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Abstract

Introduction/purpose: The aim of this paper is to analyse the numerical methods for solving differential equations of dynamic
equilibrium in technical problems.

Methods: The paper gives an overview of the following numerical methods: the method of central difference, the method of
linear acceleration, the Newmark method, and the Wilson 6 method.

Results: Various problems in applying numerical methods in dynamics of structures have been solved.

Conclusion: It has been shown that the application of numerical methods has a fundamental importance in dynamics of
structures.

Keywords: numerical methods, method of central difference, method of linear acceleration, Newmark method, Wilson 6

method.

Pesrome

Beepenue/nean: Lleapro AQHHOI cTaTbu SBASIETCS aHAAM3 YHCACHHBIX METOAOB pelieHUs AUQQPEpEHIINAABHBIX YPABHECHHI
AMHAMHYECKOTO PABHOBECHS B TEXHHYCCKUX 33AaYaX.

Meroasr: B crarse npusescH o630p YHCACHHBIX METOAOB: METOA LIEHTPAABHBIX PA3HOCTEH, METOA AMHEHHOTO YCKOPEHHS, METOA,
Hrromapka n 6 - merop Buabscona.

PC3yAbTaTbIZ PCHICHI)I Pa3AI/I‘IHbIe 3apavYn HPI/IMCHCHI/IH YUCACHHBIX METOAOB B AMHAMUKC COOPy}KCHI/II‘;I.

BI)IBOAI)I: PCsyAbTaTI)I HCCACAOBAHUA IMTOKA3aAH, YTO HPI/IMCHeHI/IC YUCACHHBIX MCTOAOB HMECT KAIOYECBOC 3HAYCHHUC B AMHAMUKEC
COOPY)KEHHI.

KAroueBbie cAOBa: unCcAEHHBIE METOABL, METOA IIEHTPAABHBIX PASHOCTEEL, METOA AHHEIHHOTO yckopenus, Meroa Hpromapka, 6

-MeTop Buabcona.

Abstract

VBoa/tma: Y pasy ¢y aHAAMSHpPAaHE HyMEPHUYKE METOAE PElIaBamba AMPEPCHIIMjAAHHX jEAHAYMHA AMHAMUYKE PABHOTEXE Y
TEXHUYKUM NPObACMUMA.

Meroae: IpeacraBmene cy HyMepHYKE METOAE: METOAA LICHTPAAHUX AUEPEHIINja, METOAA AUHeapHOTr yopsama, Fbymaprosa
MeToAa ¥ Buaconosa B-meTopa.

Pesyararu: Pemenu cy pasanauru HPO6ACMI/I KOjH C€ jaB»ajy IIPU NPUMEHH HYMEPUYKUX METOAA Y AMHAMHUIIM KOHCTPYKIIHja.
Baxmyduak: [ToxasaHo je Aa mpuMeHAa HYMEPUUKHUX METOAA HMa GpYHAAMEHTAAAH 3HAYA] Y AUHAMHIIM KOHCTPYKIIHja.
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Introduction

Numerical methods have played a very significant role in the development of technical sciences. Today,
these methods, above all, have great importance and wide application in engineering (e.g. in mechanical
and civil engineering). They represent one approach to solving problems in higher mathematics with the
help of computers. The main advantage of numerical methods is that the solution can be obtained even in
cases where it is not possible to obtain an analytical solution. Numerical methods provide solutions that
are always approximations, but mostly accurate enough from the aspect of engineering accuracy.

Numerical methods are processed in numerous papers and books, see (Hoffman, 2001; Rao, 2001;
Wilson, 2001; Bathe, 2014; Subbaraj & Dokainish, 1989; Newmark, 1959; Noh & Bathe, 2019; Jin et al,
2004; Liu et al, 2018). Wilson in the ref. (2001) investigated dynamics of structures using numerical
integration. The paper of Liu et al. (2018) gives an improvement of the Wilson-6 and Newmark-$
methods for quasi-periodic solutions of nonlinear dynamical systems.

Various problems are solved by numerical methods (e.g. solving large systems of linear equations, solving
systems of nonlinear equations, solving all types of partial differential equations, solving eigenvalues and
eigenvectors, etc.).

In this paper, the emphasis is placed on applying numerical methods in dynamics of structures. Using
numerical methods, it is possible to obtain the dynamic response of a structure excited due to various
influences. Depending on the specific problem, excitation can be given in the form of mathematical
functions or deterministic (very complex problems). Dynamic responses of structures include the
following dynamic parameters: dynamic internal forces, dynamic strains, modal parameters, dynamic
displacements, dynamic velocities, dynamic accelerations, and others. Problems from dynamics of
structures have been solved by numerical methods in numerous papers, e.g. (Wu, 2008; Bamer et al, 2021;
Esen, 2017; Tapia Andrade & Torres Berni, 2021).

Numerical methods

Many numerical methods for analysis, simulation and design of engineering processes and systems are
described in (Hofman, 2001; Rao, 2001).

Equations of oscillation of a dynamic system in a closed form can only be solved in the case of linear
systems and under the action of simpler forms of load which can be formulated analytically. For more
complex loads which are defined as a discrete function (e.g. moving load, seismic load, and others), it is
necessary to use numerical methods even in the analysis of simpler linear systems. The inclusion of
nonlinearity is achieved by numerical approximation. Numerical solutions, in principle, are based on
iterative methods. The most famous iterative method is Runge-Kutta.

To determine the dynamic response of a structure excited by various influences, it is necessary to solve a
system of differential equations:

[M]{0} +[C){ U} +[K]{U} = {P(p)}. )

In Eq. (1), the notations [M], [C] and [K] are the matrices of consistent mass, damping and stiffness of
the system. The notations {U}, {/} and {U} are the acceleration, velocity and displacement vectors of the
system. The notation {P(t)} represents the vector of external forces in the nodes of the system. For more
information on structural dynamics, see (Dhatt & Touzot, 1984; Wilson, 2001; Clough & Penzien,
2015).

There are various methods for numerically determining dynamic responses of structures. In this paper,
the emphasis is placed on direct integral numerical methods. To solve the problem of a dynamic response
of structures, the following four direct integral methods will be presented:
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- method of central difference,

- method of linear acceleration,

- Newmark method, and

- Wilson 6 method.

The first two methods are explicit while the second two methods are implicit. Explicit methods
generally require a small time step At, but their solution does not require a relatively long time. On the
other hand, implicit methods allow a relatively large time step At, but their solution requires a much longer
time. It is important to choose the appropriate time step At. It affects the stability and accuracy of the
solution, but also the total calculation time. Too large a step can lead to inaccurate results and an unstable
response of the structure. On the other hand, too small a step can result in an unnecessarily long time to
solve the problem.

Method of central difference

The central differential method is used in systems with fast and short-term oscillations and impulse
loads. It is based on the approximation of differential expressions by difference. It is conditionally stable. It
is excellent for small At, while it is unstable for large At. In order to obtain results of satisfactory accuracy,
the time interval must be chosen so that it is small enough, i.e. At<T, /7 (e.g. At=0.1T},), where T, is the
oscillationperiod of the structure that coincides with the largest oscillation mode.More details on this
method are given in (Jin et al, 2004; Wilson, 2001).The main steps of the central difference method are
shown in Algorithm 1:

lﬂdganlhm 1 - Method of central difference
; cie, = ku
1 jig = Pa )
m
2: Select Az
RN (1)
3 H_y = gy — Mgy + ~ iy
4 k = — =} -
(Ar) 2A
5 a= — - 1_’L
(ar) 2
2m
f: h = ﬂ 3
(A¢)
7: p, = p, —au,_, —bu,
B:m,,, =u, + Ay, 0, =u,+Auw, U, =i+ A,

Method of linear acceleration

The linear acceleration method is one of the most well-known stepby-step integration methods. This
method gives excellent results with relatively little effort in computation. Its main characteristics are: the
acceleration changes linearly during the interval, the damping and stiffness coefficients of the system
remain constant during the time interval, the accuracy of the method depends on the size of the selected
time step, and sudden changes of the stiffness and damping function must be taken into account. It is very
good for small At, while it is unstable for large At. A detailed description of this method is given in (Bathe,
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2014; Wilson, 2001). The procedure of the linear acceleration method is shown in the form of Algorithm
2:

Algorithm 2 - Method of linear acceleration

L2 4, _ Po U, — U —ctl, —ku
n
2: Select At
3: Ap, = Ap, +aui, +bii,
4 f=gsdm 20
Arc At
. Ap;
A=
2

6: M{ =IM: _ZHE
t

7: Aii; = 4 (Au; — Ani; ) - 2i;

(ar)

8w, =u +Au, u , =i+, i =i +Al

Newmark method

The Newmark method of direct integrations is a special case of the linear acceleration method. It is the
most well-known implicit method for solving the dynamic equilibrium equation, which involves the
choice of two parameters. It is used in systems with fast and short-term oscillations. Newmark established
this method in 1959 (Newmark, 1959). In this method, the parameters B and 7y are introduced, defining
the change of acceleration over a time interval, the stability and accuracy of the method. The method is
unconditionally stable. The time step At is chosen more for accuracy than for stability, if the condition y
> 0.5and B > 0.25(y+05)% The negative characteristic of this method is reflected in the numerical
extension of the period. It is described in more detail in (Bathe, 2014; Newmark, 1959; Jin et al, 2004; Liu
et al, 2018; Wilson, 2001; Anahory Simoes et al, 2023; Karimi et al, 2018; Hassan, 2019). Solving system
oscillation equations using the Newmark method by direct integration is shown by Algorithm 3.
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Algorithm 3 - Newmark method

I: i, = Po =S~k
m
2: Select Ar
3 h=ks— =+ r
plny A
4: .r1'=i+E
par B
m

5 b= v at] L —1]c
28 28
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k

8 Aii, = —— Au, — L, +m[i - I]u
T 25

9 Aif, = —— Au, ~——it, ~ i
Bl(At) ap o 28

10: 2, =0, + Auy, 1ty =+ Ay, 1, = U + A,

Wilson 6 method

The Wilson 6 method is applied to slowly oscillating systems. The time interval is defined by the
condition 0 £T < 6.At. The accuracy of the method depends on lengthening the period and decreasing
the amplitude. The method is unconditionally stable if the extended time step meets the condition 6 >
1.37 (customary: 8=1.4). In this case, there is a very slight extension of the period and a slight decrease of
the amplitude. It is used in systems with slow oscillations. The negative characteristics of this method are
the extension of the period and damping. It is described in detail, see (Liu et al, 2018; Wilson, 2001;
Mohammadzadeh et al, 2017). In this paper, the Wilson 6 method is briefly described in Algorithm 4.
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Algorithm 4 - Wilson & method
1: miy, = p, —cu, —ku
2: Select Ari ¢
6m 3c
=+
8(Ar)” OAt

4: "'I—“!ta:' = Pin +(p{+2 — Pixl )(9_1)_1‘{}1
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5: M, =p+m| —u, +3u, |+C| 3u, + —u;
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GAr

: .. 1.
10: Au, = i1, At +Euim2 +Eﬁ“‘mz

11: Wi = +Aug, 1, = u; + A,
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Examples of codes in structural dynamics

There are several programming environments designed to perform complex mathematical operations.
On the one hand, programming is done in different programming languages (e.g. Fortran, C, C++, C#,
Java, and others). On the other hand, ready-made software packages (e.g. Mathematica, Matlab, Mathcad,
and others) can be used. The author of this paper selected Wolfram Mathematica for solving the problem
of dynamic behaviour of complex structures. Mathematica is a software package that shapes a fully
integrated computing and communication environment. It is based on symbolic problem solving. It
handles both complex analytical expressions and purely numerical values equally well. For more detail on
Mathematica, see (Wolfram, 2003).

In the continuation of this paper, some examples of the numerical determination of dynamic parameters
of real structures are illustrated, using programs written in the Mathematica software package. The author
compiled and solved all the examples. The examples are given in order, from simple problems to complex
ones.

Example problem 1

The sketch and the discrete model of the single-degree system (SDOF) of a bridge crane are shown in
Figure 1.

Given: m=4485 kg L=9.2 m, I=4.6 m, I=0.00264 m*, E=2.1-10"" N/m?, ty = 0 5, yy=-0.06 m, y’y=0
m/s,and T=2s.

Find: Response of free undamped oscillations of the crane's main girder.
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[ Main

] g ) girder o
a)

S

X b)

Figure 1

a) Sketch of the bridge crane, b) Model with the concentrated mass of the bridge crane
Puc. 1 - a) Dckus mocroBoro kpana, 6) MoaeAb MOCTOBOTO KpaHa C COCPEAOTOYEHHBIMHU HAIPY3KaMH
Cauxka 1 - a) Cxuia MocHe Au3aAHIIE, 6) MOAEA Ca KOHIIEHTPHUCAHOM MACOM MOCHE AU3AAHIIE

Solution:

The computer code "RV-program_1" for solving free undamped oscillations of the main girder of the
bridge crane was written in the program package (language) Mathematica based on the Newmark method.

(*Input data*)

P[t_]:=0

m=4485;k=7.32x1076;t0=0;q={-0.06};dq={0}; T=2;

(*Initialisation*)

ddg=LinearSolve[m,P[t0]-k.q];

Print["t=",t0,",q=",q,",dq=",dq,".ddq=",ddq]

Dt=0.01;

ut={t0};u={q};du={dq};ddu={ddq};

(*Loops*)

Do[DP=P[t+Dt]-P[t];

DPhat=DP+m.(4 dq/Dt+2 ddq);
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khat=k+4 m/dt"2;

Dg=LinearSolve[khat,DPhat];

dDqg=2 Dq/Dt-2 qd;

ddDq=4(Dg-Dt dg-dt"2 ddq/2)/Dt"2;

q=q9+Dg;

dg=dq+dDg;

ddq=ddq+ddDg;

ut=Append[ut,t];u=Append[u,q];
du=Append[du,dq];ddu=Append[ddu,ddq];
(*Print["t=",t,".q=",q,".dq=",dq,",ddq=",ddq]*).{t,c0+ D¢, T,Dt}]
Print["Total node:",n=Length[u]]

Print["ut=",ut,",u=",u]

(*Plot *)

ListPlot[{ Table[{ut[[i]],u[[i]]},{i,n}]},PlotStyle>{ Thickness[0.005],{Blue}}},
Frame>True,FrameLabel>{"t(s)","qdin(m)"},GridLines> Automatic,
Joined->True]

The displacement diagram of free undamped oscillations of the crane main girder is shown in Figure 2.

0.08
0.06
0.04 |-
0.02 ] ’
E
=0
-El
= I |
-0.02 |
-0.04 |
-0.06
—0.08 L | | | |
0 0.25 0.5 0.75 1
t (s)
Figure 2
Response — displacement of the middle of the bridge
Puc. 2 — OtBer - cMeleHUE CCPEAUHBI MOCTA
Canxka 2 — OATOBOpP — HOMEparbe CPeAUHE MOCTA
Example problem 2

The sketch of the physical representation and the discrete model of the two-degree of freedom (2-
DOF') system of a twin winch bridge crane are shown in Figure 3.

Given: m;=10000 kg, m»=10000 kg, L=16 m, a=3 m, c=9 m, I=0.00065 m®, E=2.1-10" N/m?, ty=0,
y10=-0.0453 m, y59=-0.0582 m, y’10=0 m/s, y’29=0 m/s,and T=2s.
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Find: Eigenfrequencies and the response of free undamped oscillations of the crane main girder.

Main
] I girder

a)
my

!

a
Figure 3

X
a) Sketch of a bridge crane with two winches, b) Model with the concentrated masses of the carrying structure of the
bridge crane
Puc. 3 — a) DcKu3 MOCTOBOTO KpaHa ¢ AByMst acbeakamu, 6) MoaeAb ¢ cOcpeAOTOYCHHBIMH HAIPy3KaM1 HecyIell KOHCTPYKLIHH
MOCTOBOTIO KpaHa
Canxka 3 — a) Ckulja MOCHE AMBaAHIIC Ca ABA BUTAQ, 6) MOAEA ca KOHIICHTPUCAHUM MacaMa Hocehe KoHCTpyKuuje MocHe
AW3AAUIIE

>0

L

b)

Solution:
The code "RV-program_2" for calculating the frequencies and periods of oscillations and for

determining free damped oscillations of the main girder of a bridge crane with two winches was written in
the Mathematica program package based on the Wilson 6 method.

(*Input data 1*)

P[t_]:={0,0}

M={{10000,0},{0,10000}};C={{0,0},{0,0}};K=1076{{3.64,-1.16667},

(-1.16667,1.12346}};

(*I - Frequencies and periods oscillation*)

ev=Sort[Eigenvalues[{K,M}]];

w=Sqrt[{ev}];w=w[[1]];n=2;
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f=Table[w([[i]]/(2*\[Pi]).{i.n}];
T=Table[(2"\[Pi])/wl[i]].{in}];

Print["cfreq=",w," cfreq=",f,",period=",T]

(*II - Response - displacements, speeds and accelerations®)
(*Input data 2*)
£0=0;q={-0.0453,-0.0582}:4’10={0,0}; T=2;
(*Initialisation*)

ddq—LinearSolve[M P[t0]-K.q];
Print["t=",t0,",q=",q,",dq=",dq,",ddq=",ddq]

Dt =0.01;6=1.4D7=6 D¢;
ut={t0};u={q};du={dq};ddu={ddq};

(*Loops*)

Do[DP=P[t+Dt]+(P[t+2 Dt]-P[t+Dt])(6—1)—P[t];
DPhat=DP+M.(6 dg/D1+3 ddq)+C.(3 dg+Drt ddq/2);Khat=K+6 M/Dt*2+3 C/Dr;
Dg=LinearSolve[Khat,DPhat];

Dddq=(6 Dq/D1*2—-6 dq/D1-3 ddq)/6;

dDg=ddq Dt+Dddq Dt/2;

Dq=dq Dt+ddq Dt*2/2+Dddq Dt"2/6;

q=q+Dg;

dg=dq+Ddg;

ddg=LinearSolve[M,P[t]-C.dg—K.q];
ut=Append[ut,t];u=Append[u,q];
du=Append[du,dq];ddu=Append[ddu,ddq];
(*Print["t="t,",.q=",q,".dq=",dq,",.ddq=",ddq]*),{t,t0+ D¢, T,Dt}]
Print["Total node:",n=Length[u]]
Print["ut=",ut,",u=",u]

ul=u[[AlL1]];u2=u[[AlL2]];dul=du[[AlL1]];du2=du[[All2]];ddul=ddu[[AlL1]];ddu2=ddu[[All2]]

(*Plot*)

ListPlot[{Table[{ut[[i]],ul[[i]]}.{i,n}], Table[{ut[[i]],u2[[i]]}.{i,n}]},

PlotStyle->{{Thickness[0.005],Darker[Green]},{Dashed,Darker[Blue]}},

Frame->True,FrameLabel->{"t(s)","qdin(m)"},GridLines-> Automatic,

Joined->True]

First, natural oscillation frequencies and oscillation periods of the crane main girder carrier were
obtained: f=(1.30, 3.20) Hz; T=(0.77,0.31) s

The results of the execution of the program in the form of a diagram of the functions of the free
undamped displacement of the crane's main girder, at the locations of the trolleys, are shown in Figure 4.
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Figure 4
Response - displacements in the locations of the trolley
PI/IC. 4 el OTBCT - CMCIICHHUA B MECTax PaCHOAO}KCHI/IX TEACKKHU
Cauxa 4 — OAroBOp — HoMepara Ha MECTUMA KOAHLIA
Example problem 3

The physical representation and the discrete model with the single degree of freedom (SDOF') of the
steel water tank are shown in Figure 5.
Given: m=15000 kg, k=181(° N/m, ¢=20000 Ns/m; H=8 m, ty =0s, T=1 s, and P(t) - (sce Figure 6).

Find: Determine the response of the vertical carrying column of the tank due to the action of the impact

force P(t).
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a) b)

m

H
H

Figure 5

a) Sketch of a steel water tank, b) Discrete model of a steel water tank - SDOF
Puc. 5 — a) DcKH3 CTAABHOTO Pe3epByapa AAsl BOADL, 6) AMCKPETHAst MOAEAB CTAABHOTO pesepByapa Asst Boasl - SDOF

Cauxka 5 — a) CKHlIja 4eAMYHOT BOACHOT pe3epBoapa, 6) AUCKPETHH MOAEA YEAUHOT BOAEHOT peseppoapa - SDOF
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Figure 6
Diagram of the change of the impact load in time
Puc. 6 — I'paduk u3MeHeHUs YAAPHOIT HATPY3KU BO BPEMEHH
Cauka 6 — Aujarpam npomene yaapHor onrtepehema y Bpemeny
Solution:

The code "RV-program_3" for solving the problem of oscillations of the vertical column of the tank
excited by the impact force was written in the Mathematica programming language based on the Newmark
method.

(*Input data*)

P[e ]:=If[t<=0.05,5x10A5t/0.05,If[t<=0.1,0.15x 10A5/0.05-5x 1075 £/0.05,0]]

m=15000;c=20000;k=18x 10°6;t0=0;q={0}:dq={0}; T=0.5;

(*Initialisation*)

ddq=LinearSolve[m,P[t0]-k.q];

Print["t="0,",q=",q,",dq=",dq,",ddq=",ddq]

Dt=0.01;

ut={t0};u={q};du={dq};ddu={ddq};

(*Loops*)

Do[DP=P[t+Dt]-P[t];

DPhat=DP+m.(4 dq/Dt+2 ddq);

khat=k+4 m/Dt"2;

Dg=LinearSolve[khat,DPhat];

Ddq=2 Dq/Dt-2 qd;

Dddq=4(Dg-Dt dg-Dt"2 ddq/2)/Dt"2;

q=q+Dg;

dg=dq+Ddg;

ddq=ddq+Dddg;

ut=Append[ut,t];u=Append[u,q];du=Append[du,dq];ddu=

Append[ddu,ddq];
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(*Print["t=",t,".q=",q,".dq=",dq,",ddq=",ddq]*).{t,t0+ D¢, T,Dt}]

Print["Total node:",n=Length[u]]

Print["ut=",ut,",u=",u]

(*Plot*)

ListPlot[{Table[{ut[[i]],u[[i]]}.{i,n}]},PlotStyle>{ Thickness[0.005],{Blue}}},Frame->True,FrameLabel-
>{"t(s)","qdin(m)"},GridLines-> Automatic,Joined->True]

The results in the form of a displacement diagram at the place of the concentrated mass are shown in

Figure 7.
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Response - displacement at the tank place
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Example problem 4

The physical description and the finite element model of the cight degree of freedom (8-DOF')

overhead crane system are shown in Figure 8.

Given: m=8000 kg; L=16 m, I=2 m, A=0.0174 m?°, 1=0.001723 m*, E=2.1-10"" N/m?, p =7850 kg/
s tg=0s,and T=10s.

Find: Determine the response of the main girder of the bridge crane excited by the moving of the trolley.
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a) Sketch of a bridge crane, b) Finite element model with the moving load of a bridge crane
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Solution:

The code "RV-program_4" for solving the problem of the moving load of the bridge crane was
programmed in the Mathematica programming language based on the Newmark method. Due to the
scope of the program, a 6-step procedure is provided:

(i) Calculation of the stiffness [K] and inertia [M] matrices of the finite element model of the bridge
crane;

(ii) Calculation of the eigenfrequencies of the FE model of the considered crane, using the algebraic
equation det(K-w?M)=0;

(iii) Calculation of the global position of the moving load x,,(t) in relation to the left end position of the
main girder in the time step;

(iv) Dividing the total time domain T into n steps so that the corresponding time interval At is
obtained;
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(v) Calculation of the external force vector {P(t)} as a function of time t of the finite element model of
the bridge crane; and

(vi) Solving equation (1) for the finite element model of the bridge crane for each time step n (n takes
values from 1 to p).

In equation (1), the influence of structural damping is excluded. The code was programmed in
Mathematica software based on the Newmark numerical method (Bathe, 2014).

The result in the form of a diagram of the displacement of node 5 of the main girder of the bridge crane
during the moving of the trolley from the end left position to the middle of the bridge is shown in Figure 9.
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Response — displacement, node 5 - 95dyn
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Examples of problems in references

The dynamics of carrying structures of portal cranes using the Newmark numerical method was solved
in papers (Vasiljevi¢ et al, 2016; Vasiljevic, 2020).

Conclusion

In this paper, four numerical methods with their algorithms and examples of their application in
structural dynamics are briefly described. Critical comments were made on the possibilities of applying
numerical methods in dynamics of structures.

Through some examples of real mechanical constructions, it is shown how to choose the size of the time
step. The emphasis in practical examples is placed on the Newmark method and the Wilson 6 method.

The importance of the paper is reflected in the importance of making regular decisions on choosing the
most adequate numerical method in a specific situation. The paper can be useful to engineers-designers
and researchers who deal with the problems of structural dynamics.
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