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ABSTRACT:

Introduction/purpose: In this paper, a new solution for solving a multi-objective integer programming problem with probabilistic
multi — objective optimization is formulated. Furthermore, discretization by means of the good lattice point and sequential
optimization are employed for a successive simplifying treatment and deep optimization.

Methods: In probabilistic multi — objective optimization, a new concept of preferable probability has been introduced to describe
the preference degree of each performance utility of a candidate; each performance utility of a candidate contributes a partial
preferable probability and the product of all partial preferable probabilities deduces the total preferable probability of a candidate;
the total preferable probability thus transfers a multi-objective problem into a single-objective one. Discretization by means of
the good lattice point is employed to conduct discrete sampling for a continuous objective function and sequential optimization
is used to perform deep optimization. At first, the requirements of integers in the treatment could be given up so as to simply
conduct above procedures. Finally, the optimal solutions of the input variables must be rounded to the nearest integers.

Results: This new scheme is used to deal with two production problems, i.c., maximizing profit while minimizing pollution
and determining a purchasing plan for spending as little money as possible while getting as large amount of raw materials as
possible. Promising results are obtained for the above two problems from the viewpoint of the probability theory for simultaneous
optimization of multiple objectives.

Conclusion: This method properly considers simultaneous optimization of multiple objectives in multi-objective integer
programming, which naturally reflects the essence of multi-objective programming, and opens a new way of solving multi-objective
problems.

KEYWORDS: multi-objective optimization, integer programming problem, preferable probability, discrete sampling, sequential
optimization.
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BBeaeHue/ean: B AaaHHOI cTaThe IPEACTABACHO HOBOE PEIIECHUE AASI MHOTOLICACBBIX 33424 LIEAOYHCACHHOTO TPOrPAMMHUPOBAHMS
C HOMOIIBIO BEPOSTHOCTHOH MHOTIOLIEACBON onTuMusanui. Kpome Toro, B LIEASIX CYKI[ECCHBHOIO YIIPOICHHMS o6pa6on<n u
FAy60KOﬂ ONITHMMH3ALUHN HCTIOAB3YIOTCS AMCKPETU3AIMs C MOMOIIBI0 COOTBETCTBYIOIUX Y3AOB PEMIETKH U IIOCAEAOBATEABHAS
OITHUMU3AL M.

Metoabr: B BepOATHOCTHYIO MHOTOIIEACBYIO ONTHMHU3AIHIO BBEACHA HOBAs KOHIEMIIUA NPEATIOYTUTEABHOM BEPOATHOCTH AAS
OMNMCAHUSI CTEIICHU MPEAIOYTEHHS IIOAC3HOCTH KAXKAOTO KaHAMAATA. KaXkpas MOAE3HOCTh XapaKTepHCTHK KAHAMAATA BHOCHT
Y9ACTHYHYIO MPEAIOYTUTEABHYIO BEPOSTHOCTD, 4 IPOUSBEACHUE BCEX YACTUYHBIX TPEAIOYTHUTEABHBIX BEPOATHOCTEH COCTABASIET
o61.uy10 MPEAOYTUTEABHYIO BEPOSTHOCTb KAHAUAATA. Takum 06pa30M, obmas MPEANOYTUTEABHAS BEPOATHOCTL MEPEBOAUT
MHOTOLIEAEBYIO npo6AeMy B OAHOIIEAEBYIO. AVICKPETH3AIIHA [0 METOAY Y3AOB HACAABHON PEIIETKH IPUMEHAETCS AAS AUCKPETHOM
BbI60pKI/I, a IIOCACAOBATEAbHAS ONITUMHUSALUS — AASI TAYOOKOH ONTUMH3aLUHU. Takoke B LEAsIX YIPOILEHUS AAHHOH IPOLIEAYPBI
MOXXHO OTKAa3aTbCsS OT LIEAOYMCACHHBIX Tpe6OBaHI/Iﬁ. B xoHue mporeaAypsl ONTHMaAbHBIE PEUICHHS BBEACHHBIX MEPEMEHHBIX
HEOOXOAUMO OKPYTAUTb AO OAMDKAIIETO [[EAOTO YHCAA.

PesyabraTsr: AaHHBIN TOAXOA HCITOAB3YETCS AASL PELICHHUSI ABYX POU3BOACTBECHHBIX 33AQ4, 4 MMCHHO: MAKCHMUBAIIHU HpI/I6bIAI/I
P MUHUMU3ALUU 3arPSASHEHUS M COCTABACHHUS IAAHA 3aKYNMOK KaK MOXXHO 6OABIIIEr0 KOAMYECTBA CBIPbs MPU HAUMEHBIIMX
sarpaTax. C IIOMOIIIBIO TCOPUH BEPOSTHOCTEN BBIIICYKA3aHHBIE 3aAQYH [IOKA3AAH MHOTOObeIaoe PE3YABTATBl OAHOBPEMEHHOM
OINTHUMM3ALMH HECKOABKUX I[CACH.

BeiBoap: AaHHOE pCILICHHE YYHTHIBACT OAHOBPEMCHHYIO ONTHMHUSALMIO HECKOABKHX IICACH IIPU MHOIOKPHUTEPUAABHOM
LIEAOYMCACHHOM IPOrPAMMHMPOBAHUH, YTO, ECTECTBEHHO, OTPAXKAET CyTb MHOTOKPUTEPUAABHOIO NPOrPAMMHUPOBAHHUS M TEM
CaMBIM OTKPBIBAET HOBbIE BO3MOXKHOCTH K PEIIEHUI0O MHOTOKPUTEPHAABHBIX 33A24.

KnwdueBuo e CJ OB a: MHOTOLICACBAsI  ONITHMH3AIMsA, 3aAada ILCAOYHMCACHHOIO NPOrpaMMHPOBAHUS,
NPEAIIOYTUTCAbPHAS BEPOSITHOCTD, AUCKPETHAS BI)I6OPK21, IIOCACAOBATCAbHAS OIITHUMU3AITH .

ABSTRACT:

VBoa/unm: Y papay ce $popmyamiie HOBO pelicke NMPOOAEMA BHUICKPUTEPUjYMCKOr LieAOOPOjHOr mporpamuparma 1omohy
npo6abuancTiIKe BULIEKPUTEPUjyMCKe onTuMu3anuje. Takobe, kopucru ce anckperusanuja nomMohy Aobpux Tavaka pemerke,
K0 U CCKBCHIMjaAHA ONITHMH3ALIH]2 PAAH CYKLICCHBHOT MIOjEAHOCTABAHBAA U AyOHHCKE ONTHMUSALIH]C.

Merope: Y npo6aGHAMCTHYKY BHIICKPHTCPUjYMCKY ONTHMMSBALIMjY YBECACH je HOBH KOHLCNT NOXKedHE BepoBatHohe kako
6M ce ONMCAO CTENEH IIOKCAHOCTH CBAKE IOjEAUHAYHE KOPHCHOCTH neppopMace Hekor KaHauaara. Caka rojepAMHauHa
KOPHUCHOCT mepPpopMaHCe KaHAHMAATA AOMPUHOCH NAPLMjAAHO] IIOKEAHO] BEpOBATHONM, a IIPOHM3BOA CBUX THX BepoBaTHOha
YHUHU yKyHHy HO)KCADHY BCPOBaTHOhy KaHAHAATA. Ha Taj HAa4YUH yKyHHa ITOXXEAPHA BePOBaTHOha HPCBOAI/I BI/IIHCKPI/ITCPI/ijMCKI/I
npobAeM Y jeAHOKPUTEPHjyMCKU. AMCKpeTH3annjoM oMoy MeToAa AOOpPHX Tadaka PELICTKE BPLIK €€ AUCKPETHO Y30PKOBAHE
33 KOHTHHYaAHY QYHKLHjy [Hsa, 4 CEKBEHL[MjaAHOM ONTHMH3aLMjoM AybuHcka ontumusanuja. Takohe, Moxe ce oaycraru op
3aXTeBa LIeAHX OpojeBa PaAt [OjeAHOCTABAMBARA HABEACHOT ocTynKa. Ha kpajy ce ontumasHa pemersa yHeTnx Bapujaban Mopajy
3A0KPY>KUTH Ha HajOAWDKH LieAU 6pOj.

Pesyaratn: OBaj IpUCTYII ce KOPUCTH 32 pelaBatbe ABA IPOOACMA Y IPOM3BOAH: 32 MAKCHMH3ALIH]y IPUXOAA y3 HajMarbe Moryhe
saraeme n 3a Kkpenpame naana 3a HabaBKy Hajehe koAmdmHE penpomatepujasa o Hajmamwoj nern. O6ehasajyhn pesyararn cy
AOOHjeHH 32 ABa HaBeacHA IpobaeMa moMohy Teopuje BepoBaTHOhE 32 MCTOBPEMEHY ONTUMH3ALIN]Y BULIE LIMACBA.

3akmydak: OBo pememe ysuMa y 063up HCTOBpPEMEHy ONTHMMU3ALHM]Y BHLIC IMACBA IIPH BHUICKPUTECPHjYMCKOM LIEAOOPOjHOM
HpOI‘PaMI/IPaH)y, IITO HPI/IPOAHO OACAHKaBa CyH_ITI/IHy BI/IIHeKPI/ITepI/ijMCKOF HPOrPaMHPa}ba U THUME OTBapa HOBC HYTCBC Ka
pelIaBamy BUIIEKPUTEPUjYMCKUX IIpoGaeMa.

KEYWORDS: BUILEKPUTEPHUjyMCKa ONTUMHU3ALIN]a, npo6AeM uer6pojHor MPOTPaMHUpPamsa, TOXKESHA Bf:pOBaTHoha, AUCKPETHO
Y30PKOBambe€, CEKBEHI[MjaAHA ONTUMH3ALHja.

INTRODUCTION

Multi-objective programming (GP) is an important branch of optimization theory. It is a mathematical
method developed to solve multi-objective decision-making problems based on linear and nonlinear
programmings. Since 1960s, it has been gradually developed and matured. It is widely used in economic
management and planning, human resource management, government management, optimization of large
- scale projects and other important areas.

The idea of multi-objective programming originated from the study of the utility theory in economics
in 1776. In 1896, economist Pareto first put forward the multi-objective programming problem in the
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study of economic balance, and gave a simple idea which was later called the Pareto optimal solution.
In 1947, von Neumann and Morgenster mentioned the multi-objective programming problem in their
game theory work, which attracted more attention to this problem. In 1951, Koopmans put forward the
multi-objective optimization problem in the analysis of production and sales activities, and first formed
the concept of the Pareto optimal solution. In the same year, Kuhn and Tucker gave the concept of the
Pareto optimal solution of the vector extremum problem from the angle of mathematical programming. The
necessary and suflicient conditions for the existence of this solution are also studied. Debreu's discussion
on evaluation balance in 1954 and Harwicz's research on multi-objective optimization in topological vector
space in 1958 laid the foundation for the establishment of this discipline. In 1968, Johnsen published the first
monograph on the multi-objective decision-making model. Until 1970s-1980s, the basic theory of multi-
objective programming was finally established through the efforts of many scholars, making it a new branch
of applied mathematics (Huang et al, 2017; Liu, 2014; Ying, 1988).

Up to now, there are the following general methods to solve multiobjective programming: one is to transfer
multiple objectives into a single objective that is easier to solve, such as the main objective method, the linear
weighting method, the ideal point method, etc.; the other method is called the hierarchical sequence method,
i.e. a sequence is given according to the importance of the target, and the next target optimal solution is
searched in the previous target optimal solution set every time until a common optimal solution is obtained;
the third one is the main target method, which takes one f(x) as the main target, and the other P-1 as the
non-main target. At this time, it is hoped that the main target will reach the maximum value, and other
targets will meet certain conditions; the fourth one is the linear weighting method, which sets a series of
weight coefficients W) for objective functions fi(x), and thus a new evaluation function z%.,4 ¢ is obtained by
linear weighted summation, which makes the multi-objective problem become a single-objective problem.
However, under the condition that the dimensions of the target are different, normalization is needed. For
a multi-objective linear programming problem, decision makers hope to achieve these goals in turn under
these constraints by minimizing the total deviation from the target value, which is the problem to be solved
by goal programming (Huang et al, 2017; Liu, 2014; Ying, 1988).

In practical engineering systems, such as many nonlinear, multi-variable, multi-constraint and multi-
objective optimization problems in power systems, the existing mathematical methods have limited ability
to optimize these problems, and the solutions obtained are not satisfactory.

The above discussion shows that normalization and the introduction of subjective factors in the previous
methods are indispensable processes in their "additive” algorithm, and the final result depends to a great
extent on the normalization method adopted after the targets with different attributes are converted into
"single" targets (Zhengetal, 2021). Different normalization methods may lead to completely different results.
In addition, in some algorithms, the beneficial performance index and the unbeneficial performance index
are treated unequally.

From the point of view of the set theory, the "additive" algorithm in the previous methods for multi-
objective optimization corresponds to the form of "union". Therefore, the above algorithm can only be
regarded as a semi-quantitative method in a sense.

Recently, a probabilistic multi - objective optimization (PMOO) method has been proposed to solve the
inherent problems of subjective factors of the previous methods of multi - objective optimization (Zheng
et al, 2021; Zheng et al, 2022a; Zheng et al, 2022b). A brand - new concept of preferable probability is put
forward to reflect the preference degree of performance indicators in project management optimization.
PMOO aims to deal with multi-objective simultaneous optimization from the perspective of the probability
theory. In the new methodology of PMOO, the performance utility indicators of all candidates are
preliminarily divided into the beneficial category and the unbeneficial category according to their roles and
preferences in optimization; each performance utility index of the candidate quantitatively contributes to a

partial preferable probability; the product of all partial preferable probabilities deduces the total preferable
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probability of a candidate; the total preferable probability thus transfers a multi-objective problem into
a single-objective one. In the evaluation, the total preferable probability of a candidate is the unique and
decisive index of the candidate.

In this article, by using probabilistic multi - objective optimization and the good lattice point to conduct
discrete sampling and sequential optimization for successive deep optimization, a reasonable method of
multi - objective programming is formulated, and the application details of this method are illustrated with
two examples.

SOLUTION FOR SOLVING AN INTEGER PROGRAMMING PROBLEM BY MEANS OF PROBABILISTIC
MULTI - OBJECTIVE OPTIMIZATION

In this section, probabilistic multi - objective optimization, good lattice point (GLP) discretization and
sequential optimization are organically combined, which establishes a rational method for solving a multi-
objective programming problem. The probabilistic multi - objective optimization method is used to transfer
amulti - objective optimization problem into a single - objective optimization one from the perspective of the
probability theory; the discretization of GLP provides an effective discrete sampling to simplify mathematical
processing, which is especially important for dealing with multi - objective programming problems with
continuous objective functions; and sequential optimization is used for successive deep optimization.

The systematic implementation is demonstrated in the subsections A) and B).

A) A method based on the perspective of probabilistic multi - objective optimization

From the perspective of probabilistic multi - objective optimization, the whole event with multi - objective
simultaneous optimization corresponds to the product of all single objectives (events). For multi - objective
programming problems, each objective can be analogically seen as a single event (Zheng et al, 2021; Zheng
et al, 2022a; Zheng et al, 2022b). All performance utility indexes of the candidate are preliminarily divided
into two categories: beneficial and unbeneficial, according to their role and preference of a candidate in
optimization, respectively. Specifically, the assessment of the preferable probability P; of both beneficial
indicators and unbeneficial indicators can be carried out according to the evaluation procedure in Figure 1
(Zhenget al, 2021; Zheng et al, 2022a; Zheng et al, 2022b).

B) Discrete sampling by means of the good lattice point and successive sequential optimization

In multi - objective programming problems, the objective function is usually continuous. In order to
simplify mathematical processing, the discrete sampling by means of the good lattice point (GLP) can be
used. As described in literature (Hua & Wang, 1981; Fang & Wang, 1994; Fang et al, 2018), the methods of
good lattice point and uniform experimental design (UED) make discrete sampling possible and practical.
The GLP method and UED are based on the number theory, and it can obtain an effective approximate
value for a definite integral or an extreme value problem with a limited number of sampling points (Hua &
Wang, 1981; Fang & Wang, 1994; Fang et al, 2018). Such a limited number of sampling points is uniformly
distributed in the super space with low discrepancy. The characteristic of the uniform point set makes its
convergence speed much faster than that of the Monte Carlo sampling method (Hua & Wang, 1981; Fang
& Wang, 1994; Fangetal, 2018), so it is considered as an efficient approximation named quasi-Monte Carlo
method. In order to use this uniformly distributed point set appropriately, Professor Fang specially developed
uniform design and uniform design tables (Fang, 1994; Fang et al, 2018).

As to the successive sequential optimization of multi - objective optimization problems, a sequential
optimization algorithm (SN'TO) can be employed for deep optimization (Zheng et al, 2022c; Zheng et al,
2023).

Moreover, by combining probabilistic multi - objective optimization, discrete sampling, and sequential
optimization, the multi - objective programming problem can be solved rationally.
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At first, the requirements of integers could be given up so as to simply conduct the above procedures.
Finally, the optimum solutions of the input variables must be rounded to the nearest integers, which must
be withstanding the constraint conditions as well.

Probability -
based evaluation of
multi-objective

|
Beneficial utility Unbeneficial utility
of the objective of the objective

Partial preferable probability: Partial preferable probability:
'PU * ‘Yu F:? 7'-,—.31'?
R; =0‘J.-X,-,.-.i=l.2...._1'f: J=L2....m P =ﬁ;(l Jmax "'X.-'mm _Xb‘)

a;= I’J(HE) ﬂ; =l'f[”(-:{_-max +X;mm)_”z]

Concurrent
optimization of
multiple objectives

Integration l

Total preferable probability:
Y51

B=B P,-P, =[5

=

FIGURE 1

Evaluation procedure of the PMOO method

Puc. 1 - Tlponeaypa onenxu meropa PMOO
Cauxa 1 - ITocrymax eBaayanuje meroaa PMOO

APPLICATIONS

In this section, two examples are employed to illustrate the use of the above methods in solving multi -
objective integer programming problems.

I) An integer programming problem that maximizes profits and minimizes pollution

A factory plans to produce two products, PV cell 1 and PV cell 2. During production, it causes certain
polluting gas release into the air (Huang et al, 2017). So, in the production plan, the goals are to get maximum
profit with minimum pollution at the same time. Profit, unit pollution of each product, mechanical ability,
manpower resource and resource limits are shown in Table 1 (Huang et al, 2017). Therefore, the problem is
how to organise production which maximizes profits and causes the least pollution.
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TABLE 1
Resource consumption, profit and pollution of each product

Content Product Lirrut uriit
Cell | Cell
1 2
Fesource exhaust urnit 1 5 75
per product
Mechanical ability a5 |oos | s
exhaust per product
Manpower resource 0z loz |4
exhaust per product
Frofit per product 1 z
¥EME)
Pollution urit per 15 |1
product

Tabauna 1 — TTorpebaeHue pecypcoB, IPUOBIAb U 3arpsIBHEHHE KAKAOTO IPOAYKT
Tabeaa 1 — INotporuma pecypca, mpodur u sarahuBame cBaxor MIPOU3BOAA

Solution
Assuming that the output of the products Cell 1 and Cell 2 is x; and x,, respectively, the mathematical
model and the constraint conditions of this problem are as follows,

Max f1(x) = x1 + 3x,
Min fo(x) = 1.5x1 + X2,

s. t. 0.5x7 + 0.25x2 < 8 (Mechanical ability),
0.2x;1 + 0.2x2 < 4 (Manpower resource),
X1+ 5x2 <72 (Resource limit), and

X1, X2 = 0.

Because there are two input variables x; and x, in this problem, at least 17 evenly distributed sampling
points are needed for the discretization in the working domain according to literature (Zheng et al, 2022c).
Here, we try to use the uniform design table U*,4(24”) to implement the discretization (Fang, 1994; Fang
et al, 2018), and the results are shown in Table 2. As it can be seen from Table 2, five sampling points were
excluded due to the limitation of the constraint conditions, and the remaining 19 sampling points were
within the working area, which meets the basic requirement of at least 17 uniformly distributed sampling
points within the working zone.

Additionally, in this problem, the objective function fj(x) is a beneficial indicator while the objective
function f5(x) is an unbeneficial indicator. Table 3 shows the evaluation results of the partial preferable
probabilities Py and P, of the objective functions fi(x) and f5(x) at the corresponding discrete sampling
point, respectively; P, represents the total/overall preferable probabilities of each sampling point.

As it can be seen from Table 3, sampling point No 2 shows the maximum value of the total preferable
probability. Therefore, around sampling point No 2 of Table 2, sequential uniform design is adopted for
successive deep optimization.
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Evaluation results of discrete sampling with U*,4(24)

TABLE 2

Mo |Input variable | Objective Mote
xl HE fl fz

1 03332 |E3 192333 |ER

Z 1 129 |39.7 14.4

3 1.6667 |45 151667 |7

4 2.3333 11.1 |[356333 |146

5 3 2.7 11.1 7.2

g 3.EEEY |93 315667 [148

7 4.2332 |09 70333 [7.4

5] 5 75 275 15

9 5.EEEY 14.1 Excl

10 |E.3332 [EB7 22,4333 [15.2

11 |7 123 [43.9 228

12 |7 BEE7Y [32.9 193667 |15 4

15 |B.3333 105 | 298333 |23

14 |9 2.1 15.3 156

15 |9.6667 [B7 357667 [23.2

16 | 10,3332 [0.3 11.2332 | 158

17 |11 £.9 31.7 23.4

18 |11 6667 [135 Excl

1% |12.3332 [E.1 27 6333 |23 8

20 |13 11.7 Excl.

21 |12 EBET (3.3 22 5EETY |23 8

22 | 143332 [49.9 Excl.

23 |15 15 195 24

24 |15 6667 [8.1 Excl.

Tabanna 2 — PeayabTaTsl OLICHKH AMCKPETHOM BBIGOPKH € U*24(249)

Tabeaa 2 — Pesyatatu eBasyaliuje AUCKPETHOT Y30pKOBamba ca U*24(249)

Evaluation results of discrete PMOO using U*4(24°)

TABLE 3

Freferable probability

Mo Partial

Total

Py

P

sy ma
2 P10

0.0402

0.0877 |3.5268

0.0830

0.0601 |4.9936

0.0317

0.0870 |2.7581

0.0534 [4.4250

0.0232

0.0862 [2.0018

0.0680

00587 [2.5749

1
2
s
4 |0.0745
=)
g
7

0.0147

00855 [1.2577

5 |0.0575

0.0580 [2.3340

10 |0.0430

0.0572 |2.8055

11 [0.0918

0.0287 |2.7277

12 |0.0405

D.0565 |2.2592

13 [0.0832

0.0230 [2.4146

14 [0.0320

00558 [1.7354

15 |0.0748

00283 [2.1139

16 |0.0235

00551 [1.2938

17 [0.06E63

00275 [1.8255

19 [0.0578

0.0ZE5 [1.5454

21 |D.0433

0.0261 [1.2857

23 |0.0408

0.0254 [1.0343
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Tabauna 3 — Pesyabrarst onenku Auckperoro PMOO ¢ momousio U*24(249)
Tabeaa 3 — Pesyararu eBasyanuje auckperae PMOO nomohy U*p4(24%)

Table 4 shows the evaluation results of the successive deep optimization using sequential uniform
optimization, in which c(t) = (Max P, @ _ Max P, ¥)/Max P, (-V represents the relative error of the
maximum total preferable probability of the i-th sequential step. If we assume that the preassignment of ¢®
= 2%, the successive deep optimization can be terminated in step 3. At this time, the final optimal results of
this multiobjective programming optimization problem are fiop., = 42.7625 ¥RMB, £,0,.. = 14.4 unit, while
the instant input variables of the successive deep optimization in step 3 are x; = 0.125 and x, = 14.2125,
respectively. Since this is an integer programming problem, the solution for x; and x, must be rounded to
the nearest integers, so the values of x; and x; are 0 and 14, respectively, and the optimal values of objective
functions are thus fiop. = 42 ¥RMB yuan and f,0p., = 14 unit, individually. This result is much better than
that given by Huang with a linear weighting algorithm (Huang et al, 2017).

TABLE 4
Evaluation results of sequential optimization with U*4(24°) discrete sampling

Step |Range |Instant input Optirnal Max e
variahle obijective P10’
w w 2 z
®y %y fopt. Zopt.
[a,
0 [106]X 1 12.9 39.7 144 |49938
14 4]
[0,8]x
1 [7.2, 0.5 1365 41.45 144 | 44152
14.4]
[Q, 4]
2 [?08 0.25 14.025 42 325 14.4 |4 2855 |0.0294
14.4]
[q, 2]
3 ?126 0,125 [ 14.2125 | 427625 | 14.4 [ 42034 (00191
14.4]

Tabauria 4 — PesyAbTaThl OLICHKH IIOCACAOBATEABHOM ONTUMH3ALUH C AUCKPETHOH BBIOOPKOIL U*24(249)

Tabena 4 — Pesyararn eBaAyalluje CEKBEHIIHjaAHE ONITUMH3ALIHje nomohy AHCKPETHOT y30PKOBaba U*24(249)
IT) Purchasing raw material for production

A factory needs to purchase certain raw material for production. There are two kinds of raw materials in the
market, A and B, with unit prices of 2 ¥RMB yuan / kgand 1.5 ¥RMB yuan /kg, respectively. It is required
that the total cost now should not exceed 300 ¥RMB yuan, and the raw material A should not be less than
60 kg. How to determine the best purchasing plan, spend the least money and purchase the largest amount
of raw materials? The smallest weight unit is 1 kg.

Assuming that the two raw materials, A and B, are purchased in x; and x; kg, respectively, then the total
cost is:

f1(x) = 2x1 + 1.5x2;

The total amount of the purchased raw materials is:
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Then the goal of our solution is to spend the least money to buy the most raw materials, i.e. to minimize
f1(x) while maximizing f>(x).

At the same time, it is necessary to meet the requirements that the total cost should not exceed 300 YRMB
yuan, and the raw materials A should not be less than 60 kg, so the constraint conditions are as follows:

2x1+ 1.5x2 < 300;
X1 2 60, x> >0.

Solution
Based on the above analysis, the following optimal mathematical model is given:

Min fi(x) = 2x1 + 1.5x2;
Max fo(x) = X1 + X2

s. t.

2x1+ 1.5x2 < 300;

X1 =60, x2=0.

Because this problem has two input variables x; and x,, similarly, at least 17 evenly distributed sampling
points in the working domain are needed (Zheng et al, 2022¢; Zheng et al, 2023). Here, we try to use the
uniform test table Us7(37'%) conduct the discrete sampling (Fang, 1994; Fang et al, 2018), and the results
are shown in Table 5. It can be seen from Table 5 that, due to the limitation of the constraint conditions,
18 sampling points are excluded, and, luckily, 19 sampling points are within the scope of the constraint
conditions, which meets the requirement of at least 17 uniformly distributed sampling points within the
scope of s. t. condition. In this problem, the objective function fi(x) is the unbeneficial indicator, and f,(x)
is the beneficial indicator.

Table 6 shows the evaluation results of the partial preferable probabilities of the functions f; and f; at the
discrete sampling points, Pg and Pp, respectively; P, represents the total/overall preferable probability of
each sampling point. As it can be seen from Table 6, sampling point No 2 shows the maximum value of the
total preferable probability. Therefore, around the 2nd sampling point in Table 6, sequential optimization is
adopted for successive deep optimization. Table 7 shows the evaluation results of the sequential optimization
using the uniform design table Us,(37"). Similarly, if a pre-specified value of 0.7% is set for ¢ then the
deep optimization can be terminated in step 3. At this point, the final optimal results of this multi-objective
programming optimization problem are fiop. = 298.7635 ¥RMB yuan and fr0p,.. = 179.0270 kg, while the
instant input variables of the successive deep optimization at step 3 are x; = 60.4460 kg and x, = 118.5810
kg. Similarly, since this is an integer programming problem, the solution for x1 and x2 must be rounded to
the nearest integers, so the values of x; and x, are 60 kg and 119 kg, respectively, and the optimal values of
objective functions are thus fiop. = 298.5 ¥RMB and f,0,.. = 179 kg, individually.
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TABLE 5
Results of discretization with U37(3712)

Input variable Objective
Mo Xy X 3 3 Note
1 |g1.21eZ2 (525125 |20Z27F0Z7 |114.7257
2 |65.6457 [108.6490 |290.2705 |172.2970
2 |e6.0811 [43.7828 |197.8278 [103.8643
4 |65.5135 [95.9189 |285 4054 |167 4224
5 |70.9459 |24.0541 |192.9720 105
c |72.237534 [859.15%92 |280E5405 |162 5676
7758108 (242242 |18 1081 |100.1251
8 |F8.2432 [Fe.4585 |2FLEVEY |1EF. FOZY
9 |B0EFEY (145946 |182.2422 |95 2702
10 |82 1081 (&9.7297 |270EB108 |15Z2.8B2FE
11 |85.5405 [4.854% 1782784 |90 4054
12 |B7 9720 (&0 ZEE 949 (147 9720
12 |90.4054 (1151251 E=cl.
14 |92.82783 |50.2702 |261.0811 (1431081
15 |95.2702 [105.4054 E=zcl.
16 |97.7027 |40.E5405 |2BE 2162 [138.2422
17 |100.1351 |95 .&7E7 E=ccl.
15 [102.5676 (208108 |251.2514 |12=2.23754
12 [10E5 BE. 9450 Excl.
20 |107.4224 [21.0511 |246 4865 |125.51=5
21 [105.8ed9 [FE. 2162 Excl.
2211122972 [11.2514 |241 6216|125 6456
22 1114.7257 |66 4865 E=xcl.
24 1117.1622 [1 6216 236 7EEE |118. 78235
25 |119.5946 |56. 7568 Excl.
26 1220270 (111.5919 E=zcl.
27 |124.4595 [47.0270 Excl.
ZE 1268919 (1021622 E=ccl.
29 |129.2242 [27.2973 E=cl.
30 [131.756E (92,4324 Excl.
=1 |124.1552 [27. 5676 E=cl.
32 (1266216 [B2. 7027 Excl.
=2 |1235.0541 (17 8378 E=cl.
24 |141. 4865 |72.9730 Excl.
25 [142.9189 [5.1051 200 152027
26 |146.3514 |£2.2432 Excl.
27 1457528 [118.2754 E=zcl.

Tabauna 5 — PesyabraTsl AUCKpeTH3ALUH C U37(3712)

Tabeaa S — Pesyararu Auckpertusanuje ca U37(3712)
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TABLE 6
Evaluation results of PMOO discrete sampling with Us;(37'%)

Preferable probability

Partial

=
o

Total

Py

Pp

cy 3
P10

0.0615

0.0456

Z.80539

0.0420

0.0685

2.8754

0.0626

0.0437

27344

0.0430

0.06EE

2.8664

0.0637

0.0415

Z2.6586

0.0441

0.0647

2.8533

0.0547

0.0338

2.5787

O | | L s [ D |

0.0452

0.0627

2.8360

9 |0.0858

00379

2.4945

10 [0.0463

00608

2.814%

11 [0.06E3

0.03E0

2.4061

12 |0.0474

0.0539

27887

14 [0.0485

0.05E9

2.7588

16 |0.0435

0.0550

27247

15 [0.0506

0.0531

2.6864

20 |0.0517

00511

2.6439

22 |0.0528

0.0432

2.58971

24 |0.053%9

0.0473

2.5462

35 |D.03398

00605

2.4058

Tabauna 6 — PesyabraTs! onjeHku AnckperHoit Boibopku PMOO ¢ U37(3712)

Tabena 6 — Pesyararn eBasyannje AuckperHor ysopkosara PMOO ca U37(3712)

Evaluation results of sequential optimization with Us7(37'%) discrete sampling

TABLE 7

Step |Range

Instant input

wariable

Objective

w

1

w

3

Aopt.

Faopt.

Max
. 3
Pt 10

]

(&0,
150]
* [0,
120]

53.6457

108.6430

23902703 | 1722370

2.8754

(&0,
105]x=
(60,
120]

£1.8243

114.3240

295.1351 | 176.1430

2.8481

0.00385

(&0,
82
(90,
120]

£0.8313

117.1620

297.5270 | 178.0540

28102

0.0132

[0,
71]

120]

=[105,

60,4460

118.5810

298.7635 | 173.0270

2.7308

0.0063

Tabauna 7 — PesyabTaT! OLIEHKH IIOCAEAOBATEABHOM ONTUMHU3ALIUU C AUCKPETHOM Bm6op1<oﬁ U37(3712)

Tabeaa 7 — PesyaraTu eBasyaluje CeKBEHIMjAAHE ONTUMMSALHjE IOMONY AMCKPETHOT Y30pKOBaha U37(3712)
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Di1scussioN

When solving multi - objective programming problems, the approaches employed in the previous work
of other methods include the linear weighting method (Zheng et al, 2022¢), i.e. the "additive" algorithm,
which transfers multi — objective problems into single objective ones. However, from the perspective of
the probability theory, this essentially means a "union”, and some methods even take several objectives
as constraint conditions to solve multi-objective programming problems (Zheng et al, 2022¢), which is
not realized to the intrinsic meaning of multi - objective programming problems, while probabilistic
multi-objective optimization tries to deal with simultaneous optimization of multiple objectives from the
perspective of the probability theory, which is a rational method of multi - objective optimization (Zheng
et al, 2022c). Therefore, the results obtained by other methods cannot be compared with the results of
probabilistic multi - objective optimization.

CONCLUSION

By using the combination of probabilistic multi - objective optimization, discrete sampling by means of the
good lattice points, and successive sequential optimization to solve the multi - objective integer programming
problem, we establish a reasonable scheme for solving the multi - objective programming problem. This
method properly considers simultaneous optimization of many objectives in the problem, which rationally
reflects the essence of simultaneous optimization of multiple objectives, and opens a new approach to the
relevant problem.
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