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Abstract

Introduction/purpose: The paper presents the theory and the design issues of a transceiver for a discrete-time cosine pulse
transmission. The operation of the transceiver and all signals are analyzed in both time and frequency domains.

Methods: The detailed theoretical models of the transmitter and the receiver are presented based on their block schematics
expressed in terms of mathematical operators. The transceiver blocks are simulated and the results of their simulation are
presented and compared with the theoretical results.

Results: Discrete-time signals at the input and the output of each transceiver block are derived in the mathematical form and
presented in the time and frequency domain. A transceiver simulator is developed in Matlab. The simulation results confirmed
the theoretical findings.

Conclusion: The results of this work contribute to the theoretical modeling and design of modern transceivers that can be used
for discrete-time cosine pulse transmission.

Keywords: transceiver design, discrete cosine pulse, pulse transceiver, transceiver mathematical modeling, filtering,

transceiver simulation.

Pesrome

Beepenue/near: B pamHON cTatbe OOCYXKAQIOTCS BOIPOCHI TCOPUM M paspabOTKH IIPUEMOICPEAATIMKA AAS IEPEAAIH
KOCHHYCOMAAABHBIX UMITyABCOB B AMCKPETHOM BpeMeHH. PafoTa mpueMonepeAaTdnKa U BCe CUTHAABI aHAAMBUPYIOTCS KAk BO
BPEMCHHOM, TaK M B 4aCTOTHOH 06AACTSX.

Metoanr: B aaHHOI cTaTbe PUBEACH IMOAPOOHDIN 0030p TCOPETUIECKUX MOACACH IIPHEMONCPEAATINKA Ha OCHOBE €ro GAOK-
CXEM, KOTOpBIC IIPEACTABACHBI C IIOMOUIBIO MAaTEMaTHYCCKUX —OINEPATOPOB. Pe3yABTaTBHl CMOACAMPOBAHHBIX OAOKOB
IPUEMOTIEPEAATIHKA OBIAM COMIOCTABACHDI C PE3YABTATAMU TCOPETUIECKOTO aHAAMSA.

Pesyabratbi: CUrHaABl AMCKPETHOTO BPEMEHHM Ha BXOAAQX M BBIXOAAQX KOKAOTO GAOKA NPHEMOIEPEAATINKA BBIBOAATCA B
MaTeMaTHYeCKOH (POpMe M OTOOPAKAIOTCA BO BPEMEHHOHM M 4acTOTHOH obaactiax. CHUMyAATOp HpHEMONEPEAATIHKA ObIA
paspaboran B Matlab. Teopernucckue BBIBOABI IOATBEPIKACHBI PESYABTATAMH MOACAUPOBAHHSL.

BoiBopbl: PesyAbTaTbhl AQHHOM CTaThbU  CIOCOOCTBYIOT TECOPETHYCCKOMY MOACAMPOBAHHMIO M Pa3paboTKe COBPEMEHHBIX
IPUMOEPEAATINKOB, KOTOPbIE MOKHO GYACT HCIIOAB3OBATh AASL IIEPEAAIH AUCKPETHOTO KOCHHYCOMAAABHOTO HMITYABCA.
KaroueBbie caoBa: paspaGOTKa MPUEMOIIEPEAATINKA, AMCKPETHBIM KOCHMHYCOUAAABHBIN HMIIYABC, MMITYAbCHBIM

IIPHUCMOIICPCAATIHK, MATCMATHICCKOC MOACANPOBAHNC IPHUCMOIICPCAQATIHKA, (1)I/IAI)TPaLU/Iﬂ, CHUMYASITOP IPHUCMOIICPCAATINKA.

Abstract
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YBoa/1um: Anusaju npUMONpeAajHIKA KOCHHYCHOT ITyACa IPHKA3aH je y AUCKPETHOM BpeMeHy. Pas mpuMomnpesajHuKa U cBU
CHUTHAAHM AHAAUBUPAHU Cy Y BPEMEHCKOM H GPEKBEHI[HjCKOM AOMEHY.

Meroae: Ilpukasann cy pAeTasHU TEOPUjCKH MOAEAM MPEAAJHUKA U MPUjEMHHKA 6aSI/IPaHI/I Ha BUXOBHM OAOK-IIEeMaMa Koje cy
IPEACTABASEHE HOMohy MAaTEMaTHYKUX OIlepaTopa. DAOKOBH IPHMONpPEAAJHHKA CY CHMYAHPAHH, a PE3YATATH CHMYyAAllHje
ynopebeﬂn Ca pe3yATaTHMa TEOPHUjCKE AHAAUSE.

Pesyararn: CurHasu AMCKPETHOT BPEMEHA HA yAA3MMa M H3AA3HMa CBAKOT 6a0Ka Yy HPUMONPEAAJHUKY H3BEACHH CY Y
MaTEMaTUYKOM O6AI/IKy U IPUKA3aHU Y BPEMEHCKOM M PPEKBEHILIMjCKOM AOMeHY. PasBHjeH je CHMyAaTOp NPUMOIPEAAJHUKA Y
MaTAa6-y. PesyaraTu cumyaanuje cy HOTBPAHAM TCOPHjCKE HAAA3E.

3akmyyak: Pesyaratn oBOr pasa AOIPHHOCE TECOPHUjCKOM MOACAOBAIY M AH3AjHY MOACPHHX IPHMOPEAQjHHKA KOJH CE MOTY
KOPHCTHUTH 32 IPEHOC AUCKPETHOT KOCHMHYCHOT ITyACa.

Keywords: AM33jH MPUMOIIPEAAJHUKA, AUCKPETHH KOCHHYCHH IIyAC, NPUMOIIPEAAJHUK ITyACA, MATEMATHYKO MOAEAOBAME

HPHMOHPCAajHI/IKa, (l)I/IATPI/IPaH)C, CHUMYAATOP HPHMOHPCAajHI/IKa.
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Introduction

Designs of communication transmitters and receivers are based on the presentation of signals in the
continuous-time domain, i.e., in their analysis and synthesis, signals are presented as continuous functions
of time. Related communication systems, composed of these devices, are known under the name of digital
communication systems (Haykin, 2014; Proakis, 2001). Due to the development of advanced digital
technology, signals of modern communication systems are represented by discrete-time functions and are
known under the name discrete communication systems (Rice, 2009; Berber, 2021; Abramowitz &
Stegun, 1972).

Designs of modern transmitters and receivers are implemented in digital technology, primarily on
FPGA and DSP platforms. Using these technologies, the signal processing operations inside both baseband
and intermediate frequency transceiver blocks are implemented using the signal presentation in the
discrete-time domain. These designs became possible due to the advances in the mathematical theory of
discrete-time signal processing, and, in particular, due to the development of the mathematical theory of
discrete-time deterministic and stochastic processes (Manolakis et al, 2005; Berber, 2009).

This paper presents the theoretical base of a discrete communication system assuming that the
modulating signal is a cosine discrete-time pulse, including the issues of mathematical modeling and design
of a discrete communication system composed of a transmitter, a transmission channel, and a receiver. The
signals are expressed as functions of the discrete-time variables. To distinguish discrete systems from digital
systems, we named systems operating in the continuous time domain digital systems, and systems
operating in the discrete-time domain we named discrete systems (Miao, 2007; Benvenuto et al, 2007;
Berber, 2021).

In particular, the structure and the operation of the receiver having a low-pass filter at the receiver side
are analyzed. The presented system structures are expressed in terms of mathematical operators and their
operations are explained using exact mathematical expressions. The designed transceiver is simulated to
confirm the presented mathematical model (Ingle & Proakis, 2012; Nguyen et al, 2015).

Based on the time and frequency domain presentation of the transceiver signals, and the power and
energy spectral densities calculations, the power and the energies of the related signals are calculated
assuming the ideal transmission of the signals in the noiseless channel. These calculations allowed a clear
understanding of the transceiver operation and the estimations of possible losses in signal powers that were
caused by the signal processing in the transceiver.

The presented theory of modern discrete communication systems design is of vital importance for
researchers, practicing engineers, and designers of transceiver devices because the design of these devices is
impossible without a deep understanding of the theoretical principles and concepts related to their
operation in the discrete-time domain (Rice, 2009; Berber, 2021).

Discrete-time communication system structure and operation

A block schematic of a discrete communication system under consideration, which includes its basic
block presented in the form of mathematical operators, is shown in Figure 1. The system consists of a
transmitter, a band-pass noise generator, and a receiver. At the input of the transmitter there is a low
frequency (LF) discrete rectangular pulse p(n) that modulates an LF cosine signal s,,(n) to produce an LF

cosine pulse m(n). This cosine pulse modulates the carrier s.(n). The obtained band-pass modulated signal

s(n) is generated at the output of the transmitter
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Transmitter Receiver
Figure 1

Block schematic of a communication system operating in the discretetime domain
Puc. 1 - CTPy'KTypHa}I CX€Ma CUCTEMBI CBA3H, pa6OTaIOH.lCI7I B 06A3.CTI/I AI/ICKPCTHOFO BPCMCHI/I
Cauka 1 — baok-mema KOMYHHKaIITMOHOT CUCTCMa KOjI/I PaAI/I Y AOMCHY AHCKPCTHOF BPCMCHa

The coherent receiver will demodulate the received band-pass (BP) signal using a low-pass filter (LPF)
and generate an estimate of the cosine pulse or the rectangular pulse transmitted. Firstly, the modulated
signal s(n) is multiplied by the carrier s.(n) to obtain the demodulated cosine pulse s.(n). Then, the
cosine pulse is multiplied by the LF cosine signal sy,(n) to obtain a signal s;,,,(n) that contains the
rectangular pulse that can be extracted by the low-pass filter (LPF). In the case of the system simulation, a
band-pass noise generator should be used to investigate the operation of the system in real conditions.
Because the system operates with discrete-time signals, the noise generator needs to generate a BP discrete-
time noise that will be added to the modulated discrete-time signal.

Transmitter operation

We will generate the discrete-time cosine pulse and then modulate the carrier with that cosine pulse.
The block schematic of the transmitter is presented in Figure 1. The generated pulse can be considered an
LF cosine pulse. However, our question is how to generate the band-pass sinusoidal pulse with the
modulating signal that is this LF cosine signal. For that purpose, as we expect, the carrier frequency should
be much higher than the bandwidth of the LF cosine pulse. Let us assume, for the sake of explanation and
presentation, that the carrier frequency is 10 times higher than the middle frequency of the LF cosine
pulse.

To generate this modulated pulse, we need to multiply the LF cosine pulse with the carrier, as shown in
Figure 1. The carrier frequency is 10 times higher than the frequency of the cosine pulse, i.c., f. = 10fy,.
Suppose the minimum number of samples in one period of the carrier is N = 4. Therefore, the number of
samples N of the rectangular pulse p(n) (for 2 oscillations of the LF cosine pulse and 20 oscillations of the
carrier and the number of samples Ny, in one period of the LF cosine signal) needs to be calculated to

accommodate the 10 times higher frequency of the carrier, i.c.,

N=10-2:N,=20-4=80.

The number of samples inside one period of the LF cosine pulse now is calculated to be N, =N /2 =
40 . Therefore, to perform the multiplication of the rectangular pulse by the LF cosine signal and then
modulate the carrier, the number of their samples should be 80. The mathematical expressions and related
wave shapes of the transmitter signals will be presented in the following analysis. For the calculated values
of the discrete signals, we can analyze their properties in the time and frequency domain at each block of
the transceiver.
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The rectangular pulse presentation in the time and frequency domain. Based on the calculated number
of samples inside the processed signals, the graphs of the discrete-time (dt) rectangular pulse p(n) in the
discrete-time domain are presented in Figure 2. The signal is expressed in terms of the Kronecker delta
functions as a convolution of the signal and the delta functions. i.c.,

N-1 A 0<n<N-1 A 0<n<79
= k)o(n-k) = =
p(n) ém( yo(n-k) 0  otherwise 0 otherwise

(2)
p(n)

REATDAAA AR N1

0 2N~8 10N=40 20N=80

Figure 2

A

Discrete-time modulating signal for N =80and A =2
Puc. 2 - Moayaupyromuii cursaa ¢ AuckperasiM BpemereM mpu N=80u A =2
Canka2 — MOAyAI/ILL[th/I curHas Auckpersor BpemeHa3a N =80u A =2

It is to note that the discrete-time pulse values are defined for each whole number n and have no values
in the intervals between neighboring numbers. We can say that the signal values do not exist in these
intervals, even though these intervals are used to process the discrete signal values. The related magnitude
and phase spectral densities can be obtained from the DTFT of the dt rectangular pulse which is defined as

on n=(N-1)
P(Q) — Z p(”)g—jﬂn _ Z Ae—jﬂn
f1=—o0 n=()

AN Q=+2kr, k=0,1,23,... :
—jQ(N-1)/2 sin(2N /2)
sin(£2/2)

- Ae otherwise N =80

(3)

and is to be calculated for N = 80. The magnitude spectral density can be expressed as

-

| AN | Q=+2kr,k=0,12,3,...]
P(Q2)= '
( ) < A SH}(QNQ) otherwise &
sin(£2/2)
’ (4)

which is graphically presented in Figure 3 for the defined duration of the pulse N = 80 and the
amplitude A = 2. The zeros in the magnitude spectrum occur for the condition expressed assin(2N/2)=0,
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ie., for N2 =kzork=1,2, ..., N-1. For N = 80, we may have (1 = +2kzwN = +k#/40,and k=1, 2, ..., 79.
The phase discontinuities of p radians occur at the same frequencies. The related magnitude spectral
density is shown in Figure 3.

[P(Q)|AN]

| | | | |
i i | | r Q
-T -4 0\ 74 g2 374 T
40

Figure 3
Magnitude spectral density of the rectangular pulse

Puc. 3 — CriektpasbHast IAOTHOCTh KOACOAHHI IIPABOYTOABHOIO HMITyAbCA
Canka 3 — CrexTpasHa ryCTHHA MATHUTYAC IIPABOYTAOHOT IIyACa

The first zero crossing occurs at the frequency JU/40. The magnitude value for zero frequency is
normalized by |AN] to be one. We can calculate the power and energy of the pulse in the time domain for
the values of the signal that are different from zero as

n=79
Zp (n)— 2A2:—80A2
.i.r—l'l ”—{} (5)
N-1 n=79
E,=P,-N=) p’(n)=) A =NA" =804
n=0 n=0 (6)

On the other hand, the energy spectral density (ESD) of the pulse is defined as the magnitude spectral

density square and expressed as

y sin(2N /2)[
sin(2/2) ;

In the frequency domain, the energy of the pulse is calculated as an integral of the ESD in this way
(Integral calculator, 2023)

E,(2)=|P(2

sin(2N /2)
sm{!)f 2)

5, =5 [P ae=1_|

H d = —16[};1': NA? =804° !

—T
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The ESD can be calculated also as the DTFT of the autocorrelation function of the discrete rectangular
pulse (Berber, 2019, 2021).
The LF cosine signal in the time and frequency domain. The LF cosine signal has N, = 40 samples per

oscillation, which can be understood as a subcarrier in the system. Therefore, its frequency is
Q. =2xf,1f,=27/N,=x/20, This signal in the time domain is

s, (n)=cos2n=cos2zxn/ N,k =coszn/20

which is shown in a graphical form in Figure 4a).
Smf1)

aliiii Lttt et
0 2;%2=EW 10N, =40 20N.=80

Su( Q)
T T T
b)
220, ||| 2.=720 39220
- A2 -mh 0 A o2 3m4 7 54 3u2 Td4 27

Figure 4
a) Waveshape of the LF sinusoid signal, b) related amplitude spectral density

Puc. 4 - a) Popma BOAHBI HU3BKOYACTOTHOTO CHHYCOMAAABHOTO CHTHAAR, §) COOTBETCTBYIONIAsE aMITAUTYAHAS CIICKTPAAbHAs
IIAOTHOCTDH
Cauka 4 — a) Taaacuu 06auxk HO cunyconpasnor curaasa, 6) 0AHOCHA CIIEKTPAAHA IYCTHHA aMIIAHTYAC

The signal in the frequency domain can be directly found for any Ny, simply applying Euler’s formula

on the time domain as follows

| [ _ S | o
Sm (”) g [e_;ﬂﬁ'rﬂa."'r'm + e.jzgﬂ(hm ]]’ -'h'lm ] — _(e_}fr”n’...ﬂ + e;j'rn39.-2ﬂ) ’
2 2
(10)
or the amplitude spectral density expressed as

5,(2)=Y %

;§(Q+k-!%)=H5(Q+!%)+E§(Q—!%),
k=l (11)

which is a periodic function of the continuous frequency Q with the period of 2, as presented in Figure
4b). This spectrum can be represented by a periodic stream of the Dirac delta functions (Papoulis & Pillai,
2002) weighting 7 at periodic frequencies and zeros everywhere else.

The power of the signal in the time domain is calculated as
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N -1 39 1 1

_ L 2 cos’ (2 n) = chs (tn/2)=—> —=—.
N m  n=0 n 0 40 n=(0 2 2
(12)
This is a power signal (Cavicchi, 2000; Berber, 2021). Therefore, its average power is to be calculated in
the infinite interval, according to this expression

S

] & 12{1 1
' lim L On=lim—> L+cosm/2)=lim-24 -1
lm z Cos ( uzn) 1m z ) ( coszn ) ﬂl—:rlg 2a 2 2

a—» ) a ‘= a—x Vg

n=—a
(13)

Because this signal in the frequency domain is a periodic function of the continuous frequency Q with a
period of 2, it can be represented by a periodic stream of the Dirac delta functions, as presented in Figure

4b). The energy of the signal is

E._ —J-|Sz(_(2)|a’!2_—]£ %’5(9%9,,,)} dQ

_ g f (6%(2+2,)+26(Q2+02,)5(2-02,)+5(2-2,))d2 . (14)

—w0+0+0 >0

(14)
The infinite energy value can be confirmed by its calculation in the time domain as

= llm Z COS (_Q n) —hm Z (1+coszn/2)= lm‘nE =0,
% n=—a n——cz —n 2
(15)
The LF cosine pulse in the time and frequency domain. The cosine pulse m(n) is obtained by
multiplying the s;,(n) shown in Figure 1 by the rectangular pulse p(n). This is again a cosine function.
However, it is not a periodic function as it was the LF cosine signal s.,(n). Consequently, it will not be

expressed in the frequency domain in terms of the Dirac delta functions. Instead of one spectral
component, the spectrum of the cosine pulse will have a bandwidth around the frequency of the periodic
cosine signal. The cosine pulse can be expressed in the time domain as

m(n) = p(n)s, (n)= AcosQn 0<n<N-1

0 otherwise
B Acosan/20 0<n<79 ’
a 0 otherwise
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and, based on the modulation theorem, in the frequency domain as

M) = FT{p(n)cos @} =S [P(2-0)+ P2+ )],

(17)
where its shifted components are expressed as
AN/2 0+Q =F2%m,k=0,1,..
| )
SP(2£Q) =14 joaynn: sin((@EQ)N/2) —

2 sin((£2+42,)/2)

The cosine pulse and the related magnitude spectral density are presented in Figure 5.

2|M(Q)|/AN
b) !
: [ - : ! : : f - f f 1 | ; i Q
- -m2 -4 0 74 &2 374 7 Sx4 342 TA4 XZ:: Qmd S5m2
,=m20 29420

Figure 5
a) Pulse in the time domain, b) Magnitude spectral density of the pulse

Puc. 5 — a) Popma nmmyabca BO BpeMEHHOI 06aacTH 6) CrieKTpaAbHas TAOTHOCTb aMIIAHTYABL HMITyAbCa
Camnxka 5 — a) TaracHH 06AHK ITyAca y BpeMEHCKOM AOMEHY, 6) CIIEKTpaAHa ICTHHA MATHUTYAC ITyACa

The power and the energy of the cosine LF pulse are

N—

1 n=T9 2 p=79 2
A’ cusz(ﬂmn)=L21A2(1+cns:rn)=fq— le—
n=l) 80 E | 2 80 n=l) 2 2

(18)

poL
N
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N-I
_ _ 2 2 _ 2
E =NP = Z A" cos™ (2 n)=40A4".
= (19)
The amplitude spectral density is a periodic function of continuous frequency with the period of 27 as

presented in Figure 5b). The signal is an energy signal, and its energy can be calculated from the energy
spectral density (Integral calculator, 2023) as

—HM d_Q_— [ P(Q2-0)+P(Q2+0,) d2

AE
=—2.1607 =404"
38T
(20)
The carrier in the time and frequency domain. For the defined frequency, the carrier of a unit amplitude
is expressed in the discrete-time domain as

s.(n)=cosQn=cos2zn/N_ =coszan/?2 o

as presented in Figure 6a). The carrier in the frequency domain can be directly found, for the number of
samples N. = 4 in one period of the carrier, by simply applying Euler’s formula on the time domain

expression of the signal and we may have

2
S.(2)=Y =-5(2+k-Q) =752+ Q)+ 15(2-0),
k=*1 2 (22)
which is a periodic function of frequency with the period of 2, as presented in Figure 6b). Because this
signal is a periodic function of the continuous frequency Q with a period of 27, it is represented by a
periodic stream of the Dirac delta functions (Papoulis & Pillai, 2002), as presented in Figure 6b).
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sdn)

L

- -2 -g4 0 M4 o2 34 9 544 342 Tw4 In

£

Figure 6
a) Carrier in the time domain, b) Magnitude spectral density of the carrier
Puc. 6 - a) Hecymas BoaHa Bo BpeMeHHOI 064acTH, 6) CrieKTpaAbHas TAOTHOCTb KOACOaHHIT HeCyIIel BOAHBI
Cauka 6 — a) Hocuaan y BpeMeHCKOM AOMEHY, 6) CIIeKTpasHa IyCTHHA aMIIAMTYAC HOCHOLIA

The modulated signal in the time and frequency domain. The modulated signal s(n) is obtained by
multiplying the LF cosine pulse m(n) by the carrier s.(n). The LF signal m(n) is obtained by multiplying

the signals s;;,(n) by the rectangular pulse p(n), as shown in Figure 5a). Therefore, the modulated signal in

the time domain is expressed as

s(n) = m(n)-s.(n) = p(n)s, (n)-cos2n,
and presented in Figure 7a). By applying the modulation property of DTFT, we may get the amplitude
spectral density of that signal as

S(0) = FT{m(n)cos Qn} = % FT {m(n)(e’*" +e7%")}
= [M(2-Q)+ M(2+ Q)]

24)
We can find its shifted components in (24) and express them as
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lM(Qi_Q) = fe—f(ﬂ-ﬂ Jv-1)2 Siﬂ((ﬂiQ}N;“Z)
2 2 sm((ﬂi_@};g)
ANT2 Q+Q =F2kn,k=0,1,2,3,...| -
i éf_ﬂmﬂ vz SN (2 Q)N /2) otherwise

2 sin((2+02)/2)

where N = 80 for our case. Then, based on expression (17) for the amplitude spectral density of m(n),
the magnitude spectral density of the modulated signal (24) finally is

S@)= LIP(2-2-0)+P2-Q+ Q)]

(25)

For the defined values of frequency €,=7/20 and 2 =7/2, the magnitude spectral density of the modulated
signal is presented in Figure 7b).
s(n)

2

S(Q)|/AN

b) :

} 4 'l
I I 1

. 2 -4 0 /4 Jﬂx T
0. Q. 2+720

Figure 7
a) Modulated signal in the time domain, and b) in the frequency domain
Puc. 7 — a) MoayAMpOBaHHbIIl CUTHAA BO BDEMEHHOMH 06AacTH 1 6) B 4aCTOTHOM 06AacTH
Canka 7 — a) MopyAncanH CHTHAA y BPEMEHCKOM AOMERY, U 6) y GPeKBEHIIHjCKOM AOMEHY

The magnitude spectrum is a periodic function with a period of 2JC. The two-sided spectrum of the
signal can be investigated inside the bandwidth around the carrier frequency of 7C/2.
The power of the modulated signal can be calculated in the time domain as
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:_Zs (n)——Zp (n)cos*(£2 n)-cos” 2n
AE n=T79 AE

AE n=T79
1+cos2.2 l+cos202n)=— > 1=—
=320 ”Z:( n)-(1+cos20Q2n)= 0 ; y

26)
The energy of the signal, based on solution (20), is

&

1 % 2
E =P:_N=E:US(Q)| dQ

Azl

T4 or “M(Q Q)+M(Q+Q)| dQ_ y (40 + 40) = 20 42

(27)
which can be calculated as shown before. From the energy expression, it is easy to find the power of the
signal and vice versa.

Simulation of the transmitter operation

We performed a simulation in Matlab of the transmitter presented in Figure 1 (Ingle & Proakis, 2012).
The signals are generated in the time and frequency domain and presented in graphical forms. The
modulating signal obtained by simulation in the time and frequency domain is presented in Figure 8. They
are equivalent to the signals that have been obtained by calculations and presented in Figures 2 and 3,
respectively.

The pulse p(n) is presented by all 800 values of amplitude for the sake of illustrating what the part of the
signal where amplitudes greater than zero looks like. A theoretically expected graph of this signal in the
time domain is shown in Figure 2.

A simulated LF cosine signal is presented in the time and frequency domain in Figure 9. The signal in
the time domain has N, = 40 samples per oscillation. That signal in the time domain is presented in
Figure 9. The signal in the frequency domain contains only two components in the bandwidth from — 7T
to +7JU. This is a periodic function of frequency. Theoretically expected graphs of this signal are shown in
Figure 4.
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signal p(n)

0 100 200 300 400 500 600 700 800
n

; FFT of p(n)

|P{omg)|/AN
=
o

-4 3 2 -1 0 1 2 3 4
OMEGA

Figure 8

Modulating signal in the time and frequency domain
Puc. 8 — MoayAupyomuii CHrHaA BO BpeMECHHOI U YaCTOTHOM 00AACTsIX
Cauka 8 - Moayanmyhu curtaa y BpeMeHCKOM U GPEKBEHIUCKOM AOMEHY
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n
FFT of sm(n)
0.6
D04}
3
L
E 0.2
CI 1 1 1
-4 -3 -2 -1 0 1 2 3 4
OMEGA
Figure 9

The LF cosine signal in the time and frequency domain
Puc. 9 - Husko4acTOTHBI KOCHHYCOMAAQABHBII CHTHAA BO BPEMEHHOMH M YaCTOTHOM obaacTsax
Canka 9 — HO xocuHycHU CHIHAA Y BPEMEHCKOM U pPEKBEHIIMCKOM AOMEHY

A simulated LF cosine pulse in the time and frequency domain is shown in Figure 10. The cosine pulse
m(n) has the amplitudes A = 2 in the interval from n = 0 to n =80. It is not a periodic function, and its
spectrum is a shifted version of the spectrum of the rectangular pulse to the frequency Q. The graphs in

Figure 10 correspond to the theoretical graphs shown in Figure 5.
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signal m(n)

_2 ':'.-:' 1 L 1 1 1 1 I 1
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n
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OMEGA
Figure 10

LF cosine pulse in the time and frequency domain
Puc. 10 — Husk04acTOTHBIH KOCHHYCONAAQABHBIIL CUTHAA BO BPEMCHHOI U 9aCTOTHOMH 06AacTsX
Canxa 10 — HO xocuHycHH ITYAC Y BPeMEHCKOM U (pPEKBEHIIMJCKOM AOMEHY

The simulated high-frequency carrier is shown in the time and frequency domain in Figure 11. The
processed carrier was in the interval from n = 0 to n = 800. In Figure 11, only a part of the signal is shown
for the sake of understanding its shape. These graphs correspond to the theoretically expected graphs
presented in Figure 6.

The simulated modulated signal in the time and frequency domain is presented in Figure 12. The same
signal in the time domain is presented in an extended form in Figure 13. These graphs correspond to the
theoretically expected graphs presented in Figure 7.
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. carrier

0 50 100 150

- _ signal Sc{nmg]

0 2
OMEGA
Figure 11

The carrier signal in the time and frequency domain
Puc. 11 — Hecymas BoaHa BO BpEMEHHOI U 4aCTOTHOM 00AACTSIX

Cauxka 11 - Hocuaan y BpeMeHCKOM U pPEKBEHIICKOM AOMEHY
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1 FFT of the sighal modulated
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Figure 12

Modulated signal in the time and frequency domain
Puc. 12 - MoAyAMpOBAaHHBII CHTHAA BO BPEMEHHOMH U 4aCTOTHOM 00AACTSIX
Canxka 12 — MoayAMcaHU CUTHAA Y BDEMEHCKOM M PPEKBEHIICKOM AOMEHY

To see the shape of the signal, the modulated signal s(n) is presented in the whole interval from n = 0 to
n = N-1in Figure 13.
SIGNAL MODULATED

2
] 100 200 300 400 500 600 700 800

Figure 13
Modulated signal in the time domain
Puc. 13 — MoayAHpOBaHHBIA CUTHAA BO BPEMEHHOM 06AacTH
Cauxa 13 — MopyArcaHM CHTHAA Y BPEMEHCKOM AOMEHY

Pulse demodulator
The demodulation of the discrete modulated signal s(n) results in the discovery of the modulating

cosine and the rectangular pulse. The receiver blocks involved in the procedure of received signal
demodulation are presented in Figure 1.

576



STEVAN M. BERBER. DESIGN OF A COSINE PULSE TRANSCEIVER OPERATING IN THE DISCRETE-TIME DOMAIN

The output signal of the demodulator multiplier. Firstly, the received discrete modulated signal is
multiplied by the carrier to get the signal

m(n)cos” 2n 0<n<N-1

0 otherwise

s, (n)=s(n)cos 2n =

%m(n)(HmsZQn) 0<ns<N-1

0 otherwise
(28)
The signal can be expressed in this form in the time domain

s, (n)= %‘4C05%”+%%‘4C05{ZQ +Qr)n+%%‘4305{2-{2 -2 0<n<N-1

0 otherwise

(29)
Therefore, the DTFT of this signal gives us its amplitude spectral density expressed as

S, (£2)= % FT {m(n)(l +cos ZQH)} = % FT {m(n) + m(n)cos Z_Qn}

v+ L ime-20)+ M@+20)]
2 4
(30)
where the first component M(Q) is the LF component containing the spectrum of the modulating
cosine pulse and its shifted spectrum to the doubled carrier frequency. The LF component can be
expressed as

%M(Q) =%FT{p(n)cﬂsan} =%[P(Q—Q,,)+P(Q+Q,.)],

(31)
where the shifted components are
AN -0 =+t2kr,k=0,123,..
P(Q_Q'") T e -2 511:1({!?_!?’"]Nf2) otherwise N =80
sin((£2-0Q,)/2)
AN 2+0Q =t2kr,k=0,12,3,..
P(Q+Q'") =] A @ 2naN-12 Sil_l({g+ﬂ’")Nf2) otherwise N =80
sin((2+£2,)/2)
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To obtain the multiplied signal 5.,(2) expressed by (30), we can calculate the shifted spectral components
as follows

%M(_Q m)_ [P(ﬂ 2040+ PO-22-Q)]

(32)
and

iM(Q+2Q):%%[P(Q+2Q +Q)+P(2+20Q-Q)].

(33)
Finally, the spectrum of the signal (30) is expressed as

Sm{ﬂ}=i[P{ﬂ—rwP(mqm%mﬂ—zq + )+ P(2-20Q -Q)]
+%[P{_Q+2Q + Q)+ P(2+20 - Q)]

(34)
and is presented in Figure 14. The power and energy of the signal in the time domain can be calculated
from (29) and expressed as

N-1
‘Ecm = PLH'I ' N - Zsfm(”)

_Z( Acos 2 n)’ +Z( Ac05(2Q+QH)H)‘+Z( Acos(202 — 2 )n)

n=( n=0

| N
:_Z A+ Z_ A iz :—AN iA2N+lA2N=iA2N
u—l} n—l} 6 'I] 32 32 ]6

(35)
and the poweris P.,, = E¢y/N = 3A%/16. The energy can be calculated in the frequency domain as
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L".h'!

=2ij (QFd0

|E[P(ﬂ—@,)+P<ﬂ+@,)]+%u’(ﬂ—2r% 1)+ P(2-20 -Q)]

T4 [P@+2Q+ Q)+ N2+22 QI dO

=2£i2Nf+4£i2N;r=iA3N
2716 27 64 16

(36)
|Sem(£2)/4

f I i i Q
- -2 -ml4 0 74 m2 3744 r

Figure 14

Magnitude spectral density of the signal at the output of the receiver multiplier
Puc. 14 — Beanuuna CHCKTpaAbHoﬂ IIAOTHOCTHU CHMI'HaAa Ha BBIXOAC HPI/ICMHOFO YMHOXHTCASL
CAI/IKa 14 - CHCKTP&AH& TyCTHHA MarHUTYAC CUT'HaAa Ha M3Aa3y MHOXa4a HPI/IjCMHI/IKa

Extraction of the baseband rectangular pulse. This extraction starts with a multiplication of the
demodulated signal by an LF cosine term as follows

Sf’i"ﬂ’i"]' (n) - S{'m (H)COS !%IH " (37)

Using the modulation theorem, the amplitude spectral density of this signal will be expressed as a shifted
version of the spectrum in (34), which gives
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5,(@)= 3 PO+ [P2-20)+ P(2+20,)
+%[P(Q—2_Q)+P(Q+2Q)]
+<[P(2-20-20)+ H2-20 +20)]
+%[P(!2+2Q 120)+P(2+20Q2 -20Q)]

(38)

\Smm(£2)/4
| ' Q
_Q, Q, a+a'10
Figure 15

Magnitude spectral density of s, (n)
Puc. 15 — CrekTpasbHast TAOTHOCTb AMITAMTYAbI CHTHAAR Sy (1)

Cauxa 15 — CriexTpasHa I'yCTHHA MarHUTYAE CHTHAAR S (N

The calculated spectrum contains an LF part around the zero frequency, which contains the spectrum of
the modulating rectangular pulse. We can use an LP filter to extract this signal. This operation will be
approximate, meaning that a part of the spectrum of the neighboring components to the pulse spectrum
will be added to the signal causing distortion. Also, the pulse spectrum will be reduced to its two arcades
which will reduce the power of the signal. We will take this reduction of the power in the following
considerations and calculations.

LPF operation in the time and frequency domain. An ideal LP filter with the gain Hy is used to
eliminate the HF components in this spectrum and obtain the demodulated signal representing the
rectangular pulse p(n) that was sent by the transmitter. The filter eliminated all high-frequency
components and the result is the LF pulse

5, (2)=H,(Q)-S,,(2)=H,($). i PQ),
(39)

where the filter transfer characteristic is rectangular as shown in Figure 15 by a dotted graph of the
amplitude Hy. If there is no attenuation of the filter, i.e., Hy =1, an approximation of the output spectrum
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can be obtained as shown in Figure 16. Due to the limitation of the spectrum of the demodulated pulse
p(n) at the receiver side, the received pulse at the output of the LP filter will not be rectangular as the
simulation will confirm. In the time domain, the output signal of the filter, mq(n), will be a convolution of
the filter input signal sy, ,(n) and the impulse response of the filter hyq(n), as will be shown in the
simulation. The result of this convolution is the pulse mg(n), which is a distorted version of the
rectangular pulse.

Calculation of the system attenuation. The total value of the demodulated rectangular pulse energy can
be calculated from the pulse spectrum in Figure 15, assuming an all-pass LF filter and ideal filtering, as

1 7% 1 7 1
E =— 1S (QDPdQ=— || H(Q)-—P(Q| dQ
2ﬁ_[r| ()] ZE_Q ()2 P(O)]

2
j PP d="oNz=L £N
”L.r—l 32?1' 32 18

40)

|Sma(£2)|/4

} : : : O
-72  -74 0 w4 w2

Q. 740 Q.

Figure 16
Magnitude spectral density of the demodulated pulse mg(n)
PI/IC. 16 - BCAI/I‘{I/IHQ CHCKTPaALHOI‘/‘I ITIAOTHOCTHU ACMOAYAI/IPOBQ.HHOTO HMITyAbCa md(n)

Cauxa 16 — CriekTpasHa IyCTHHA MATHUTYAE ACMOAYAHCAHOT Ityaca m4(n)

If we use an LP filter with the cut-off frequency of 7/20, the precise value of the energy of the received
pulse is
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T 2 &i20 .
By o = [ P(@)f da= 22 [ | sind02
327 -, 327 ., [sin(£2/2)
2
- A 477.5439727897149 = 4.754° = 0.0594N A’
2 B

This energy of the signal is much smaller than the energy of the pulse at the transmitter side, which was

NA?, as calculated in (6). The energy of this pulse in its two arcades is

T /20 .
1 j\P(Q)fdQ:“i—z | it 2 “ = —2N;r
i 2 2., sin(£2/2)

AE

C2r

—477.5439727897149 =76 4> = 0.95NA"

(42)
The power attenuation of the received signal is

P E /N 2
a, =10log,, —2— =10log,, —2 "~ =10log,, >4 __12,04B.

81000594 42

p—filter p—filter

(43)

To receive the pulse with the required power, we need to use amplifiers in the receiver. These amplifiers
will compensate for the loss of power caused by the explained signal processing. However, due to the
propagation of the signal, there will exist additional attenuation that needs to be compensated by the
amplification inside the receiver. Finally, as shown in Figure 1, there will be a noise present in the channel
that is added to the signal. The noise influence on the signal transmission needs to be also considered,
which is a separate problem in the analysis of the system.

If we are interested in the detection of the phase of the transmitted cosine pulse, we can use a correlator
on the receiver side. In that case, the polarity of the correlator output will give us evidence about the phase
of the transmitted pulse.

Simulation of the receiver

The receiver operation is simulated in Matlab. The simulated operation of the first modulation
multiplier is presented by the graphs of its output discrete-time signal s.,(n) in the time and frequency

domain in Figure 17, which was theoretically analyzed and presented in the frequency domain in Figure

14.
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0 50 100 150

4 -2 0 2 4
OMEGA

Figure 17
Magnitude spectral density of the simulated signal at the output of the receiver multiplier

Puc. 17 — Beanuuna CHCKTP&ABHOﬁ TIAOTHOCTH MOACAHPYEMOI'O CHUTHAAd HAa BHIXOAC YMHOXKHTCASI MIPHUEMHHKA
Cauka 17 - CHCKTP&AH& I'yCTHHA MalrHUTYAC CUMYAHCaHOT CMTHaAa Ha M3Aa3y MHO>Ka4a HPI/IjCMHI/IKa

This signal is multiplied by an LF signal s,,(n) to get the signal s;,m(n) that contains a low-frequency
component that represents the modulating signal. The simulated signal in the time and frequency domain
is shown in Figure 18. The corresponding signal, theoretically calculated, is presented in Figure 15
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signal smm(n)
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signal SMM(omg)
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Figure 18

Magnitude spectral density of the simulated s;;,,,(n)
Puc. 18 — CrekTpasbHast TAOTHOCTb MOACAHPYEMOI! BEAUHHBI Sy, (1)

Cauxa 18 — CriekTpaAHa I'yCTHHa MarHUTYAE CUMYAHCAHOT Sy (n)

The LF signal s;,,(n) is processed in the LP filter to get the LF modulating signal. For the filter transfer
characteristic shown in Figure 14, the impulse response hg(n) is calculated.

Then the convolution of this impulse response and the input signal s;,,(n) is performed in the time
domain as shown in Figure 19.

The LPF is a linear time-invariant discrete-time system, and this convolution can be performed.

The result of the convolution is the positive pulse mg(n) that is generated at the output of the receiver
and corresponds to the rectangular pulse sent at the transmitter side

This pulse obtained by simulation is presented in Figure 20.
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Figure 19

Procedure of convolution to get the demodulated pulse my(n)
Puc. 19 - ITponeaypa cBepTKH AAS TOAYICHUS ACMOAYAHPOBAHHOTO HMITyAbCa mg(n)

Cauxka 19 - Iponeaypa KoHBoAYIHje 32 AOGHjambe ACMOAYAHCAHOT ITyAca my(n)
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Figure 20
The demodulated pulse md(n) at the output of the LP filter
Puc. 20 — Aemoayauposannbiit nmmyabc md(n) Ha BbIXOA€ GUABTPA HIXKHUX YACTOT
Cauxka 20 — Aemoayaucanu nyac md(n) na nsaasy H® ¢puarepa

Conclusions

This paper presented the theoretical model and the simulation results of a communication system
analysis for a cosine pulse transmission. A detailed block schematic of the system’s transmitter and receiver
is presented in the form of mathematical operators and all input-output signals are presented in both time
and frequency domains using exact mathematical expressions. To calculate the attenuation of the signals in
the system, the powers and the energies of the signals are calculated for all signals processed in the system.

It is shown that the application of a low-pass filter inside the receiver allows the detection of the
modulating signal, despite its distortion due to the processing in the system. The signals in the analyzed
blocks of the transceiver are processed in the discrete-time domain. All theoretical results are confirmed by
simulations.
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