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Abstract

Introduction/purpose: The temperature of a vertex of a graph of the order n is defined as d/(n-d), where d is the vertex degree.
The temperature variant of the Sombor index is investigated and several of its properties established.

Methods: Combinatorial graph theory is applied.

Results: Extremal values and bounds for the temperature Sombor index are obtained.

Conclusion: The paper contributes to the theory of Sombor-index-like graph invariants.

Keywords: temperature (of vertex), temperature vertex-degree-based graph invariant, Sombor index, temperature Sombor

index.

Pesrome

Bseaenue/neap: Temneparypa Bepumnbt rpada mopsiaka n onpeaeasiercst kak d/(n-d), B xotopom d mpeacraBasier cremenb
BepmuHbL. MccaepoBan TemnepatypHblil BapuanT nHAckca CoM6opa M AOKa3aHbl HEKOTOPBIE €IO CBOHCTBA.

Meroant: B pAarHOII cTaThe mpuMeHseTcs KOMOUHATOpHAS Teopust rpadoB.

Pesyabratol: B pesyabTate nccaeaoBaHUs OBIAM MOAYYCHBI IIPEACABHbBIC 3HAYCHHUS TeMmepaTypHoro uHackca Combopa u ero
BCPXHI/IC N HUJKHUEC HPCACABI.

BriBoABI: AaHHOE HCCACAOBAHMS BHOCUT BKAAA B TCOPHIO HHBAPHAHTOB IpadoB cOMEOPCKOTO THIA.

KAroueBbie cAOBa: temmeparypa (BepiimHbl), TeMIEpATYpHBIE HHBApPUAHT Tpada, OCHOBAHHBIH HA CTENEHH BEPIIHHBI,

unpexc Combopa, Temneparypusii naaexkc Combop.

Abstract

YBoa/unns: Temmeparypa uBopa y rpady pepaa n aepuHmcaHA je Kao d/(n-d), rae je d crenen usopa. Mcrpaxusana je
TEMIICPaTypCKa BapHjaHTa cCOMOOPCKOT MHACKCA U AOKA3aHE Cy HEKE BheHe 0cobnHE.

Meroae: ITpumerena je kombunatopHa Teopuja rpadosa.

Pesyatatn: Oapeljene cy excrpemue BpeAHOCTH 32 TeMIepaTypcKu cOMOOPCKH HHACKC, U Hal)eHe AOe 1 TOpHE IpaHHuLIe.
3akmyuak: Pap poonpunoctu reopuju rpadOBCKUX HHBAPUjAHTH COMOOPCKOT THITA.

Keywords: TeMneparypa (4Bopa), IpadoBCcKa HHBAPHjaHTa 3aBUCHA OA, CTCIICHA YBOPOBA, COMOOPCKH HHACKC, TEMIICPATyPCKH

coMbOPCKU HHAEK.
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Introduction

In this paper, we examine a class of vertex-degree-based (VDB) graph invariants. Let G be a simple graph
with n vertices and m edges. Let V(G) and E(G) be its vertex and edge sets, respectively. Then |V(G)|=n
and |E(G)|=m. The edge of the graph G, connecting the vertices u and v, will be denoted by uv. The degree

d, of the vertex u is the number of its first neighbors.
The graph in which any two vertices are adjacent is said to be complete and is denoted by Kj,. It has

m=n(n-1)/2 edges. Its complement, denoted by £,, is the edgeless graph, with m=0.
For additional details of graph theory, see (Harary, 1969; Bondy & Murty, 1976).
In the recent mathematical and chemical literature, a large number of graph invariants of the form

TI=TIG)="Y f(d,d,)
uvell ( G) (1)
are studied, where f is a pertinently chosen function with the property f(x,y)=f(y,x); for details, see
(Gutman, 2023) and the references cited therein. The quantities defined via Eq. (1) are usually referred to

as vertexdegree-based (VDB) graph invariants. Of these, one of the oldest is the first Zagreb index
(Gutman & Trinajsti¢, 1972; Gutman & Das, 2004):

M,=M,(G)= ) (d,+d,)
uveE ()

whereas one of the most recent ones is the Sombor index (Gutman, 2021; Liu et al, 2022):

SO=S0(G)= " \d>+d} .
ueE(G)

According to Fajtlowicz (Fajtlowicz, 1988), the temperature of the vertex u of a graph with n vertices is

defined as

ZL - d!i
“ n—d
n I (2)

where one should recall that in the case of n-vertex graphs, 0<d, <n-1.
Directly from this definition, it follows that

2_m£ Z t <2m .
n

uel (G)
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The equality on the left-hand side holds if G=X,, whereas the righthand side equality holds if either G=X,
or G=K,,

In Eq. (1), by replacing the vertex degrees with vertex temperatures, one obtains the respective
temperature VDB graph invatiants, namely:

TTI =TTI(G)= > f(t,.1,).
uvek ()

Such are the temperature first Zagreb index

™M, =TM (G)= > (1,+1)
uve E(G)

and the temperature Sombor index

ISO=TSO(G)= Y i} +t
uveE(G)

Several other temperature VDB graph invariants were studied in the literature (Narayankar et al, 2018;

Kahsay et al, 2018; Kulli, 2019a; Kulli, 2019b; Kulli, 2021).
The temperature Sombor index was first considered by Kulli (Kulli, 2022). In this paper, we establish a

few more of its properties.

Preparation: temperature first Zagreb index

Bearing in mind that for all vertices of any n-vertex graph, 4, <n-1, directly from Eq. (2), we obtain:

Substitutingthis into Eq. (3) yields

| SR +
—TM Z Z k3( +dvk)=z k+3 Z dﬂkl

uveE (G) k=1 n k=1 \ N uel (G)

where we used the identity (Gutman, 2015)
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>, [g)+gW]= ) d,gW)
uveE(G) uel (G)
which holds for any quantity g determined by the vertex u. Note that TM had to be be divided by n’

because the maximum possible value of % 4" "=

In connection with formula (4), one should note that for k=1 and k=2, the term .Z*" is equal to the
well-known and much studied VDB invariants — the first Zagreb index M) and the so-called forgotten
index F (Furtula & Gutman, 2015), respectively. The same term for k=3 and k=4 coincides with the VBD
invariants Y and S, recently introduced in (Alameri et al, 2020) and (Nagarajan et al, 2021), respectively.
Therefore, m=%+#, which is an approximation that would satisfy all practical applications of the
temperature first Zagreb index. A somewhat better, yet more perplexed approximation would be

v el L
R

On the temperature Sombor index
It is evident from Eq. (2) that the temperature of a vertex is a monotonously increasing function of the

respective vertex degree. Therefore, by deleting an adge e € E(G) from the graph G, some of its vertex
temperatures must decrease, and no vertex temperature will increase. This implies,

ISO(G -e)<TSO(G).

From relation (5), we immediately conclude the following:

(5)

(1) The complete graph and its complement have the maximum and minimum temperature Sombor
indices, i.e.,

0=TSO(K, )< TSO(G) < TSO(K,) = L=,

\?2
(2) The connected graph with the minimum value of 750 must be a tree.
(3) Based on a general result for VDB graph invariants (Cruz & Rada, 2019), the trees with the
maximum and minimum temperature Sombor indices are the star and the path, respectively.
In what follows, we use the well-known inequality

€

J2

valid for a,b= 0, with the left-hand side equality if a=b, and the right-hand side inequality in the
irrelevant case a=b=0. Applying it to TSO, we get

(a+b)<a>+b> <a+b
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% Z (t, +1,) <TSO(G) < Z (¢, +1,)

uveE(G) uveE ()

L v (6) < TS0(G) < TM (G

N2

With the left-hand side equality if and only if the graph G is regular, i.c., if all its vertices have mutually
equal degrees.
Bearing in mind Eq. (4), we get

k=1

, (1 .
2;( k+3 Iz{;}dkl] —TSO(G)<Z[ k+3 z duk l]-

(6)

From (6), we immediately obtain the following lower bounds for 7SO.

TSO(G) > \/_(1 M (G)+LF (G)]

or, better, but more complicated,

(7)

TSO(G) > M (G)+ —F(G)+—Y(G)+—S(G)J.

The equality in (7) and (8) holds if G=X,.
In order to get an upper bound for 75O, we modify the right-hand side of (6) as

(8)

ISO(G) < lMl(G)+i2F(G) n ZL&(” _l)kﬂ
n n k=3 1

from which it follows
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TSO(G) < L M (G)+ -
n

n’ n

F(G)+(n—1)2[l—%—"§1].
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KOMMEHTAPHH PEAKOAAETHH: Asrop pannoii crateu MBan I'yrman sBasteTcs AeiicTByromum
YACHOM PEAKOAACTUH KypHaAa «BoeHHO-TexHnueckuil BectHUK». [Toaromy peakoaaerus nposeaa 6oace
OTKpBITOE U DOACE CTPOTOE ABOMHOE CACIIOE PELICH3HPOBAHHE. PEAKOAACTUS IIPUAOKHAA AOTIOAHUTEABHbIE
YCHAUSL AASL TOTO 9TOOBI COXPAHHUTD LIEAOCTHOCTb PELICH3UPOBAHUS U CBECTH K MHHUMYMY IIPEAB3STOCTD,
BCACACTBHE 4E€IO BTOPOH PEAAKTOP-COTPYAHHK YIPABASA IPOLECCOM PELECH3UPOBAHUS HE3aBUCUMO OT
PEAAKTOpa-aBTOpa, TAKUM 00pasoM MPOLIECC PeLieH3UPOBaHHs ObIA A0COAIOTHO po3padHbIM. Peakoaserus
BO H30exkaHHe KOHPAUKTA HHTEPECOB I103200THAACH O TOM, YTOOBI PELICH3CHT HE y3HAA KTO SIBASICTCS
aBTOPOM CTaTbH.

PEAAKIJH]CKH KOMEHTAP: Ayrop oBor uaanka Vsan I'yrman je axryeann uyaan Ypehusauxor
0A60pa Bojuorexnuukor raacHuxa. 36o0r Tora j€ YPEAHHUIITBO CIPOBEAO TPAHCIAPEHTHHUjU U PUTOPO3HU]JU
ABOCTPYKOCACIIH IPOLIEC PELCH3Hje. Y AOKHAO j¢ AOAATHH HAIOP A OAPXKU HHTEIPUTET pelieH3Hje U
HEOOjEeKTUBHOCT CBEAC HA HajMamy MOIyhy Mepy Tako IUTO je APYIH yPEAHHK CApaAHUK BOAHO IIPOLICAYPY
pCLICH3Mje HE3aBUCHO OA YPEAHHKA ayTopa, IIPU YeMy je Taj Ipouec OHO alCOAYTHO TPAaHCIIAPEHTAH.
YpeAHUIITBO je TOceOHO BOAMAO padyHa AQ PELICH3CHT HE IIPEMO3HA KO je HAIIUCAO PaA U Aa He Aohe Ao
KOHPAUKTA HHTEpECa.
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