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Abstract: In this paper, relations between discrete Sturm-Liouville problem with
nonlo- cal integral boundary condition characteristics (poles, critical points, spectrum
curves) and graphs characteristics (vertices, edges and faces) were found. The previous
article was de- voted to the Sturm-Liouville problem in the case two-points nonlocal
boundary conditions.

Keywords: Sturm-Liouville problem, spectrum curves, integral boundary condition,
graphs.

Summary: Siame straipsnyje pristatomos sasajos tarp diskre¢iojo Sturmo ir Liuvilio
uzdavinio su nelokaliaja integraline krastine salyga (poliai, kritiniai taskai ir speketrine s
kreive's) bei grafu, charakteristiku, (virfu'ne’s, briaunos ir veidai). Ankstesnis
straipsnis buvo skirtas Sturmo ir Liuvilio uzdaviniui su dvitaske mis nelokaliosiomis
krastine mis sglygomis.

Keywords: Sturmo ir Liuvilio uzdavinys, spektrine’s kreive’s, integraline” krastine

salyga, grafai.
1 A discrete Sturm—Liouville Problem

In this paper, particular properties of the spectrum of a discrete Sturm-
Liouville Problem (dSLP) [3, 4, 5] with Integral Boundary Condition
were found using Euler’s charakeeristic formula [2]. In previous article [5]
we have found relations between spec- trum curve properties and graphs
theory in the case of two-points nonlocal boundary conditions.

We introduce a uniform grid and we use notation w'= {t i=Jjh, j=0,
.mnh=1 for 2<ne N anth==(0,n)ﬂ N,Nh= NhU{O,n}
Also  ,we make an assumption that § . and Ez
are located on the qrid ie, & (S mh=mh=m, /n,

§2=m2h=m2/n,mES}é:{(ml,mz): 0<m<my<nm,m€ N }
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Let §=m/n, :(ml/na m2/n), E: 61/62:
m,/n, §_=§1—§2=m_/n, here mys=m+m, m_=my—m; We
denote Ny, ={k€ N 1= 0dd| Noy, =k € N 1k = even

Let us consider a dSLP (an approximation by Finite-Difference

Scheme) [3, 5]
U.

iy

I (1)
X € C with a classical discrete Dirichlet Boundary Condition (BC)

Uy=0 (2)
and Integral Boundary Condition (approximated by trapezoidal

Ur +U M1
Un=Yh{ mlz m2+§ :Uk

k=my+1 (3)

formula):

Let us consider a bijection (see [1])

A= )\h( ) 2sz;12— 4
between Cy= C and Ci, Cj= RjU Cir, Ri= RyU{oju RiU
{n}U R?L , R}=={ =iy: y>0} R!: {q X: 0<x<n}

R3+=={q=n+iy:y>0}, CZ+=={q=x+zy:0
<x<n,y>0}, Cg_=={q=x+iy20<x<n,y<0},

The general solution Uj for a discrete equation (1) is equal to:

Uu=C lsin(nqt j)(l - hq)—m—lq—l +C zcos(nqt‘ ]-)

Then by using BCs (2) and (3) we get an equation:

Zq)=y PYq) g€ C,,

where functions Zh(q) and P}é(q)are as follows:

Zh(q) _ sin(ng) _sin(% qh)h)’ (q) _ sin(% q(ngq2 o J)‘sm(g q(ngq +E)

q 'nthos(g q




Jonas Vitkauskas, et al. Relations between Spectrum Curves of Discrete Sturm-Liouville Problem with Nonlocal Boundary Conditions and Graph

Constant Eigenvalues. For any constant eigenvalue A€ C A there
exists theConstant Eigenvalue Point (CEP) g € C Cg. CEP are roots of
the system [1]:

Zh(q) =0, P}é(q) =0

For every CEP ¢ we define nonregular Spectrum Curve N; = {c j}
Nonconstant eigenvalues. Let us consider Complex Characteristic
Function:

Zq) h

vl €| = € Cq
‘( Pfg) " ®)
All nonconstant eigenvalues (which depend on the parameter y) are

Y-points of (Complex-Real) Characteristic Function (CF)[6]. CF y(q)

is the restriction of Com- plex CF Y (q) onaset Dg: = {q € CZ : Im (see
more in [5]). We call such

M
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oy
e— -
(=)
(¢) m = (0,1)
Fig. 1.

Spectrum Curves for n = 2[4]
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Fig. 2.
Spectrum Curves for n = 3 [4].
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(a) m = (0,4) (b) m = (1,4) (c) m = (2,4) (d) m = (3,4)
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(e) m = (0,3) (f) m = (1,3) (g) m = (2,3)
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(i) m = (1,2) (i) m = (0,1)

(h) m = (0,2)

Fig. 3.
Spectrum Curves for n = 4 [4].
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(d) m = (3,5) (e) m = (4,5)

(f) m = (0,4)

(i) m = (3,4) (j) m = (0,1)

V (m) m = (2,3)

Fig. 4.
Spectrum Curves for n =5 [4].

There exist Pole Points (PP) of the second order. They are described as
follows:

p}{z = an/gcd(mﬁ m_k=1,., [n/p%zl

All PP of the second order are in Rflc.. Note that there could be a PP of
second order in Ramification Pointg =, , so they become simple PP of
the first order.

Two or more Spectrum Curves may intersect at CP. We denote a set
CPB: = {bi, i=1 nb}, , where 1, is the number of CPs at Cg. The number
of CPs at RZand CZ+ we denote asn,and 1}, , respectively. Note that
the part of the spectrumdomain in set Cg+ is symmetric to the part in set
Cg_.. So,np, = ne,+2n%,. 1f b € B then deg*(b) is one unit larger than the
order of this CP.

The pole at g = °° is of

oo =N — My (6)

order. If m,<n,g= o is a PP. Form,=n,q= = is a Removable
Singularity Point.

For poles and CP deg*(q), g€ P UBU{*}, corresponds to the

number of outgoing Spectrum Curves at that point. Note that incoming
Spectrum Curves alternate with outgoing, so deg*(q) = deg(q)
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2 Relations between dSLP and graphs properties in the case
of integral BC

It is possible to define relations between properties of dSLP and graph
theory. Poles or CPs refer to vertices of a certain graph and parts of
Spectrum Curves could be interpreted as edges. In our case, we have a
simple balanced weakly connected digraph. Definitions and notations in

graphs theory are described in [5].

M

(k) m

(0,3)

) m =(1,3) (m) m = (2,3) (n) m = (0,2)

Fig. S.
Spectrum Curves for n = 6 [4].

2.1 Properties of Spectrum Curves

Poles, CPs, regular and nonregular Spectrum Curves, CEPs were found
by A. Skucaite’ [4].

There isn—1 Spectrum Curves for everyn € N, n=2Nonregular
Spectrum Curves are CEPs and belong to Rﬁ = (O, n) The number of

such Spectrum Curves is equal to
Nee =[5 dbd(2m m,) +[ 2 dbd(2m; m_)|
—[Z2dbd(2m m,, m_)| @)

Number of regular Spectrum Curves 71, = n — 1 — 1. The poles of CF
belong to szc U {0} U {n} U { oo } and np + 1o, = Nyee. So, we have formula

np+ng=my— 1 (8)
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T..

Let us denote
degt: = E degt(b), degt: = E deg*(b)=2 E deg*(b).
bEBOR, bEBACE* benCit
Let n.. is the number of Spectrum Curves parts in CZ+ between two CP
(including ¢ =0and g = n).

2.2 Spectrum domain as a graph

We consider Spectrum domain as graph on sphere (Riemann sphere C™)
because Ch S2. The poles and CPs of the CF are the vertices of this graph.
The point is the pole or CP.

Lemma 1. The number of vertices is

u=np—n2p+nb+l—[m2 n]
=np—nypt+ng+2nf,+ 1—[m2 n]
=My~ Hee — n2p+ncr+2n2'—r_[m2 @)

Lemma 2. The number of edges is
e=nptdegt+degt+no (10)

Lemma 3. The number of faces is
(11)

This lemma is valid for n.=n},.=0. Each part of spectrum curve
between two CPs by, b, € Rg increases the number of faces by one. So,
this formula is valid for the case #f;,. = 0. Each additional CP CPb € Cg+
increases the number of faces by 2(deg*(h) — 1)and number parts of
Spectrum Curves between this CP and other CPs by 2deg*(h)- 1.

Numbers of spectrum vertices, edges and faces, expressed by the
formulas above, inserted to the Euler’s characteristic’s formula of sphere
u—e+ f =2 give new relation.

Theorem 1. The Euler’s characteristic’s formula is equivalent to

ZbeBdeg"(b) =degt+degt=n,+nyy+2n.+ng— 1+ sz/rﬂ

=n—m2+n2n+2ng+nc,.—l+[|m2 Kh@)

This formula was derived in [4] when are not CPs in Cz'i(degc = 0),:111

CPs are of the first order (d egh= 2ncr)and n.= 0.Then it can be rewritten
as
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Ner = Npp+ Moo = 1+Dm2/nD=n2n+n_m2_ 1+Dm2/nD

Corollary 1. The number of edges is

e=2nw+np+n2p+ncr+2nc—1+Dm2 nD

=2n—m2—2—nce+n2p+nc,ﬁ+2nc+Dm2 (1]1@

Remark 1. In the case m2 < n the formulas (9)-(13) are
U=y~ Nee ™ Mp + 1+ 20,
e=2n—my=2=netny,+ng,+2n.

f=2(n—m2+n2p+nc—n§r), degt+degt=n—my—1+ny,+2n.+n,

where nce is defined by (7).

In the case m, = nwe have n,, =0, np=n—1-n., and np,= 0, n,, = 0
(SO, degt= O)(see [4]). In this case we getdeg? = 2n, = Oand ;. = 0. Thus,
for are valid. Note, that in this case we have Cycle digraph m, = n the
following formulas

u=n-—1lng
e=n—1lng
f=2
are valid .Note ,that in this cas we have Cycle digraph

Remark 2. If "= ()(degc = 0) then
degt=ne =2n.+n—my+ny,— 1> ngshows that there are exist CPs in

R’ of the second or the higher order.
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