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Abstract

Introduction/purpose: Supersymmetry is a symmetry of the Lagrangian that goes beyond Lie groups. It allows the exchange of
bosons and fermions. The most important model is the Minimal Supersymmetric Standard Model, or MSSM.

Methods: Supercharge algebra, superfields, Grassmann numbers, Berezin integral.

Results: Supersymmetric transformations are global, ie., they do not depend on spacetime coordinates. In the case of
Supergravity, they are local.

Conclusion: Supersymmetric models, and MSSM in particular, could describe more physics and more particles beyond the

Standard Model.
Keywords: supersymmetry, minimal supersymmetric standard model..

Pesrome

Beepenue/neap: CymepcumMerpust — 3TO CUMMETPHS AATPAH)KHAHA, BBIXOAAIAS 3a IpeAeAbl I'pynmsr Au. DT0 mosBoasier
oOMeHMBaTbCs 0O30HaMH U PEePMHOHAMU. DOABIIMHCTBO BaKHOII MOACABIO SIBASICTCS. MHHHMAABHAs CYNCPCHMMETPUYHAS
CTaHAApTHAst MOAeAb A MSSM.

Meroapr: Aarebpa cynepsapsiaos, cynepnoast, uncaa I'paccmana, nnterpaa bepesuna.

Pesyabrarer: CynepcuMMerpuuHbie MpeobpasoBaHms TA00aABHBL, OHH HE 3aBHCAT OT KOOPAHHAT IIPOCTPAHCTBABPEMCHH. B
caydae CyneprpaBUTAIIM OHU AOKAABHBI.

Brisoasr: CynepcuMmeTpudsbie MOACAH U, B gacTHOCTH, MSSM Morau 6s1 onuceiBats Goabiue ¢pusuku. u GoAbIIE YacTHL] 32
npeaesamu CTaHAAPTHON MOACAH.

KA}O‘{CBI)IC CAOBa: CyIICpCUMMCTPH S, MUHHUMAAbBHAS CYICPCUMMCTPHYHASI CTAHAAPTHASL MOACAD.

Abstract

VBoa/unn: Cynepcumerpuja je cumerpuja AarparkuaHa Koja y OIIUCY CUMETpHja Hae Aane oA Aujeux rpyma. Cynepcumerpuja
0MoryhaBa pasMeHy 6030Ha 1 depmuoHa. HajBa)KHI/IjI/I MOAEA jé MHHUMAaAHM CyNEPCUMETPUYHH CTAaHAAPAHH MOAEA, HAH
MSSM.

Meroae: Aarebpa cynepHaboja, cyneprionsa, I'pacmanosu 6pojesu, unrerpas bepesuna.

Pesyararu: Cynepcumerpuyne tpancpopmanuje cy ra0basHe, He 3aBHCE OA MPOCTOPHO-BPEMEHCKHX KOOPAMHATA. Y CAydajy
CyTIeprpaBUTALIHj€, OHE Cy AOKAAHE.
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3akmyuak: Cynepcumerpudnu Mopean, a mocebHo MSSM, morau 6u yHampeauTtn omuc $usHKe YECTHIA y OAHOCY Ha
CTAHAAPAHH MOAEA.

Keywords: CyNepCUMETPHja, MUHMMAAHU CYTIEPCUMETPUYHHI CTAHAAPAHU MOAEA.
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Supersymmetry

Supersymmetry — or SUSY for short — is a symmetry that interchanges bosons with fermions (Gervais &
Sakita, 1971; Volkov & Akulov, 1972, 1974; Volkov & Soroka, 1973). It is one of the best candidates for
physics beyond the Standard Model, with the so—called Minimal Supersymmetric Standard Model, MSSM
for short (Fayet, 1975, 1976, 1977; Fayet & Ferrara, 1977). In this extension to the Standard Model, each
particle has its corresponding superpartner with same mass and other quantum numbers, but with
different spin by one half. For instance, the electron has a selectron, a bosonic superpartner, while photon,
Z and gluon have fermionic superpartners called photino, zino and gluino respectively. Names are assigned
in following manner: bosonic superpartners gain the s- prefix, while fermionic superpartners gain the -ino
suffix.

As we easily distinguish between bosons and fermions at current energies, this symmetry has to be
spontaneously broken. After supersymmetry breaking superpartners masses may differ.

Supersymmetry algebra

A supersymmetric transformation brings a scalar to a fermion and viceversa. The generator Q, of the
transformation, known as the supercharge, brings from the boson field ¢ to the Weyl spinor .

In order to describe supersymmetry transformation it is better to operate with Weyl spinors rather than
Dirac ones, and to change usual notation a bit. Weyl spinors Y1 g transform under Lorentz group as

Yr.r(x) = UL g(2") = AL rYLR(Z)

where the transformations Ay g are given by

(1)

1
Ap g =exp 55‘ (@ Fiv) ),

& being the three Pauli matrices

0 1 (0 —i /10
1 0/°27\; 0/) " o 41
(3)

@ the three real rotational parameters, and 7 the three real boost parameters. The transformations Ap

ag] —

"
4

and A are related by

At = AL

The four component Dirac spinor Y is written as follows:

(4)
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UL
l];(_
Yr) ’

(5)

equivalent to

= (Ve
X
(6)

Often, it is found that Weyl spinors are written starting from Dirac spinors in the following way, as
projections, see for instance (Fabiano, 2021):

1

VLR = 5(1 + v5)1 .

(7)
In this formalism we have the Weyl representation of the Dirac matrices
LL
= 0 o
— ;
a0
(8)

where 0" = (1,6%) = (6")as and 7 = (1,-0%) = (@)% = (e»)%. The matrices o* and " mix dotted and undotted
indices, that is left and right spinor indices. The dot in the notation is similar to the covariant and
contravariant — or upper and lower indices in general and special relativity. We always contract an upper
with a lower index, and we have the additional rule that only dotted or undotted indices can be contracted
together, not mixed dotted—undotted.

The generator Q,, transforms as a Weyl spinor, that means

", Qa] = —i(0") 4’ Qg .

where J*” is the generator of Lorentz group, while

©)

otV =

1
(0"7" — 0"5") , and T = £ (70" —Fo").

|

(10)
Q,, is independent from spacetime coordinates, then

P",Qa] =0.

Denoting the conjugate of Qa as Qs we have
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QY = ~i@)Q”

(12)
The conjugation of spinors works as follows: 2
— L
(V)" =7, and (va)" = "
The supersymmetry algebra is given by the anticommutator
1Qa; QB} - Q(Uﬂ)aﬁPf-ﬂ (14)

How to justify (14)? By inspection, the rhs of the expression should carry indices a and *. The simplest

object that carries those two indices is 0¥, which also carries a Lorentz index. The latter has to be

contracted with a vector index, that is PH’ the generator of translations. The factor of 2 is for
normalisation.

By the same line of reasoning we should have {Qa,Q%} = c1(0") Juu + 28, where c1 and ¢, are constants.

Commuting with P* results that ¢ 1 = 0. Since we have that Q,, = EaBQB where €9 = 1, we obtain {Q,, Qg}

= 2€,p, but because lhs is symmetric in « and B we deduce that ¢; = 0. The complete supersymmetry
algebra is therefore given by relations:

{Qa,Qg} =2(0")]P

(15)
{Qas Q{J’} =0 (16)
{Qc'm@f}} =0 17)
1
Qa, S| = 5(5“)&{8@;5’ -
_ 1_ :
Qs I = —5Q5@w)a’

Qo> Pu] =0
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[GE‘E! P,u] — 0 ' (21)

There is an immediate physical result coming from eq. (14): when contracted with @ one has

1PV = (7)°{Qar Q) -

The first component Py is the Hamiltonian, so

(22)

1M =) {Qa:Qs} = D {QaQL} =D (QuQl +QLQu) ,

X ¥

(23)
because the conjugate of Qa is @;. It is clear that # is non negative definite (the value 0 is admitted), so in
supersymmetric theory any physical state |S) has a non negative energy:

(SIH|S) = 2 33|57 |@2|8)[F > 0.
-

¥

Superspace and superfields

From the relation (14), that could be also written as

{Qm QL} — Q(Uﬂ)ﬂﬁpﬂ ’ (25)

we could construct a so-called superspace, an abstract space with both bosonic and fermionic
coordinates. The fermionic coordinates should be constructed with the aid of Grassmann numbers
(Grassmann, 1844). Those are anticommuting numbers 6; that commute with ordinary numbers x:

91‘9‘ = —9;591' . and 91‘5&' = IQI‘ . 26
It is clear that

(91')2 — () because 0;0; = —6,0; . -

and therefore any function defined on Grassmann numbers has at most a constant and a linear term:
f(6) = a+b6, where a, b are ordinary numbers. It is also easy to find out that a product of two Grassmann
numbers, that is Giej, obeys to Bose—Fermi statistics.

The integral over Grassmann functions is called Berezin integral (Berezin, 1966). It is a sort of integral
over fermionic variables, and can be determined by asking basic properties of ordinal integration like
linearity
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/df? laf(0) +bg(0)] =a /dE) f(ﬁ')-l—b/df} q(0)

(28)
translational invariance

'/dﬁf((?—i—é?") = /df}f(@) T

and partial integration formula

‘/d&? [%f{ﬂ)] =0. .

Starting from formula (29), and the fact that any function of Grassmann numbers is linear one finds out
that

/d&(a+b€+b€’) — /dﬂ(a+ bo) |

(31)

a/dt%‘-l—b/dt?ﬂ-l—bﬁ"/dﬂza/dﬂ-l—b/d(-}'ﬂ,

(32)

/dﬂ =0.
" (33)

This leads to very simple integration rules:

/w1=0,
) (34)

providing the result

and
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. (35)
the latter formula is a matter of convention for normalisation, used originally by Berezin.
Formally, the polynomials constructed by n Grassmann variables 6y,..., 6, form the Grassmann

algebra Gn. The Grassmann algebra uses the wedge product as multiplication, being anticommutative and
associative, which is similar to the more familiar cross product of two vectors. The Berezin integral on G,

is defined as a linear functional having the following properties:

doby,...,0, =1,
'Gn (36)

and

0
d‘*’a—g =
G ’ (37)

it could be shown that Berezin integral is the only possible functional with the above mentioned
properties.

0,2=1...n;

The superspace is formed from bosonic and fermionic coordinates, (=+¢..Here 6% is a two component
left handed Weyl spinor .0, 7" a two component right handed Weyl spinor @”.s"). We have a total of 4
bosonic dimensions and 4 Grassmann dimensions. This combination of ordinary coordinates x and one
couple of Weyl spinors (.7} is called N = 1 supersymmetric space.

The basic relation (14) for supersymmetry generators shows that the application of two consecutive
transformations leads to P¥, a translation in ordinary bosonic space. So we expect that operators Qo and @3

generate a translation in superspace, respectively in % and 3 Grassmann coordinates. The supercharges
are explicitly represented by

0 _ —&
Q,l — W — E(G'”)ﬂdg aM

and

o0 )

These expressions satisfy the anticommutation relation (14). Notice that the “naive” guess Q. = /36
and @; - o707 would give 0 in the anticommutator, thus not satisfying (14).

A superfield is a function defined on superspace: e@.s#). An infinitesimal supersymmetric
transformation acts on @ in the following manner
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&= 5B = i(£°Qu + £:QM)P (0

where ¢ and € are Grassmann variables. Looking at the explicit form of the supersymmetric generators in
egs. (38)-(39), we could define also another set of independent generators:

0
D, = — 500 + (ot )QQQ Oy

and

The D set is “orthogonal” to the Q set: in fact Do and D anticommute with @a and @5. So if we impose the
condition D;® = 0 because of (40) also D;#' = 0 holds true. Such superfields are called chiral superfields. An
analogy in the ordinary R? space is the following: find a function f(x, y) such that [x(9/9dy) — y(9/9x)] f(x,
y) = 0. Definingr = (x> + yz)l/ 2 any f(r) will satisfy this condition.

Now if we call v = @ +i#°(o")0:8"), which is a bosonic variable as x** and 66" are such, the application of D;

gives

0
Dﬁy” il i — 05 (a")

90"

—i:lr*”” _ zi [Qa(gu)aa‘gﬂ B iﬂﬁ(cr”)ﬁﬁaym“-F

00" 00 |
07(0") 550,0%(0")acl” =
0+ 20%(0") .5 — ’éﬁﬁ(a‘”‘)ﬁg +0=0.

(43)
A chiral superfield depends only on a two component spinor beyond the bosonic coordinate, ®@(y, ).

g0 | (2" + i0%(0")asl") =

Because of that and of Grassmann numbers properties we can form an object with at most two powers of 6,
that is 66. Upper powers of 6 vanish, so for a chiral superfield we have

®(y,0) = o(y) + V20U (y) + 00F(y) ,

where ¢ and F are complex scalar fields, ¥ a Weyl spinor. Expanding with Taylor (44) around x we
obtain
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O(y,0) = ¢(x) + V200 (x) + 00F (y)+
i00"00,,¢(x) — %90”?95”?3#31,91’)(:5) + \/593’95”?6#1,0(1:) .

(45)
The conjugate of a chiral superfield, &, will satisfy the relation

D,® =0,

(46)
and is called antichiral superfield.

The most general Lagrangian with two derivatives constructed from chiral superfields ®; is written as

L= K(®i, ®))|goge + W(Pi)lg= + W(@)‘gz j (47)

where the subscripts denote the coefficients in power expansion of 6 and . K is a real function, the Kihler
potential (Kihler, 1933), W is a holomorphic function, the superpotential. We have the relations of
integration over Grassmann coordinates

20 32 —
d20d%0 K = K|,

(48)
and

20 W = W|,.

‘ (49)
The Lagrangian (47) is renormalisable if and only if K is quadratic and W is at most a cubic function.
A standard example of a supersymmetric model is the Wess—Zumino model (Wess & Zumino, 1974),

the first known supersymmetric interacting model. It is defined as

_ 2 A\
K=30 K W="0%4+2¢3
2 3 o

where parameters m and ) are real. Plugging in the expansion of the superfield (45) we have
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2
o A
ﬁz/d29d29 o + [ d26 (m 2+ 293 | +

2
@ (75 4+ 27
2 3

obtaining

(52)

L =FF +m¢F + \¢°F — %TMJ — AU + moF + G F — %w_

Aoy + derivative terms acting on ¢ and v .

(52)
The F field can be eliminated from equation of motion which reads

oL oL oL ,

L 5 0L __9 _+ A2

oF ~ prE) ~ VT ap L tmet A0
(53)

So we obtain two equations

F:—mg—/\gg, F:—mqb—)\qbg.

(54)
Substituting this expressions for F and F into eq. (52) we eventually obtain
. ~— — . . m, —3 o —0
L= —0,00"0 + tpo" 1) — E(wz +97) — AgY? — Ay —
Imo — Ao?|? .

This is the Lagrange for <p4 theory of a massive complex scalar coupled with Yukawa interactions to a
massive two component Weyl spinor . As we have already discussed, a consequence of supersymmetry is
that the scalar and spinor masses are equal.

Supersymmetry transformations we have seen are global. When they are combined with general
relativity and become local, we have supergravity or SUGRA for short (Kihler, 1933; Volkov & Soroka,
1973; Gol'fand & Likhtman, 1971; Nath & Arnowitt, 1975; Gol'fand & Likhtman, 1989). This theory
has become less popular after meeting various shortcomings, among others having an unrealistically large
cosmological constant and gauge anomalies (Fabiano, 2022).

There are many existing supersymmetric theories. In particle physics, the MSSM has been extensively
searched for, in particular at Cern with the Large Hadron Collider - LHC - for years, without even a hint
of new observed phenomena. The lack of experimental evidence, united to the absence of indications for a
new energy scale beyond the electroweak model to search for, have ruled out some supersymmetric
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extensions to the Standard Model, and, albeit supersymmetry has not been completely excluded as a
theory, those facts are responsible for the decline towards the interest in the subject.
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