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ABSTRACT:

Introduction:purpose: Noether’s theorem connects symmetry of the Lagrangian to conserved quantities. Quantum effects cancel
the conserved quantities.

Methods: Triangle diagram, Path integral, Pauli-Villars regularisation.

Results: Quantum effects that spoil conserved quantities of local gauge symmetries endager renormalisability.

Conclusion: A careful treatment of anomalies is needed in order to obtain correct results. The 1y decay is perhaps the most
notable “impossible” effect allowed by anomalies.

KEYWORDS: symmetry, quantum anomalies.
Pe 310Me:

Beeacnue/ueas: Teopema Hérep (Nother) YCTAaHABAMBAET COOTBETCTBUE MEXAY 06061EHHBIMU cuMMeTpusiMu Aarpamka u
coxpaHsieMbIMH BeandrHaMu. KBaHTOBBIE 9 PeKThI OTMEHSIOT 3aKOHCEPBUPOBAHHBIC BEAHYHHBI.

Meroast: TpeyroabHast anarpaMma, HHTEIPaA IO TPaeKTOpUsM, peryaspusanus [ Tayan-Buasapca.

Pesyabrarsr: KantoBble 3¢deKThl, BAMAIOLINE HA 3aKOHCEPBUPOBAHHbBIC BEAMYHMHBI AOKAABHOI KAaAHOPOBOYHON CHMMETPUM
CTaBST MOA YTPO3Y NEPEHOPMUPYEMOCT.

BLIBOAI)I: AA}I TIOAYYCHHST TOYHBIX PC3YyAbTATOB H€O6XOAI/IMO IIPOBCCTH TIJATCABHBIC HMCCACAOBAHMI. PacnaA 7‘[09‘}/)/ BCPOATHO
SIBASICTCSI CAMBIM YHHKAABHBIM ”HeBO?)MO)KHbIM” Sq)(l)CKTOM, AOITYCKaCMbIM aHOMAAMSIMHU IIPABUAbBHBIC PC3YABTATBI

KnwueBbBE CcJT OB a . CUMMCTpPH:I, KBAHTOBbBIC aHOMAAHH.

ABSTRACT:

VYBoa/uun: Herepuna (Néther) Teopema nosesyje cumetpuje Aarpamxujana ca KOH3EpBHUPaHUM BeandnHama. Ksantau edexru
MIOHUINTABAjy KOH3EPBUPAaHE BEAUYHHE.

Merope: Aujarpam Tpoyraa, unrerpaa myta, I TayauBuaapcosa peryaapusaruja.

Pesyaratn: KBanTHH edexkTn KkoOju KBape KOH3CPBHpaHC BCAHYMHE CHMETPUja AOKAaAHE Kaaubpainuje yrpoxasajy
PEHOPMaAU326UAHOCT.

3akmydak: AHOMaAMje je MOTPEOHO MAKMSUBO TPETUPATH Kako OM ce A0OMAM TauHM pesyarartd. Pacmaa woew je Moxaa
HajHarAaleHuju ,Hemoryhu” edpexar koju A03BomaBajy aHOMAAH]C.

KEYWORDS: cumerpuja, KBanTHe aHOMaAHje.
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NOETHER’S THEOREM

What happens when a Lagrangian is invariant under certain symmetry? It happens that there is a conserved
quantity, as stated by Noether’s theorem (Noether, 1918), which is perhaps the most important theorem in
theoretical physics. We have a generic Lagrangian with fields ¢a that undergo an infinitesimal transformation
3¢, after applying the symmetry. The Lagrangian is invariant by the hypothesis, so we have (summation is
understood on repeated indices a)
_ oL oL oL oL
0L =0=—00qs + =———0(0ua) = =000 + ———0u(0¢a) ,
56020 T 5(0un) O00) = 55090 F 50y On(0%) 0
where the order swapping of 8 and 9y is possible because 3¢, is a functional variation. There are also
equations of motion that read

oL _ o [ oL
o) e 6{'%)#‘?'3"&)

()
and by combining the two, we obtain
. oL .
dy [ﬂ - Sﬁbﬂ] =0
8(0ya) "
Defininga current
oL
JH = ————d ¢,
d(Oua) "

from eq. (3), we see that is conserved, i.e., 9,J* = 0.

In QED, for example, the wave function V is invariant under the phase transformations > ei“\y, for which
we have the conserved current

JH = iypyHep such that 9,J" =0 .

There is also the global chiral transformation ¥ > eiBYS\]/ which has a conserved current only in the massless

(5)

limit,
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JoH = i1y yH1) such that 3MJ5” = 2imy° 1Y .

QUANTUM SYMMETRIES

In the previous section we have discussed the invariance of the La- grangian under symmetry transformations
and its consequences. There was no mention of quantum effects in Noether’s theorem, which are not relevant
for its proof. In fact, it was tacitly assumed that classi- cal and quantum symmetries are the same thing. This
belief was shattered in the late 60-ies when it was discovered that quantum effects could indeed spoil classical
symmetries. Such symmetries that are broken by quantum effects are called anomalies.

A posteriori, this belief had actually no grounds. While classically there is a transformation 8¢ that implies
0L = 0, at the quantum level, by means of a path integral, the things are different. One computes

/ D eli/MS@)
(7)

and, while under the transformation 8¢ the action is also invariant, 6S = 0, there remains the Jacobian of
the transformation in De which in general will not equal unity. Therefore, classical symmetry has in general
no reasons to survive quantisation. For a brief review of path integrals, see (Fabiano, 2022a).

Anomalies are bad when they afflict symmetries necessary to renor- malise the theory: their presence
disallows the possibility of obtaining finite predictions (Schwinger, 1959). This case happens when local
gauge symmetry is anomalous. Anomalies of global symmetries, on the other hand, are considered relatively
harmless because they contribute finitely to physical processes.

U (1) ANOMALY

Consider a theory with massless fermions, where

L=ipdi .

whose conserved currents we have already encountered in the section entitled Noether’s theorem. We
already know that U(1) symmetry is conserved and for massless fermions both vector current and axial

current are conserved, 0, = 0 and 9*J,> = 0.
u ®
For this theory, we will now calculate the three point function

M (1, 29) = (0 |TJ§(0)J*L(:E1)J“($2)} 0) .
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)

In plain language, the vector current causes a fermion—antifermion pair creation at the point x; and
another such creation at the point x, then a fermion from one pair and an antifermion from another pair
annihilate, while at the point 0 the chiral current annihilates the remaining fermion - antifermion pair.

Two relevant Feynman diagrams for this process are two triangles represented in Figures 1 and 2.

The Fourier transform of the three point function (9) is written as

Apv (. Z-3 d4p AD 1 v 1 p:l
A (h&ﬂ—(lJ&/@agﬁ(vvpgvph7¢+
ALD 1 m 1 Ul
'Y'Yp_g'?}é_kz'f p>,

(10)

7A75

v’ - 7
p— ki

FIGURE 1
Triangle diagram, 1

Puc.1 - TPCyI‘OAbHa}I Auarpamma, 1
Canxa 1 — Aujarpam tpoyraa, 1
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7" - 7"
p— ko

FIGURE 2
Triangle diagram, 2

Puc.2 — TPCyI‘OAbHa}I Auarpamma, 2
Canxa 2 — Aujarpam Tpoyraa, 2

the first part belonging to the first diagram, the other part on the last line describing the second diagram,
with q = k; + k. The overall minus sign comes from the closed fermion loop. Both diagrams are needed in
order to obtain Bose statistics.

An immediate observation is that the integral of eq. (10) is linearly di- vergent because it contains three
fermionic propagators. This linear diver- gency is at the origin of the breaking of U(1) symmetry, i.c. some
current will not be conserved anymore at the quantum level.

Consider an integral of a function over the whole real line

“+00

dz f(z) ,

and then shift the variable, x > x + a. The possible consequences of this action will be evidenced by this
integral

— 00

+00

dz [f(x +a) = f(z)]

— 0
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(12)

this action is usually harmless and eq. (12) would be zero. Expanding this expression with the Taylor series,
we obtain

+o00 a’
]_ de [af’(m)+2f”(a:)+0(ag) = a[f(+00) — f(—o00)]+

S (400) = f'(=o0)] + O(a”) . (13)

If the integral converges, the variable shift has no consequences, but if the integral is linearly divergent, the
result is given from eq. (13), and equals a[f(+00) — f(—c0)].

This ambiguity can be generalised to an arbitrary (Euclidean) dimension. Define the function

Afa) = / Pz [f(z +a) - f(z)] =

/ dPx [af-ﬂap f(x) + %(a”ap)gf () +O(a”)| =

Ry
" F(R)SD(R) .

applying the Gauss theorem. All terms except the first vanish when integrating over the surface R -»

+o0. Sp(R) = 2aP2RIC-1)/T(D/2) is the surface of the D—dimensional sphere. In the four dimensional
Minkowskian case, we have

A(a) = lim (27%)a"R,R*f(R) .

R_}' + o0 (15)
TRIANGLE DIAGRAM

The conservation of two classical currents 9,J* = 0 and 9,]>* = 0 translates respectively to the equations

k1 AMY =0 and ke, AMY =0,

for the pseudovector one. The first of eq. (16) is given by the expression

(16)
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ALV
qX A = 0
for the pseudovector one. The first of eq. (16) is given by the expression
A
k1, A (K, ko) =
4
, / d*p Ty [ AA5 I, 1 1

(17)

e T w
5 1 1 vl
'k 5 "

by substituting the first occurrence of # =p- -1, and the second occurrence of s as ¥, = 5 ) - » - 9), we obtain

A
y

L.luﬂh_uu“.l . L‘i} —

[ d'p ( v 1, 1 1
Y PE VYIS SNV S PRI U
J R e T

Aa_ L R (L ufl):
F i P‘_g[uﬁ #2} {P gj]ﬁ_#z l p

:‘/ fllp Tr (”‘_-)"‘.-r’ ! Y L — PP L **.-“l) ~
J (2m)d p—d p-K p—Fk p

and an analogous expression is obtained for kZVAM‘V(kl, k;) by exchanging k; # k; and p # v.

(19)

When observing the last line of eq. (19), we see that the second term is obtained by the first term by shifting
the integration variable p > p — ki, so one would infer that the net result is zero and the vector current is
conserved. However, by virtue of eq. (13), this deduction is wrong,

Define the integrand function present in eq. (19)

1 ,,1) _ T (p — ko)
p—k p (0 — k2)%p?
42‘87'1/0')\ k2*rpo'

(P - k2)2p2 J (20)

f(p) =Tr (’Y*'ﬁ'
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TVOA

where ¢ is the totally antisymmetric Levi-Civita tensor, with €% = +1, and from eqgs. (12) and (15),

we obtain

s TUTA
wPu die korpe 2?1_2]33 B

k1A Ap (k1, ko) = lim i(—k;) : -

(2?‘[’) p—+oo P P

% )\yraqu_kzg ?'é 0.
87 (1)

Above, we have used the expression p,p,/ p2 = gus/4: by contracting both sides with the inverse g*’, we have

PuPo9"” _ P _ Guo9" _

p? p? 4 -

We will now verify the behaviour of eq. (10) with respect to a different choice of the shift in the integrand.

Define the function of an arbitrary vector a

4
A)\#V(avklakg) _ (1)23j(;lﬁl)]4 Tr (’}’)"}/5m7u

1 1 NP L1 L1
prd—F prd  pri—d pri-F p+¢)

(23)

and compute A™(a, ki, ky) — A*(k), k) with the aid of eq. (15) applied to the function

L, 1,
fp) =T (v )=

P P
Tr[y*yf (zﬂ q)Y “(P k)"l

(r* =) (p* = kp* 2

We have the following property:
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Tr (V' pr'prp) 20T (v pr"p)

I - -
f(p) p_ilfoo b pb
pzTI‘ (,}/)\,},5p,}(u,},p) B _42-p2pogo'v,u)\
6 6 ’
P P (25)
so we obtain
AN (a0, ky, k) — AN (ke k) = o lim @ PeP2 covm

872 p—+oo p

{nh1) © (k) = 5™ g + {1 k1) © (K2} »

We can parametrise the shift vector a by the two independent momentak; and k; in the following manner:

a=alky + ko) + B(k1 — k2) ,

(27)
and by inserting back this expression into eq. (26), we obtain
A (0, ke eg) = A (R ey) 4+ 2 2oV (kg — R
(a, k1, k2) = (K1, 2)+@5 (k1 —k2)o - o8)

We notice that the dependence from « drops out and the result depends only on the difference k; — k.

We will now impose the conservation of the vector current in eq. (16). Not doing so would in fact lead
to the non conservation of electric charge Q: fermions would be created out of nowhere. As this violation
has never been observed in Nature, this constraint on the J¥ current is of paramount importance and can not
be avoided. Recalling from eq. (21) that

ALV _ Z AUTO
k:l,u.‘A K (klz k?) — 5¢ kl’rkZG‘ ’
ST (29)
we have
k1, AMY (a, Ky, k) = is)‘mkl koo + ﬁsm”‘(kl — ko)
# Y 872 T 42 77 (30)
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and by choosing = —1/2, we obtain the vector current conservation.

A possible way of understanding this phenomenon is that the Feynman rules as such are not enough to
determine the three point function of eq. (9). Because of its ambiguity, one has also to impose the constraint
of the vector current conservation.

CHIRAL CURRENT

So far, we have discussed the conservation of the vector current. Is it possible to impose also the chiral current
conservation in the massless limit? We have already encountered all the necessary machinery necessary to

compute the expression 9,J°*
Apv Apv i HUAo
DAY (@, k1, ko) = AT (b k2) + 5 kiakao - -
31

d4
anAN Gk k) = i/(ziw}))ai 1 (75;91 gfyvp —11617“—
5},;}%27});7#) +{(p, k1) & (v, k2)} =

{

~

VAo
12 e 7 kiak2s
T (32)

in a fashion analogous to eq. (18). Eventually, for the chiral current, we obtain:

1
Q)\A/\”U(a: ki, ko) = —gf’uw\dkuk% # 0,
2T 33)

i.e., the chiral current is not conserved even in the massless limit. This phenomenon is known as the chiral
anomaly, the axial anomaly or the Adler— Bell-Jackiw (ABJ) U(1) anomaly (Adler, 1969; Bell & Jackiw,
1969). For the path integral formulation, see (Fujikawa, 1979).

CONSEQUENCES OF THE CHIRAL ANOMALY

We have just seen how the triangle diagrams are dependent upon a variable shift, and that it is impossible to
impose both constraints of the con- servation of a vector and chiral current at the same time. This leads to
the breaking of U(1) symmetry and has many consequences. Some of them will be illustrated briefly.

Add photons - We could add photons to our naive theory of eq. (8), i.e. £ =iy, - iea . It is equivalent
to adding two external photon lines attached to the vertices p and v of Figs. 1-2. Of course, classically, the Js
current is still conserved, as we did not add the mass term. At the quantum level, eq. (33) becomes
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2

IS =

A\
o (4m)t s B

(34)
which is an operator that produces two photons. This term is very often written as
2
5) € * v
Ot 5 — FH
S

v

(35)

where #F¥ = ¢"E, _is the dual electromagnetic tensor .

7° > 7y decay - With the argument shown in the Triangle diagram section, attaching an external line of
a pseudoscalar 7° at the two vertices of Figs. 1-2 and two photons as described above, one can calculate the
decay rate of ° > 2y. Historically, people used the erroneous quantum conservation of the chiral current to
prove that this decay cannot occur at all! It is interesting to note a posteriori that [(n® > 2y) = 7.82 ¢V, and
that its branching ratio is B = I'(n® > 2y)/T = 99%, for a “non existing” decay channel.

Add a mass term - Our Lagrangian becomes ¢ = {9, —ie4,)-mlv, and explicitly spoils the conservation of °
as illustrated in eq. (6). So we have

2

8’“J5 23?!111)’}/5770 + — E“MGFWF,\J ;

(471-) 4 (36)

i.e. the classical explicit mass term that violates the chiral current con- servation and the quantum term
with the analogous effect add up.

Regularisation - Since the triangular diagrams in Figs. 1-2 are linearly divergent, one could wonder
whether some sort of regularisation would be able to cancel the anomaly. Dimensional regularisation (Bollini

& Giambiagi, 1972; 't Hooft & Veltman, 1972) cannot be used this time, because the ys matrix in D
dimensions defined as y = 17 y y , in the odd dimensional spacetime still obeys the Clifford algebra
v, v} =2g”and {y*, 7’} =0, but is inconsistent with the trace properties, i.e. does not obey the relation

Tr(v*4"7*7°+°) # 0.

One could use the Pauli-Villars regularisation (Pauli & Villars, 1949) discussed in (Fabiano, 2022b).
Keeping to 0 the electron mass and introducing a regulator mass M, the behaviour of the integrand in the
three point function of eq. (10) is unchanged for p # M and is superficially logarithmically divergent, so one is
allowed to shift the integrand variable. Yet the chiral current is again not conserved after the introduction of

(37)
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M, as precisely this mass term violates the chiral symmetry. This breaking still persists even after the regulator
M > +oo,

Yang-Mills theory - Consider the massless version of the Lagrangian (Yang & Mills, 1954) of eq. (20) of
(Fabiano, 2022¢), i.e. ¢ = w0, - isazr20. The difference with the Abelian case is that we insert a factor T at the

vertex labelled by p and a factor T® at the vertex labelled with v. For a non Abelian gauge theory, one obtains
q 2
Ty S NNe,
0 J# —(4 ){15 Gp.uG)mr
T

where Gy, = Gy, “T*. Because the field strength defined in eq. (21) of (Fabiano, 2022¢) contains also the
terms cubic and quartic in A, beyond the triangle anomaly, we also have square and pentagon anomalies.

(38)
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