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Abstract

Introduction/purpose: The quantization of the electromagnetic field gives rise to quantum fluctuations which in turn produce a
force on macroscopic boundaries. This phenomenon is called the Casimir effect.

Method: The second quantization of the electromagnetic field is employed. The Zeta function regularization technique has
been applied.

Results: Because of the electromagnetic field quantization, a force on macroscopic boundaries is observed.

Conclusions: Vacuum fluctuations due to quantum effects give macroscopic results.

Keywords: quantum electrodynamics, quantization, vacuum energy, Casimir effect..

Pesrome

Baeaenue/near: KBanroBaHne 3A€KTPOMArHHTHOTO IOASI ITOPOXAAET KBAHTOBBIC (PAYKTYallMH, KOTOPBIC, B CBOI) OYCPEAb,
COBAQIOT CHAY Ha MAKPOCKOITMYECKUX IPaHHIAX. DTOT PpeHoMeH HasbiBaeTcst a¢pdexrom Kasumupa.

Meroabl: B AaHHOI cTaThe HCIIOAB3YETCST BTOPUYHOE KBAHTOBAHHE dACKTPOMATHHTHOTO IMOAS. TaKoke HMPHMEHSIETCS METOA
PETyASIPUBALMH C TOMOLIBIO A3CTa-PYHKIIUH.

Pesyabrarer: B pesyaprate KBaHTOBaHMS 9ACKTPOMArHUTHOTO ITOASI HA MAKPOCKOIIMYCCKUX IPAHHULAX HAGAIOAQCTCS CHAQ.
BriBoabr: @aykryanun BakyyMa 13-3a KBAHTOBBIX 9QPEKTOB AQAIOT MAKPOCKOIIMYECKHUE PE3YABTATHL.

KaroueBbie caoBa: xBanrosas 9ACKTPOAMHAMUKA, KBAHTOBAHHE, SHEPTHs BakyyMa, 3¢pdexT Kasummupa.

Abstract

YBoa/uns: KBaHTH3AIMja €ACKTPOMATHETHOT ITOAA AOBOAU AO KBAaHTHHX (AYKTyaIjja Koje 3ay3BPaT MPOM3BOAE CHAY HA
MmakpockornckuMm rpanunama. Osaj penomen Hasusa ce Kasumupos edekar.

Meroae: Kopucru ce Apyra xBaHTH3alMja €ACKTPOMArHETHOT moma. IpuMerseHa je TexHnka peryaapusanuje nmomohy sera-
ynknuje.

Pesyararn: 360r KBaHTH3aLMje €ACKTPOMATHETHOT T0ba npuMehyje ce cnaa Ha MAKPOCKOICKUM IPaHHIjAMA.

Baxmyaak: QaykTyannje BAKyyMa ycaes KBAHTHHX epeKaTa Aajy MAKPOCKOIICKE eeKTe.

KeyWOI'dS: KBaHTHA CACKTPOAHMHAMMKA, KBaHTI/I?)aLII/Ija, cx—xepmja BaKyyMa, KaSI/IMI/IpOB Cq)CKaT.
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The Casimir effect

We are going to consider an effect arising from the electromagnetic field quantization. Casimir first
observed that, because of quantum fluctuations of the electromagnetic field, between two neutral parallel
conducting plates separated by a distance d and located in a vacuum, there is a force which is attractive in
this particular geometry. This is known as the Casimir effect (Casimir, 1948; Casimir & Polder, 1948;
Casimir, 1953). Only transverse modes will contribute to the energy, and, assuming the plates are
perpendicular to the direction x of propagation, that component will have nodes on the planes and will
take discrete values

d
k= (k. =nn/d ky k), n=12,...;n=|— | k.
T 1)
The zero point energy of this configuration is given by
gy 1
E=)" 5 hn = > 5 elkn|
n=1 In )

For the sake of simplicity, we will limit ourselves to a 1 + 1 dimensional space, i.e. 1D, in order not to
deal with ky and &, the components of the electromagnetic wave vector. Therefore, the modes are given by

sin(nmx/d), where n = 1, 2,... and the corresponding energy is v, = wn/d. Plugging all this back into eq.

(2), for the vacuum energy in one spatial dimension, we obtain the expression

n=1
(3)
Of course the term X% is a source of trouble being divergent. In order to solve this problem, let us
introduce the generating function

—+ox
o an
n=1 (4)
fora > 0, this series is, of course, convergent to
1
l—ea
(5)
and has the property that
+o +o
d —{are —{I7Te
da
n=1 n=1 (6)

so that in the limit 2> 0 we recover the sum of eq. (3). Besides its mathematical properties in the series,
the parameter a plays a role as a cutoff for frequencies with a wavenumber 1 larger than 1/a. We will isolate
the source of divergence for a» 0, obtaining a finite value for the zero point energy.
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Taking the derivative of eq. (5) with respect to a, we obtain

+oo : :
E ne %" = —E ! = - i
da \ 1 —e2 ed 4 g—a — 3

n=1 )
Expanding (7) with Taylor for small a (i.c. taking into account higher frequencies), we have

! ! _ 1.2 ny_1_ 1 2
®)

The expression for the zero point energy (3) becomes

E(d) =

mhe ({1 1
S 2d

— — —+ O(az))

a? 12
)

and we observe that the divergent part goes like 1/ 2%, while all other remaining terms are regular in the
limit 2> 0. As it stands, E does not have a definite value. Remembering that the energy is defined up to a
constant, we should regularize it by subtracting a suitable “counterterm” E(d) that will eventually furnish
us with a finite value for E. For a discussion of the counterterms in Quantum Electrodynamics, consult
(Fabiano, 2021), and for the various regularization techniques in Quantum Field Theory, see (Fabiano,
2022). Defining the counterterm in the following manner

mhe 1
Eo(d) = LM~
g 2
2da (10)
that is, the sole divergent part of (9) and subtracting it to E(d), we end up with a perfectly regularized
energy value for a = 0:

7 he 1 2
Eg(d) = E(d) — Ec(d) = -— | —— + O(a”)
2d 12
(11)
What experimentalists do measure in the Casimir effect is the force among plates, that is # = -8E/2d and,
of course, this value does not blow up. The complete expression for the (attractive) force between two

plates is

_ OE(d)  whe (1 1 9
F=-"34 '_zdz(aﬁ_m"’(g(“])

whose regular part is just given by Fr = ~0Eg(d)/dd:

.o he
24 2 (13)

as all other terms vanish in the limit 2 0. This is the finite result for the Casimir force in 1D.

Fr
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To summarize, while computing the zero point energy, we stumble upon the divergent term %.» In order

to regularize its behavior, we introduce a parameter a that goes to zero thus discovering the pole 1/ 2% and
other regular terms. Then we subtract a suitably “infinite” term that cancels the divergent part and retain
the finite value for 2= 0.

For the sake of completeness, a more exhaustive expansion of (7) in powers of a is given by

1 1 a? a* a® a® 691 a'? 19
—2——+ - = + - - — + +@(!‘1 );
ac 12 240 6048 172800 5322240 118879488000

(14)

where the coefficients are related to Bernoulli numbers.
An alternative approach to the generating function, of course completely equivalent, is the well-known
regularization via the Riemann zeta function defined for #(s) > 1

+o0
((s)=) n~*

n=1 ( 15)
and extended on the whole complex plane to a meromorphic function, i.e. that is holomorphic
everywhere except for a simple pole at s = 1 with residue 1, see for instance (Fabiano, 2020). It is possible
to show that

+o0
((s)=) n~*

n=1 (16)
Three dimensional case

In spatial 3D, that is 3 + 1 dimensions, we restore the other two components &, and &, of the wave

vector which of course are not subject to boundary conditions due to the presence of the plates. The
frequency is written as

2.2
n=mw
Wn = c\/ + k2 + k2

dﬂ
(17)
giving the expression for the energy
i dk,dk, <=
E(d)=—--24 | —/—= W,
n= (18)

where A is the area of the conducting plates, the factor 2 accounts for the two polarizations.
Turning to polar coordinates in two dimensions by setting #=#%+# and performing the angular
integration, we arrive at the density of energy per surface
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+ 72,

E(d] _ E +oo /+mdr . 'H-E'JTZ
J‘i 2m 1 0 d2

n= (19)

As it stands, this integral is strongly divergent. As a regularization measure, we multiply everything by «.*
and eventually let 2 0. The expression we obtain is given by

l—a

E(d) hel—a TO0 atoo n2m? 5\ 2
1 = or Z/ﬂ dr r B +7
=1 (20)

and this integral is well behaved for®(a) > 3 Performing the integration, we arrive at

A 2r3—-a \d 7
n=1 (21)

the sum on the rhs is recognized to be the zeta function, ¢(= - 3), which is not singular for a = 0 and assumes

the value ¢(-3) = 1/120, The complete zero point energy density in three dimensions is therefore given by the
expression:

E(d) 72 he

A T8,
It is worth noticing that in 3D a different geometry of the plates in the Casimir effect could change the
sign of the force making it, say, attractive instead of repulsive.
As a byproduct, we have just “proved” that

1
12 (23)

The Casimir effect has been explicitly shown here for two parallel plates in 1D and 3D respectively, and
the force is attractive.

There are many more possible situations in which the effect could be observed. Lifshits (Lifshitz, 1956)
studied the case of two parallel dielectric bodies and the effects of finite temperature; the case of a liquid
layer of separation was studied by Dzyaloshinskii, Lifshitz and Pitaevskii (Dzyaloshinskii et al, 1961). They
also showed that, under certain circumstances, the Casimir force could be repulsive rather than attractive.
Schwinger (Schwinger, 1951, 1975) studied the problem; in (Schwinger, 1992a) he used a different
approach from the effective action, and in (Schwinger, 1992b,c), he started the calculations for a

spherically shaped object.

14+2434+4+5+...=
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