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Asymptotic analysis of Sturm-Liouville
problem with Robin and two-point
boundary conditions

Sturmo ir Liuvilio uzdavinio su Robino ir dvitaske
krastine mis salygomis asimptotine” analize’

Arturas Stikonas arturas.stikonas@mif.vu.lt
Vilnius University, Lituania

https://orcid.org/0000-0002-5872-5501

Abstract: Weanalyzetheinitialvalueproblemandgetasymptoticexpansionsforsolution.
We investigate the characteristic equation for Sturm-Liouville problem with one
classical Robin type boundary condition and another two-point nonlocal boundary
condition. Finally, we obtain asymptotic expansions for eigenvalues and eigenfunctions.

Keywords: Sturm-Liouville problem, Robin condition, two-point nonlocal conditions,
asymptotics of eigenvalues and eigenfunctions.

Summary: A. Stikonas

Mes analizuojame pradin,i uzdavini, ir gauname jo sprendinio asimptotinius
skleidinius. Mes tiriame Sturmo ir Liuvilio uzdavini, su su viena klasikine Robino tipo
krastine salyga ir kita dvitaske nelokalia krastine salyga. Galiausiai gauname tikriniu,
reik§miu, ir tikriniu, funkciju, asimptotinius skleidinius.

Keywords: Sturmo ir Liuvilio uzdavinys, Robino salyga, dvitaske s nelokaliosios salygos,
tikriniu, reik§miu, ir tikriniu, funkciju, asimptotika.

Introduction

Consider the following one-dimensional Sturm-Liouville equation

= u(t)+ g(0)u(t) = Au(z),  €[0, 1]

where the real-valued function g€ ([0, I} A =52 is a complex
spectral parameter and s=x+1y;x, y € R. We will use the notation

Q(t = %{q (7)dx.

In this article S € C: = R,U CIU C, where Ry: = R;URS, U R?
Ry: ={s=x+1ye C:x=0,
y>O}, RY: ={s=x+Ly€ C :x>0,y=0},
R2:={s=0}, C::={s=x+LyEC:x>0,y>0} and
C:={s=x+1ye C:x>0,y<0}.

Thenamap A = §?is the bijection between Cgand Cy: = C.

We shall investigate Sturm-Liouville Problem (SLP) which consist

of equation (1) on [0, 1] with one classical (local) Robin type Boundary
Condition (BC)
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cosau(0) + sinaz(0) = 0, a € (0, ),
and another two-point Nonlocal Boundary Condition (NBC)
(Casel(1)= Y u(E), E€I0, 1]
(Case2ul(1)= y (&), E €[0, 1),
(Case2ju(1)= y u(&), E€[0, 1),
where Y € R. We consider the Dirichlet and the Neumann BC:
(Cased)yu(0)= 0,
(Casen)u(0)= 0,
too. The Sturm-Liouville problem (1), (44), (35) was investigated in
(2], the Sturm-Liouville problem (1), (4y), (3) was investigated in [4].

1 Asymptotic expansions for Initial Value Problem

In this section we present some statements about solution of IVP.
These statements were proved in [3]. We will use them for investigation
asymptotic expansions for SLP (1)—(3). Additionally, we introduce some
notation related to our asymptotical analysis of this problem.

Let A =52 s € C;and we(?) be a solution of equation (1) satisfying
the initial conditions

Wel(0) = sina, w,(0) = — cosa.

The function W(t, 5, @) = w,(?) is an analytic (holomorphic) function
of s and this function satisfies boudary condition (2). We denote

os(1)= OS().—w(t,s,O)andl[Js() () w(tsn/2)
Under the condition thatg € CV[O, l], r€ No: = NU {O}, asymptotic
expansions may be obtained for ¢S(t) [3] and L/JS(I) [4]. We will use

recursive formula

oo Y o

/P2

z+1

=240

Lemma 1. (See [3, Lemma 7]) Let s € Cg and g€ C'[0, 1. Then for
IS = q, we have the asymptotic expansions

¢S)11)(¢, ) Zp J(z)cos j —1 )51' + 0(5—(r+2)6(r+2)ly|f),
¢'S)(Sl)(t s|= - Z p;lcos(st +% Jj—1 )y‘f + O(S‘(VJr Delr+ 21)4’)
7=0
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for le N, s where
A= =4 A== D)) 1=2
#il)= - A )=(1- D ) ), =Lk
po{e)=p9(1) - %, 1(r) =17, pt) =1, and pY1) is caleulased by (6)

i=1r,with p?(t) -1.
Lemma 2. (See [4, Lemma9].) Ler S € Cs and q € Cr[O, 1]. Then for
ls| > q, we have the asymptotic expansions

(lps)g»(z, s) ==y p§(z)cos(sz + g( - rz)s—f + O(s‘(” 1)e(r+2)b4t)

=0

(e S e frscfr

for le N, . Where
Pift)= =) (o) = (1= pisi(e) = e (0 1= 17,
p2{(0)= = ke oK)= (1= o () = oo =0 = 1
ke N, pl.o(t) p?() p?+ l(t) i=0,r—1, p:?(z):l and p?(t) is
calclated by (6) for i=0,7 =1 with pYt)= - 1.

Remark 1. (See [3, Lemma 7], [4, Lemma 7].) In the case g € ([0, 1]
and / = 0 we have the asymptotic expansions:

(/ﬁs(t) = —sin(st)s~1+ O(S—2eb’|f), Lps(t) = cos(st) + O(S—Ier),
¢;(t) = — cos(st)+ O(S—leb’V), L|)'S(t) = — ssin(st)+ O(er).

Remark 2. In the case ¢ € CI[O, 1] and /=0 we have the asymptotic

expansions
¢ (1)= = sin(st)s~1+ Ot)cos(st)s2 + O(s~3e k),
W,(1) = cos(st)+ O@)sinst)s + Ofs2e k),
#(t)= — cos(st) — O(¢)sin(st)s~1+ O s2ek),
W{(r)= = ssin(st) + Qt)cos(st) + Os~lebt),

where Q(t) -1 ;q(f)df.

We can calculate the first functions pi. and p;l in Case d (for function

¢):
Ph= =L o4=al) =~ 5{Clr)pgele)+ 340)
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pl—t pl— l—tQ(t), p%= -
7= 7= =0t} By =30 +3elr) - 30}
Pl= - pl=10t) B2=1
and in Case n (for function P ):
b= =1 =0l 4= ~5{+golt) 400}
ph=t p= ~10li) p3= -2
P, =156= =0 = 3{A )+ gol)+ 340)
pl=—t py=1+:10(t) P =
We will use an additional index to distinguish cases: p;‘.]’l(t), p__d’l(l)

J
(Case d), p’}’l(t), p;”’l(t) (in Case n).
The following integral equation holds [1,5]:

wm(t) - %f;q (z)sin(s(z — r))was(r) 7 = sinacos(st) — co L C)) (st)

If a= 0, then the solution of this integral equation is ¢_, if a=mn/2
, then the solution of this integral equation is Y, . By superposition
principle we have

was(t) = cosagés(t) + sinaws(t).

So, we get asymptotic expansions for function wg.
Lemma 3. Let s€ Cy and q€ C'[0, 1]. Then for |12 q, we have the

asymptrotic expansions

o= B B fenen
|- ~S b5l

for/ € N, where
Remark 3. Formulas (15)-(16) are valid for a =0, but in (7)-(8) we

have more accurate the asymptotic expansions with

p?’l(t)cos<st + %(r +1- l))s‘(VJr D+ O(S‘(’"’r elrt 2)1J’|f),

p;d,l(t)cos(st + %(r - l)) 5 + O( S—(ﬁl)e(ﬁl)[ﬂt)’
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instead O(s~+Delr+2bt) and O(s7er*+2bk) in (13)-(14).
Corollary 1. If g€ [0, 1] and a€(0, 1), then we have asymptotic

expansions:

W) = sina- cos(st) + O(s~1ebl), wy () = — sina-sin(st)s + O(eb¥).

Corollary 2. If g€ C 1[0, 1] and a € (0, ), then we have asymptotic

expansions:

Wes(t) = sina.cos(st) +( — cosa+ sinaQ(?))sin(st)s~1+ O(s2eb¥),
was(t) = — sinasin(st)s + ( — cosa + sinaQ(¢))cos(st) + O(s~led¥),

Lemma 4. Letr x€ R, 0€ R, qe C10, 1], Qj(x), j= Lr , are

bounded functions.
J=1

Ifs=x+96,
then we bhave the following equations
_ r—1
= ZR J(t, x)x‘f + O(x‘r }
=1

wm(t = ZR j(;, x)x‘f + O(x‘(”l)), Wﬂj(t
=0
](t x) cosa- Rd(t x)+ sina- R J(t x) j=1r

where
Ro(t, x) sina- RO
R_l(z‘ x) = sina- R_l( ) (t x) cosa-f??(t, x)+ sina-R};(t, x), j=0,r—1,

and functions

'm--l-l(t';r") - Z 1! nmfp (]‘)(()s(;f + Q(J - ]))(2711() m ( )
ny+...dnm=1, j=1,
dtmy42ng gy —ml

RY (t,z) = — Z ﬁp "(t) cos(xt + T 5 —D)QT (x) - - Qni (),
oyt A =L, §20,
ditmny+2ng+.. tmn

R
Ry (t,x) = — Z —m!__l_m”!p}l' () cos(xt + %( Y (x) -
ny+...Angm=L, §j=0,

Jtmny+2ng+. . tmng =m

- Qi (@),

Loty == Y e () cos(at + E(j — D)QE () - Qi (x),
ny+...+nm=1, jz-1,

ddnyF2ng . dmngy —m—1

m=0,r.
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Proof- The proof follows from (12) and asymptotic expansions for ¢S(t)
[3,Corollary 2] and ¢ (¢) [4,Corollary2].

Remark 4. In the case a=0 we have more accurate the asymptotic
expansions

1 r
A5l
Al 0

Corollary 3. If g€ ([0, 1] and a€(0, n), the n we have asymptotic

expansions:

Wesl?) = sina- cos(xt) + O(x~1), wy(¢) = — sina-sin(xt)x + O(1).

Corollary 4. If g€ C l[0, 1] and a € (0, 1), then we have asymptotic

expansions:

wm(t) = sina.co xt) + ( —cosa+ sina(Q(t) - th(x)))sin(xt)x—l + O(x—2)
w’m(t) = - sina.sin(xt)x +( - cosa+ sina(Q(t) 10) 1(x)))cos(xt) + O(x—l).
2 Asymptotic expansions for characteristic equations

Substituting wy(#) into (3) we get the characteristic equation

ls): =Wl 1) ¥, 8) = 0,
) = vl 1) = ., (E) =0
ls): = wal 1)~ ¥, ) = 0

Let’s define functions:

I{s): = - (sinfs - 1) =( - sinasin(s — £1)
) = v+ 5= ko 5= =0
) = ek 50-1)- s+ 3= = -1

where functions pi. and j)ﬂ are defined by formulas (15) - (16). For

example,
hgl(s) = —sinasins, hll(s) = —sinacoss,
h(o)(s) = (sinaQ( 1) = cosa)coss — sinaycos(Es),

hgl(s) = sina(sins -y sin(Es)), hll(s) = —sina(coss — Y Ecos(Es)),
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hg(s) = (sinaQ(l) - cosa)coss — (sinaQ(&) — cosa) y cos(Es),
ho( )— smw(coss -y cos(Es)) ho( ) — sina(sins — 'y Esin(&s)),
hgl(s) = (sinaQ( 1) — cosa)sins — (sinaQ(&) — cosa) Y sin(Es).

We will use the notation: p=—1a,:=(k—1/2)n in Cases
,2%p=0,a,:=(k=)rin Cases3, k€ N.

Lemma 5. Suppose lyl<1 in Cases 2 and 3. Then
V(ay+ 1) = kel k>0,

Proof. In Case 1 we have

In°{(a + 1) = sindsin(a, + 1) = sindfsina;coshy + tcosqsinhy) = sinacoshy > sinae/ 2.
From inequalities
Isins — Y sin(&s) = (sinx] —| Y [sin(Es))coshy = (jsinx] —| ¥ Jcoshy,
lcoss = y cos(&s) = (lcosd — | Y |cos(Es))coshy = (lcosd —| Y [)coshy
we get (in Cases 2 and 3)
Vig(ay + 1) = sina(1 =] y Jcoshy = sina(1- |y et/ 2.

Lemma 6. Suppose |Y|<1 in Cases 2 and 3. There exists B>0 such
that ig(s) = ke, k>0 for = B.
Proof. We estimate
[sins — 'y sin(Es) 2 sins| —| ¥ [sin(Es) = sinhy| — | ¥ [cosh(E),
lcoshs — Y cos(&s)| =|coss| —| ¥ [cos(Es) = sinhy| —| ¥ [cosh(E y).

For|y|< 1we have

hm (smhy |y |cosh(§y - | Y mfﬂ |Y|

So, in Cases 2 and 3 there exists B > 0 such that

i) 2 sine 1 - v J

for|)} = B. The proof in Case 1 repeats the proof in Case 2 with y = 0.
Lemma7.Let s€ Cs and g€ C'|0, 1]. Then for |§ = q, the asymptotic

expansion

r+p
hg»(S) =S o)+ Ofs o)
=P
isvalid, IN € N,
Proof. The proof for a € (0, 1) is the same as in case a=1/2 [4,see
Lemmall].
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Remark S. In the case g€ ([0, 1] we have (see Corollary 1) the

asymptotic expansion
ha(s) = h%(s)s‘p + O(S‘( 1+P)e|y|).

Remark 6.1f a = 0 (the problem (1), (44), (3)) formula (21) is valid with
P =0in Cases 1,2; p=1in Case 3, and

hg(s) = — COss, h(l)(s) = —sins,
hg(s) =y cos(Es) — Coss, h(l)(s) =sins — Yy &sin(&s),
h(l)(s) =y sin(Es) — sins, h}(s) =y &cos(&s) — coss.

So, if a=0, then Lemma 5 and Lemma 6 are valid for the
problem (1), (4q), (3) with p=0,a;,=km, k€ N, in Cases 1 and 2,
p=0,a,=(k—1/2)n, k€ N, in Case 3.

Let us consider positives = x>0, g € C r[O, 1]. We investigate equation
hx+0)=0,5 € R, with additional condition

p(x)= k >0

Lemma 8. Suppose |Y|<1 in Cases 2 and 3. If hg(x) =0, then (24) is
valid. The constant x is the same for all such x.

Proof. In Case 1 if hgl(x) = —sinasinx =0, then x=x,=km, k€ N
and |hll(xk)| = |- sinacosx;| = sina > 0.

In Case 2 we have equation h?l(x) = —sina(sinx — 'y sin(&Ex)).

If x;, are the root of equation x— ysin(Ex)=0, then
we get [2, see Lemma 4 and Corollary 3] that

L () =| - sina(cosx, — Y Ecos(Ex)) = sindcosx, — Y Ecos(Ex) = sinak = K > 0.
In Case 3 we have equation hg(x) = sina(cosx — Y COS(EX)). Ifx; are the
root of equation cosx — Y cos(§x) = 0, then we get [2, see Lemma 5] that
|h2‘,(xk) > sindfsinx;, — Y Esin(Exk) > sina(jsinx,| — | Y Hsin(Exk)D > sinak = K > 0.
Remark 7. Lemma4and Lemma 5 in [2] were proved for § € (0, 1), but

it is easy to see, that they are valid for & =0 too. So, Lemma 8 is proved

for all & (see (3)).
Remark 8. If a=0 then Lemma 8 is valid with p=0 Cases 1 and 2,
p = lin Case 3. The proof is the same.

Let’s denote the function

O x)= = hirolr)plx))
If functions Qp-0Q,_,are defined, then we can find functions

Nk

i1 _ in(:f_:}---Q__ 1(:r;}
zi(x) = Z —h_.;r_p(:r)(h_.})(:,r:)) l (l,,;+1).,-;__1!..5.,-;__,: T

1

nyt.o.dng =i, j=0,
jtni+2ne+...+(k |J?I.k 1 L
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=1,k — land function

“'yn] (z )___Z'I‘L: l(.’l:)
(2;‘:(.'!,') = Z h(_;)—f—p( )U p( )) : 71! n: |]" '

|t g =1, §=0,
jtny+2no+.. . H(k—1)n, =k

Ifg€ CY0, 1] then

Ql(x) _ (sinaQ(1) — cosa)cosx — sinaycos(Ex)

SINACOSX

Q( ) (sinaQ(1) = cosa)cosx — (sinaQ(&) — cosa) y cos(&Ex)
1 sina(cosx — Y Ecos(&Ex))

(sinaQ(1) = cosa)sinx — (sinaQ(&) — cosa) y sin(Ex)
Ql( ) sina(sinx — 'y Esin(&x))

Lemma 9. If g€ Cr[O, 1] and 0= 0(1), ]’l?)(X) =0, then asymptotic

expansion

o= Z szx)x—j + O(X%rﬂ)

=l

is valid, where Qj(x), j= 1, 7, , are bounded functions.
Proof. The proof can be found in [4, see proof of Lemma 14].

3 Spectral asymptotics for eigenvalues and eigenfunctions

In this section we assume, that |Y|<1 in Cases 2, 3. Let us
denote domains Dy ={s€ C : < ak, M<a), D= CND, ke N
(k>1 in Case 3), contours Ty= CsNOD, , and intervals
It =(a @y41) C Dgpr1 \ Dy KE N.

Lemma 10. Suppose |Y|<1 in Cases 2 and 3. If g€ ([0, 1], then it
Jfollows that the number of zeros of functions hy(s) and h%(S)S_p is the same
inside T g, for sufficiently large k.

Proof  We have (see (22)) ha(s) = h%(s)s_p + O(S_I_Pelﬂ).
Using Lemma 5 and Lemma 6we estimate
|O(s_1_peb’|)| < cff-1-pebi< min{k, K }|S|—peb’| < |h%(s)s_p| on the contours
T for sufficiently large 4. Therefore, by Rouché theorem it follows that
the number of zeros of A,(s) and h%(s)s_p are the same inside 7'y for
sufhciently large .

Corollary 5. If g€ ([0, 1], then it follows that the number of zeros of

Sfunctions hy(s) and h%(s) is the same between T g and T g vy for sufficiently
large k.
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Remark 9. If a=0, then Lemma 10 and Corollary 5 are valid.
The proof is the same. In Case 3 s=0 isn’t zero of the function
h(l)(s)s—l =y s7Isin(&s) — s~ Isins for | Y| < 1.

From (19) (and (23) for a = 0) we have that function hop has only one
positive root x;, € I}, k € N . For example, x; =k (and x; = Tl:(k +1/2)
for a=10) in Case 1. In Cases 2 and 3 existence of such root follows from

(4, Lemma 4 and Lemma 5]. Thus, function /,(s) has only one root sk
between T and Ty for sufficiently large £.

In Case 2 (sina # 0)a; = (k — 1/2)m and
hda)= = sina(sina; — y sin(Eay))a, + O(1) = gysina(( — e+ y sin(Eay) + Ok 2))

If |yl<l then sign ((— 1)+ ysin(Ea)+O(k™)=(- 1)
Sig n(ha(ak)ha(akﬂ)) = -1

for sufficiently large 4. This formula is valid in Cases 1 and 3. Moreover,
it is valid for a = 0. Then from Intermediate Value Theorem at least one
root of the function /,(s) lies in 1 for sufficiently large 4. So, s, is real root

for such 4.
We have s, ~ x; ~ tk(ask — ). Then ha(sk)-sl’: = h(,),(sk) + O(k_l)

0

and I}im h%(sk) = 0. The function s; — x;ask — * or

s = x; + o( 1 ask — o).

Now we will investigate the distribution of these positive eigenvalues
of problem (1)-(3), and we leave out the note about sufficiently large 4.

Let us denote &, = s — x;. We have that 6, = o1).
Theorem 1. Let g€ C'0,1] . For cigenvalues Ay = si and
eigenfunctions wy of problem (1)—(3), we have the asymprotic expansions

S =X + Z Qj(rxk)x;j + 0( k—(r+ 1))

J=l

-Safe sl
Sfor sufficiently large k.

j=0
Proof. We have 6, = 0(1) So, all conditions of Lemma 9 are valid, and
it follows (27).Then we apply Corollary 1 and get (28).
Corollary 6. Let g € ([0, 1]. For eigenvalues A, = S]% and eigenfunctions
uy, of problem (1)—(3), the asymprotic equations

S = X + O(k_l), uk(f) = Ro(t, xk) + O(k_l)
are valid for sufficiently large k, where R(t, x) = sinacos(xt).
Corollary 7. If g€ C 1[0, 1], then the asymptotic equations

5=+ 0w pe !+ Ok ),
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uk(t) = Ro(t, xk) + Rl(t, xk)le + O(k_z)
are valid for sufficiently large k, where Ql(x) is defined by (25)
Ro(t, x) = sinacos(xt), Rl(t, x) = ( —cosa+ sina(Q(t) - th(x)))sin(xt) )

Remark 10. (See [2].) If a=0, then formula (27) and asymptotic

expansion
u,,(t

are valid for sufficiently large 4. If g € C[0, 1], then R(#, x) = — sin(x?).
IfgeC 1[0, 1], then Rz(t, x) = (Q(t) - th(x)))cos(xt) and

Ql(x) _ O(Dsinx -y sin(&x)

SImx

P+l
=D, R xk)x;j * O(kﬁﬁz))

J=1

0 (x) _ O(Dsinx — y Q(E)sin(Ex)
1 sinx — Yy &sin(&x)

0 (x) _ O(Dcosx — Yy Q&)cos(Ex)
I cosx — Y &Ecos(&Ex)
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