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Abstract:
							                           
Weanalyzetheinitialvalueproblemandgetasymptoticexpansionsforsolution. We investigate the characteristic equation for Sturm–Liouville problem with one classical Robin type boundary condition and another two-point nonlocal boundary condition. Finally, we obtain asymptotic expansions for eigenvalues and eigenfunctions.



Keywords: Sturm–Liouville problem, Robin condition, two-point nonlocal conditions, asymptotics of eigenvalues and eigenfunctions.
		                         


Summary:
						                           
A. ŠtikonasMes analizuojame pradin˛i uždavini˛ ir gauname jo sprendinio asimptotinius skleidinius. Mes tiriame Sturmo ir Liuvilio uždavini˛ su su viena klasikine Robino tipo kraštine sąlyga ir kita dvitaške nelokalia kraštine sąlyga. Galiausiai gauname tikriniu˛ reikšmiu˛ ir tikriniu˛ funkciju˛ asimptotinius skleidinius.
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Introduction


Consider the following one-dimensional Sturm–Liouville equation



[image: 692674313002_ee2.png]




where the real-valued function 
[image: 692674313002_gi2.png]
 is a complex spectral parameter and 
[image: 692674313002_gi3.png]
. We will use the notation 
[image: 692674313002_gi4.png]
.

In this article 
[image: 692674313002_gi5.png]
, where 
[image: 692674313002_gi6.png]


[image: 692674313002_gi8.png]


[image: 692674313002_gi10.png]


[image: 692674313002_gi11.png]
 and 
[image: 692674313002_gi12.png]
.

Then a map 
[image: 692674313002_gi13.png]
 is the bijection between 
[image: 692674313002_gi14.png]
 and 
[image: 692674313002_gi15.png]
.

We shall investigate Sturm–Liouville Problem (SLP) which consist of equation (1) on 
[image: 692674313002_gi16.png]
 with one classical (local) Robin type Boundary Condition (BC)



[image: 692674313002_ee3.png]




and another two-point Nonlocal Boundary Condition (NBC)



[image: 692674313002_ee95.png]






[image: 692674313002_ee96.png]






[image: 692674313002_ee97.png]




where 
[image: 692674313002_gi17.png]
. We consider the Dirichlet and the Neumann BC:



[image: 692674313002_ee98.png]






[image: 692674313002_ee99.png]




too. The Sturm–Liouville problem (1), (4d), (33) was investigated in [2], the Sturm–Liouville problem (1), (4n), (3) was investigated in [4].





1 Asymptotic expansions for Initial Value Problem


In this section we present some statements about solution of IVP. These statements were proved in [3]. We will use them for investigation asymptotic expansions for SLP (1)–(3). Additionally, we introduce some notation related to our asymptotical analysis of this problem.

Let 
[image: 692674313002_gi18.png]
 and 
[image: 692674313002_gi19.png]
 be a solution of equation (1) satisfying the initial conditions



[image: 692674313002_ee100.png]




The function 
[image: 692674313002_gi20.png]
 is an analytic (holomorphic) function of s and this function satisfies boudary condition (2). We denote 
[image: 692674313002_gi21.png]
 and 
[image: 692674313002_gi22.png]
.

Under the condition that 
[image: 692674313002_gi23.png]
, asymptotic expansions may be obtained for 
[image: 692674313002_gi24.png]

[3] and 
[image: 692674313002_gi25.png]

[4]. We will use recursive formula



[image: 692674313002_ee10.png]





Lemma 1.
(See [3, Lemma 7]) Let 

[image: 692674313002_gi26.png]

 and 

[image: 692674313002_gi27.png]

. Then for 

[image: 692674313002_gi28.png]

 we have the asymptotic expansions




[image: 692674313002_ee12.png]






[image: 692674313002_ee13.png]





for 

[image: 692674313002_gi29.png]

, where 

[image: 692674313002_gi30.png]


[image: 692674313002_gi31.png]


[image: 692674313002_gi32.png]

 , and 

[image: 692674313002_gi33.png]

 is calculated by  (6) 

[image: 692674313002_gi34.png]

 ,with

[image: 692674313002_gi35.png]

.



Lemma 2. (See [4, Lemma 9].) Let 

[image: 692674313002_gi36.png]

 and 

[image: 692674313002_gi37.png]

. Then for 

[image: 692674313002_gi38.png]

 we have the asymptotic expansions




[image: 692674313002_ee14.png]






[image: 692674313002_ee15.png]





for 

[image: 692674313002_gi39.png]

. Where 

[image: 692674313002_gi40.png]


[image: 692674313002_gi41.png]


[image: 692674313002_gi42.png]

 and 

[image: 692674313002_gi43.png]

 is calculated by (6) for 

[image: 692674313002_gi44.png]

 with 

[image: 692674313002_gi45.png]

. 



 Remark 1. (See [3, Lemma 7], [4, Lemma 7].) In the case 
[image: 692674313002_gi46.png]
 and 
[image: 692674313002_gi47.png]
 we have the asymptotic expansions:



[image: 692674313002_ee101.png]






[image: 692674313002_ee102.png]





Remark 2. In the case 
[image: 692674313002_gi48.png]
 and 
[image: 692674313002_gi49.png]
 we have the asymptotic expansions



[image: 692674313002_ee18.png]






[image: 692674313002_ee19.png]






[image: 692674313002_ee20.png]






[image: 692674313002_ee21.png]




where 
[image: 692674313002_gi50.png]



We can calculate the first functions 
[image: 692674313002_gi51.png]
 and 
[image: 692674313002_gi52.png]
 in Case d (for function 
[image: 692674313002_gi53.png]
 ):



[image: 692674313002_ee105.png]






[image: 692674313002_ee106.png]






[image: 692674313002_ee107.png]






[image: 692674313002_ee108.png]




and in Case n (for function 
[image: 692674313002_gi54.png]
 ):



[image: 692674313002_ee109.png]






[image: 692674313002_ee110.png]






[image: 692674313002_ee111.png]






[image: 692674313002_ee112.png]




We will use an additional index to distinguish cases: 
[image: 692674313002_gi55.png]
 (Case d), 
[image: 692674313002_gi56.png]
 (in Case n).

The following integral equation holds [1,5]:



[image: 692674313002_ee30.png]




If 
[image: 692674313002_gi57.png]
, then the solution of this integral equation is 
[image: 692674313002_gi58.png]
 , if 
[image: 692674313002_gi59.png]
 , then the solution of this integral equation is 
[image: 692674313002_gi60.png]
 . By superposition principle we have



[image: 692674313002_ee31.png]




So, we get asymptotic expansions for function 
[image: 692674313002_gi61.png]
.


 Lemma 3. 
Let 

[image: 692674313002_gi62.png]

 and 

[image: 692674313002_gi63.png]

. Then for 

[image: 692674313002_gi64.png]

 we have the asymptotic expansions




[image: 692674313002_ee32.png]






[image: 692674313002_ee104.png]




for 
[image: 692674313002_gi65.png]
, where


 Remark 3. Formulas (15)–(16) are valid for 
[image: 692674313002_gi66.png]
, but in (7)–(8) we have more accurate the asymptotic expansions with



[image: 692674313002_ee35.png]






[image: 692674313002_ee36.png]




instead 
[image: 692674313002_gi67.png]
 and 
[image: 692674313002_gi68.png]
 in (13)–(14).


Corollary 1.
 If 

[image: 692674313002_gi69.png]

 and 

[image: 692674313002_gi70.png]

, then we have asymptotic expansions:




[image: 692674313002_ee113.png]





Corollary 2.
If 

[image: 692674313002_gi71.png]

 and 

[image: 692674313002_gi72.png]

, then we have asymptotic expansions:




[image: 692674313002_ee38.png]






[image: 692674313002_ee39.png]





Lemma 4.
Let 

[image: 692674313002_gi73.png]

, are bounded functions. 



If  

[image: 692674313002_gi74.png]





[image: 692674313002_ee40.png]





then we have the following equations




[image: 692674313002_ee114.png]




where



[image: 692674313002_ee115.png]






[image: 692674313002_ee116.png]




and functions



[image: 692674313002_ee129.png]






[image: 692674313002_ee130.png]






[image: 692674313002_ee131.png]






[image: 692674313002_ee132.png]






[image: 692674313002_ee127.png]





 Proof. The proof follows from (12) and asymptotic expansions for 
[image: 692674313002_gi75.png]
 [3,Corollary 2] and 
[image: 692674313002_gi76.png]
 [4,Corollary2].


 Remark 4. In the case 
[image: 692674313002_gi77.png]
 we have more accurate the asymptotic expansions



[image: 692674313002_ee117.png]





 Corollary 3.
 If 

[image: 692674313002_gi78.png]

 and 

[image: 692674313002_gi82.png]

, the
n we have asymptotic expansions: 




[image: 692674313002_ee118.png]





 Corollary 4.
If 

[image: 692674313002_gi83.png]

 and 

[image: 692674313002_gi84.png]

, then we have asymptotic expansions: 




[image: 692674313002_ee47.png]






[image: 692674313002_ee48.png]








2 Asymptotic expansions for characteristic equations


Substituting 
[image: 692674313002_gi85.png]
 into (3) we get the characteristic equation



[image: 692674313002_ee49.png]






[image: 692674313002_ee50.png]






[image: 692674313002_ee51.png]




Let’s define functions:



[image: 692674313002_ee52.png]






[image: 692674313002_ee53.png]






[image: 692674313002_ee54.png]








                   h         j         l          (     s     )     :     =     γ              p                      j                  l          (     ξ     )              cos         (         ξ         s         +                      π             2                   (     j     −     l     )     )     −              p         j         l          (     1     )              cos         (         s         +                      π             2                   (     j     −     )     )     ,     j     =                           0             ,             r             ,                  ‾      






where functions 
[image: 692674313002_gi86.png]
 and 
[image: 692674313002_gi87.png]
 are defined by formulas (15) – (16). For example,



[image: 692674313002_ee119.png]






[image: 692674313002_ee57.png]






[image: 692674313002_ee120.png]






[image: 692674313002_ee59.png]






[image: 692674313002_ee121.png]






[image: 692674313002_ee61.png]




We will use the notation: 
[image: 692674313002_gi88.png]
 in Cases 
[image: 692674313002_gi89.png]
 in Cases
[image: 692674313002_gi90.png]
.


 Lemma 5.
Suppose 

[image: 692674313002_gi91.png]

 in Cases 2 and 3. Then 

[image: 692674313002_gi92.png]




 Proof. In Case 1 we have



[image: 692674313002_ee62.png]




From inequalities



[image: 692674313002_ee63.png]






[image: 692674313002_ee64.png]




we get (in Cases 2 and 3)



[image: 692674313002_ee65.png]





 Lemma 6. 
Suppose 

[image: 692674313002_gi93.png]

 in Cases 2 and 3. There exists 

[image: 692674313002_gi94.png]

 such that 

[image: 692674313002_gi95.png]

 for 

[image: 692674313002_gi96.png]

. 



 Proof. We estimate



[image: 692674313002_ee66.png]






[image: 692674313002_ee67.png]




For 
[image: 692674313002_gi97.png]
 we have



[image: 692674313002_ee68.png]




So, in Cases 2 and 3 there exists 
[image: 692674313002_gi98.png]
 such that



[image: 692674313002_ee69.png]




for 
[image: 692674313002_gi99.png]
. The proof in Case 1 repeats the proof in Case 2 with 
[image: 692674313002_gi100.png]
.


 Lemma 7.
Let 

[image: 692674313002_gi101.png]

 and 

[image: 692674313002_gi102.png]

. Then for 

[image: 692674313002_gi103.png]

 the asymptotic expansion 




[image: 692674313002_ee70.png]





 is valid,

[image: 692674313002_gi104.png]
.


 Proof. The proof for 
[image: 692674313002_gi105.png]
 is the same as in case 
[image: 692674313002_gi106.png]
 [4,see Lemma11].


 Remark 5. In the case 
[image: 692674313002_gi107.png]
 we have (see Corollary 1) the asymptotic expansion



[image: 692674313002_ee71.png]





 Remark 6. If 
[image: 692674313002_gi108.png]
 (the problem (1), (4d), (3)) formula (21) is valid with 
[image: 692674313002_gi109.png]
 in Cases 1, 2; 
[image: 692674313002_gi110.png]
 in Case 3, and



[image: 692674313002_ee122.png]






[image: 692674313002_ee123.png]






[image: 692674313002_ee124.png]




So, if 
[image: 692674313002_gi111.png]
, then Lemma 5 and Lemma 6 are valid for the problem (1), (4d), (3) with 
[image: 692674313002_gi112.png]
, in Cases 1 and 2, 
[image: 692674313002_gi113.png]
, in Case 3.

Let us consider positive 
[image: 692674313002_gi114.png]
. We investigate equation 
[image: 692674313002_gi115.png]
, with additional condition



[image: 692674313002_ee75.png]





 Lemma 8.
Suppose 

[image: 692674313002_gi116.png]

 in Cases 2 and 3. If 

[image: 692674313002_gi117.png]

, then (24) is valid. The constant κ is the same for all such x.



 Proof. In Case 1 if 
[image: 692674313002_gi118.png]
 then 
[image: 692674313002_gi119.png]
 and 
[image: 692674313002_gi120.png]
.

In Case 2 we have equation 
[image: 692674313002_gi121.png]
. If 
[image: 692674313002_gi122.png]
 are the root of equation 
[image: 692674313002_gi123.png]
, then we get [2, see Lemma 4 and Corollary 3] that 
[image: 692674313002_gi124.png]
.

In Case 3 we have equation 
[image: 692674313002_gi125.png]
. If 
[image: 692674313002_gi126.png]
 are the root of equation 
[image: 692674313002_gi127.png]
 , then we get [2, see Lemma 5] that 
[image: 692674313002_gi128.png]
.


 Remark 7. Lemma 4 and Lemma 5 in [2] were proved for 
[image: 692674313002_gi129.png]
, but it is easy to see, that they are valid for 
[image: 692674313002_gi130.png]
 too. So, Lemma 8 is proved for all 
[image: 692674313002_gi131.png]
 (see (3)).


 Remark 8. If 
[image: 692674313002_gi132.png]
 then Lemma 8 is valid with 
[image: 692674313002_gi133.png]
 Cases 1 and 2, 
[image: 692674313002_gi134.png]
 in Case 3. The proof is the same.

Let’s denote the function



[image: 692674313002_ee76.png]




If functions 
[image: 692674313002_gi135.png]
 are defined, then we can find functions



[image: 692674313002_ee133.png]






[image: 692674313002_gi136.png]
 and function



[image: 692674313002_ee134.png]




If 
[image: 692674313002_gi137.png]
, then



[image: 692674313002_ee79.png]






[image: 692674313002_ee80.png]






[image: 692674313002_ee81.png]





 Lemma 9.
 If 

[image: 692674313002_gi138.png]

 and 

[image: 692674313002_gi139.png]

, then asymptotic expansion 




[image: 692674313002_ee82.png]





 is valid, where 

[image: 692674313002_gi140.png]

, are bounded functions. 



 Proof. The proof can be found in [4, see proof of Lemma 14].





3 Spectral asymptotics for eigenvalues and eigenfunctions


In this section we assume, that 
[image: 692674313002_gi141.png]
 in Cases 2, 3. Let us denote domains 
[image: 692674313002_gi142.png]
 (
[image: 692674313002_gi143.png]
 in Case 3), contours 
[image: 692674313002_gi144.png]
 , and intervals 
[image: 692674313002_gi145.png]
.


 Lemma 10.
Suppose 

[image: 692674313002_gi146.png]

 in Cases 2 and 3. If 

[image: 692674313002_gi147.png]

, then it follows that the number of zeros of functions 

[image: 692674313002_gi148.png]

 and 

[image: 692674313002_gi149.png]

 is the same inside 

[image: 692674313002_gi150.png]

 for sufficiently large k. 



 Proof. We have (see (22)) 
[image: 692674313002_gi151.png]
. Using Lemma 5 and Lemma 6we estimate 
[image: 692674313002_gi152.png]
 on the contours 
[image: 692674313002_gi153.png]
 for sufficiently large k. Therefore, by Rouché theorem it follows that the number of zeros of 
[image: 692674313002_gi154.png]
 and 
[image: 692674313002_gi155.png]
 are the same inside 
[image: 692674313002_gi156.png]
 for sufficiently large k.


 Corollary 5.
If 

[image: 692674313002_gi157.png]

, then it follows that the number of zeros of functions 

[image: 692674313002_gi158.png]

 and 

[image: 692674313002_gi159.png]

 is the same between 

[image: 692674313002_gi160.png]

 and 

[image: 692674313002_gi161.png]

 for sufficiently large k. 



 Remark 9. If 
[image: 692674313002_gi162.png]
, then Lemma 10 and Corollary 5 are valid. The proof is the same. In Case 3 
[image: 692674313002_gi163.png]
 isn’t zero of the function 
[image: 692674313002_gi165.png]
 for 
[image: 692674313002_gi166.png]
.

From (19) (and (23) for 
[image: 692674313002_gi167.png]
) we have that function 
[image: 692674313002_gi168.png]
 has only one positive root 
[image: 692674313002_gi169.png]
. For example, 
[image: 692674313002_gi170.png]
 (and 
[image: 692674313002_gi171.png]
) for 
[image: 692674313002_gi172.png]
) in Case 1. In Cases 2 and 3 existence of such root follows from [4, Lemma 4 and Lemma 5]. Thus, function 
[image: 692674313002_gi173.png]
 has only one root sk between 
[image: 692674313002_gi174.png]
 and 
[image: 692674313002_gi175.png]
 for sufficiently large k.

In Case 2 
[image: 692674313002_gi176.png]
 and



[image: 692674313002_ee83.png]




If 
[image: 692674313002_gi177.png]
, then sign 
[image: 692674313002_gi178.png]


[image: 692674313002_gi179.png]



for sufficiently large k. This formula is valid in Cases 1 and 3. Moreover, it is valid for 
[image: 692674313002_gi180.png]
. Then from Intermediate Value Theorem at least one root of the function 
[image: 692674313002_gi181.png]
 lies in 
[image: 692674313002_gi182.png]
 for sufficiently large k. So, 
[image: 692674313002_gi183.png]
 is real root for such k.

We have 
[image: 692674313002_gi184.png]
. Then 
[image: 692674313002_gi185.png]
 and 
[image: 692674313002_gi186.png]
. The function 
[image: 692674313002_gi190.png]
 or



[image: 692674313002_ee125.png]




Now we will investigate the distribution of these positive eigenvalues of problem (1)–(3), and we leave out the note about sufficiently large k.

Let us denote 
[image: 692674313002_gi191.png]
. We have that 
[image: 692674313002_gi192.png]
.


 Theorem 1.
Let 

[image: 692674313002_gi193.png]

. For eigenvalues 

[image: 692674313002_gi194.png]

 and eigenfunctions 

[image: 692674313002_gi195.png]

 of problem (1)–(3), we have the asymptotic expansions 




[image: 692674313002_ee85.png]






[image: 692674313002_ee86.png]





 for sufficiently large k. 



 Proof. We have 
[image: 692674313002_gi196.png]
. So, all conditions of Lemma 9 are valid, and it follows (27).Then we apply Corollary 1 and get (28).


 Corollary 6.
Let 

[image: 692674313002_gi197.png]

. For eigenvalues 

[image: 692674313002_gi198.png]

 and eigenfunctions 

[image: 692674313002_gi199.png]

 of problem (1)–(3), the asymptotic equations




[image: 692674313002_ee126.png]





 are valid for sufficiently large k, where 

[image: 692674313002_gi200.png]

. 



 Corollary 7.
If 

[image: 692674313002_gi201.png]

, then the asymptotic equations 




[image: 692674313002_ee88.png]






[image: 692674313002_ee89.png]





 are valid for sufficiently large k, where 

[image: 692674313002_gi202.png]

 is defined by (25) 

[image: 692674313002_gi203.png]

. 



 Remark 10. (See [2].) If 
[image: 692674313002_gi204.png]
, then formula (27) and asymptotic expansion



[image: 692674313002_ee90.png]




are valid for sufficiently large k. If 
[image: 692674313002_gi205.png]
, then 
[image: 692674313002_gi206.png]
. If 
[image: 692674313002_gi207.png]
, then 
[image: 692674313002_gi208.png]
 and



[image: 692674313002_ee91.png]






[image: 692674313002_ee92.png]






[image: 692674313002_ee93.png]
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