(£:6))

i=l1

i

=Y Mf6,M(f36), = 3 Y (M(£;6), )

=1 j=I1 =1l j=I1

=2 > (f(d,.d,)) =2TI(f;G)

uveE(G)

where we used the above specified definition of the elements of the VDB matrix M(£;G).

Note that the above lemma is a direct generalization of Lemma 1 in (Gutman, 2021), stated for a special
case of the function fin Eq. (1), namely for ,- 7=+

We are now prepared to state our main result

Theorem 1. Let G be a connected graph of the order n, and let 4 be the spectral radius of its VDB matrix
M(£;G) . Then 4 is bounded as:

2TI(f;G) <2 EJMTIUE;G) .
n

L @

The equality on the left-hand side holds if and only if G is regular. The equality on the right-hand side
holds if 6=«..

ProOF OF THEOREM 1

Lower bound . We proceed in an analogous manner as in the proof of Lemma 2 in (Gutman, 2021). Thus, in
view of the Rayleigh-Ritz variational principle, for an n-dimensional column-vector a=(1,...1y",

r .
0 M({,G)Qﬁ]
Q'O .

with equality if and only if o=q,1,..1)" is an eigenvector of M(£;G), corresponding to the eiigenvalue 4. As
it is well known (Brualdi & Cvetkovi¢, 2008; Cvetkovi¢ et al, 2010), this happens if and only if the graph
G is regular.

The lower bound for the spectral radius follows directly from Eq. (5).
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Upper bound . Eq. (2) can be rewritten as

[ ]

I
]
B

h=-Y4 e, A

Using the Cauchy-Schwarz inequality, we get

DAXL| <Y A P=(m-1) A
i=2 i=2 i=2
implying
B3 -2 e nz<(n-nYA

i.e.,

n

A < EZA}? |
n

i=1

The upper bound for the spectral radius is followed by Eq. (3).

The equality in (6) happens if and only if 4-2=..=4. which is the case only for the complete graph
K,. Recall that the complete graph is an (n-1)-regular graph, and therefore its VDB matrix is equal to
sn-1n-nak,) where A(G) stands for the ordinary adjacency matrix of the graph G. Since the ordinary
cigenvalues of K, are n-1,-1,-1.....-1 (Cvetkovi¢ et al, 2010), the VDB-cigenvalues of the complete graph satisfy
A=A ==k =-f(n-Ln-1). The complete graph is the only connected graph whose all eigenvalues, except the
spectral radius, are mutually equal.

As already mentioned, the special case of the lower bound in Theorem 1 for s-+ was reported in
(Gutman, 2021). The same special case for the upper bound was recently communicated in (Lin et al, 2023).
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HEO0jeKTHBHOCT CBEAC HA HajMamy MOIyhy Mepy Tako IUTO je APYTH YPEAHHK CapaAHHK BOAUO IIPOLICAYPY
peLicH3Hje HE3aBHCHO OA YPCAHHKA ayTopa, IPH YEeMy je Taj Impouec OMO alCOAYTHO TPaHCIAPEHTAH.
YpeAHHIUTBO je TOCeOHO BOAMAO padyHa A2 PELICH3CHT He IIPEMO3Ha KO je HAIMCAo pap U Aa He pohe Ao
KOHQAMKTA HHTEPECA.
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