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Abstract: We investigate the existence of positive solutions for a nonlinear Riemann-
Liouville fractional differential equation with a positive parameter subject to nonlocal
boundary conditions, which contain fractional derivatives and Riemann-Stieltjes
integrals. The nonlinearity of the equation is nonnegative, and it may have singularities
at its variables. In the proof of the main results, we use the fixed point index theory and
the principal characteristic value of an associated linear operator. A related semipositone
problem is also studied by using the Guo—Krasnosel’skii fixed point theorem.

Keywords: Riemann-Liouville fractional differential equation, nonlocal boundary
conditions, positive parameter, singularities, positive solutions, semipositone problem.

1 Introduction

We consider the nonlinear fractional differential equation
D&, u(t) + Ah(t) f(t,u(t)) =0, te(0,1),

with the nonlocal boundary conditions

w(0) =/ (0) = - =a™2(0) =0, D u(1) Z/Dwu t)dH;(t),
=1 0

where. € Ra € (=L nl,m,m.N,n23,B € .foral.=0,...,m,0
<.<B.<---<B <.<a—1,.21,.isapositive parameter, and denotes
the Riemann-Liouville derivative of order . (for. =2, 8, 8. ..., B.).

The integrals from the boundary conditions (2) are Riemann-Stieltjes
integrals with H., i = 1, . . ., m, functions of bounded variation, the
nonnegative function . (% #) may have singularity at . = 0, and the
nonnegative function .(.) may be singular at. = 0 and/or . = 1.

Under some assumptions for the functions . and . , we establish
intervals for the parameter . such that problem (1), (2) has positive
solutions (.(.) >0 forall. (0, 1]). These intervals for . are expressed by using
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the principal characteristic value of an associated linear operator. In the
proof of the main theorems, we use the fixed point index theory. In the
case inwhich. 1 and. is a function which changes sign and has singularities
at . = 0 and/or . = 1, we present two existence results for the positive
solutions of this problem. In the proof of these results, we apply the
Guo-Krasnosel’skii fixed point theorem. The boundary conditions (2)
cover various cases, such as multi- point boundary conditions when the
functions H. are step functions, or classical integral boundary conditions,
or a combination of them.

We present below some papers, which investigate particular cases of
our boundary value problem (1), (2) and other problems related to (1),
(2). Equation (1) with .(.) 1 subject to the boundary conditions

m

w(©0) = w(0) = =u2(0) =0,  Diu(l)=Y a;Df,u(&),
i=1

where &R i=1...,m0<& <<l <LpqR p[l,22],.][0p],
was investigated in [11]. In paper [11], the nonlinearity . changes sign,
and it is singular only at . = 0 and/or . = 1. The authors of [11] apply the
Guo-Krasnosel’skii fixed point theorem to prove the existence of positive
solutions when the parameter belongs to various intervals. Equation (1)
with.=land.(.) 1 supplemented with the boundary conditions (2) with.
= 1, where . may change sign and may be singular at the points . = 0, .
=1 and/or . = 0 has been studied in [20]. In the paper [20], the author
presents some conditions for ., which contain height functions defined on
special bounded sets under which he proves the existence and multiplicity
of positive solutions. The existence of multiple positive solutions for
equation (1) with. = 1 and .(.) 1 subject to the boundary conditions (2)
was investigated in the recent paper [1]. The authors use in [1] various
height functions of the nonlinearity defined on special bounded sets and
two theorems from the fixed point index theory. In the paper [35], the
authors prove the existence of at least three positive solutions for equation
(1) with. = 1 and .(.) 1 with the boundary conditions

mn

w(0) =/ (0)=---=u™2(0)=0, D u(l)=A /'fi.(t)Dngu(t) dt,
0

where.21,.—.—-1>0,0<y<1,0<.[".(). ~dr<1,". €.[0,1]

is nonnegative and may be singular at. = 0 and . = 1, and the function .

is nonnegative and may be singular at the points. =0,.=1and .= 0.

Our boundary conditions (2) are more general than the above boundary
conditions (3). Indeed, the last relation from (3)

can be written as D.x(.) d.(.) with .(.) = { [ . ".() ds, £ € [0,
7]; have a sum of Riemann-Stieltjes integrals from Riemann-Liouville
derivatives of various orders. In the paper [35], the authors use different
height functions of the nonlinear term on special bounded sets, the
Krasnosel'skii theorem and the Leggett—Williams fixed point index
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theorem. We also mention the paper [33], where the authors prove
the existence of positive solutions of fractional differential equation (1)
supplemented with the boundary conditions

w(0) = /(0) = - —uD(©0) =0,  Df,u(l) = D, u(&),
i=1

where. € [Lz-2],. € [0,4],2.20,.2-1,2,...,0< & << <&
_1 <our condition from (2). We mention that condition (I3) (see below,
in Section 3) used in our results was first introduced in the paper [18],
where the authors proved the existence of at least one positive solution for
a fourth-order nonlinear singular Sturm-Liouville eigenvalue problem.

For some recent results on the existence, nonexistence and multiplicity
of positive so- lutions for fractional differential equations and
systems of fractional differential equations with various boundary
conditions, we refer the reader to the monographs [10, 36] and the
papers [2,3,8,12,13,17,19,25,28,30,31,34]. We also mention the books
[14,15,24,26,27] and the papers [5-7, 21-23, 29] for applications of the
fractional differential equations in various disciplines.

The paper is organized as follows. In Section 2, we present the
solution of a linear fractional differential equation associated to equation
(1) subject to the boundary condi- tions (2) and the properties of
the corresponding Green functions. Some theorems from the fixed
point index theory, the Guo—Krasnosel’skii fixed point theorem and an
application of the Krein—Rutman theorem in the space .[0, 1] are recalled
in Section 2, and they will be used in the next sections. In Section 3, we
give and prove the main theorems for the existence of at least one positive
solution for problem (1), (2). In Section 4, we present two existence
results for the positive solutions of problem (1), (2) with . 1, where the
nonlinearity changes sign, and it is singular at . = 0 and/or . = 1. Section
5 contains some examples, which illustrate the obtained results, and in
Section 6, we give the conclusions for our fractional boundary value
problems

2 Auxiliary results

In this section, we present some auxiliary results from [1] that we will use
in the proof of the main theorems. We consider the fractional differential
equation

Dg, u(t) +x(t) =0, te(0,1),

with the boundary conditions (2), where . € .(0, 1) N ..(0, 1). We
denote
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1

Ao L@ S @) s gy
A a-f) 2 Ta-5) D/ dHi(s)

Lemma 1

(See [1].) If 4 = 0, then the unique solution u C[0, 1] of problem (5), (2)
is given by

1
u(t) = [ G(t,s)z(s)ds, te]0,1],
/

where
1
tCt—l m
g(t:S) :gl(fsS) + ,j. E /921'(’7_: S) dH?(T)
i=17
And
(t,5) = 1t l(l—g)e Pt _(t—g)o7l, 0gs<g<t<1,
IS = 1) te=l(1—s)a—Fo—1 0<t<s<,
I T (i e B o e S R PP PP
QZf(t;S) = F(Cf—_ﬁi) {f“-ﬁbl(l—s)ﬂs"l: 0<t<s<1
Jorall (t,s) € [0.1] x [0,1],i=1,....,m.
Based on some properties of functions .. and .,,. = 1, ..., 7, given by

(8) (see [11]), we have the following lemma.

Lemma 2
(See [1).) We suppose that A > .. Then the Green function . given by (7) is a

continuous function on [0, 1] x [0, 1] and satisfies the inequalities:

(1) G(t,5) <J () forall t, s € [0, 1], where
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1
1 T
J(s) = hi(s) + ZZ [ goi (7, s)dHi(7), s [0,1],

i=1}

hl(S) = 1_(0) (1 o S]Ct—ﬁ[)—l (1 - (1 . S)'SO), Y= [0 1]1

(i) G(t,5) < ot. " forall t, s € [0, 1], where

1
/Tﬂ'_"'ﬂf_ldHi(T]. =

1 1 & 1
T T " Ez; Mo — 4,)
1= 0

Lemma 3

(See [1].) We suppose that 4 > ., x € .(0,1) N ..(0, 1) and x(.) = 0 for all
t € (0,1). Then the solution u of problem (5), (2) given by (6) satisfies the
inequality u(.) 2 t. 71#.#forallt € [0,1], where#.# =sup. € [0, 1] |-(.)},
andsou(.) 20 forallt € [0, 1].

We recall now some theorems concerning the fixed point index theory
and the Guo— Krasnosel’skii fixed point theorem. Let . be a real Banach
space with the norm , C X a cone, “<” the partial ordering defined by .
and . the zero element in .. For. > 0, let B. . # X. u < Q be the open ball
of radius . centered at ., its closure B. = # X: . <. and its boundary dB. . #
X: . =..The proofs of our results are based on the following fixed point
index theorems.

Theorem 1

(See [4].) Let A : B. N . > C be a completely continuous operator. If there
existsu. € \{.} such that u — Aui(A, B. . C, C) = 0.Au. for all X 2 0 and
u.0B..C, then

Theorem 2

(See [4).) Let A= B. N . > C be a completely continnous operator. If A. /=
puforallu.oB.. Candp 2 1, theni(A, B.. C, C) = 1.

Theorem 3

(See [9).) Let X be a Banach space, and let C . X be a cone in X. Assume Q.

and Q. are bounded open subsets of X with $ € ., Q. # ., andlet A:. N (..

\..) > C be a completely continuous operator such that either
()#A#<##tuc.N Q,and#A#>##uc . N Q. or
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(i) #A#># 4 u e . N IQ, and #A# <## u & . N Q.

Then . has a fixed pointin C N (. \ ).

Let the space .[0, 1] and the cone . = » C[0, 1]: .(.) 2 0. [0, 1] . We
present next an application of the Krein—Rutman theorem in the space .

[0, 1.
Theorem 4

(See [16,32).) Suppose that A : .[0, 1] > .[0, 1] is a completely contin- nous
linear operator and A(. ) # P. If there existv € .[0, 1]\ (—.) and a constantc
> such that cAv . v, then the spectral radius r(.) 0 and A has an eigenvector

u. P 3 corresponding to its principal characteristic value ). = (.())™", that is
AAu. = ..or Au. = .(.)., and so r(.) > 0.

3 Main results

In this section, we present intervals for the parameter . such that our
problem (1), (2) has at least one positive solution. We consider the
Banach space . =.[0, 1] with the supremum norm #.# = sup. € [0, 1] |.
(.)], and we define the cones

0 vt e [0,1]},
t* Hul| Yt [0,1]} C P

P={ueX: u(t)
Q= {ueX: u(t)

2
2

We define the operator A : . > . and the linear operator T : . > . by

1
Au(t) = /\/Q(f_, s)h(s)f(s.u(s))ds, t[0,1], ue P,
10
Tu(t) = /Q(t,s):'z(s)u(s)ds, te[0,1], ue X.

0

We see that . is a solution of problem (1), (2) if and only if . is a fixed
point of operator . For » > 0, we denote Q.. B. Q and Qr. B. Q

We introduce now the assumptions that we will use in what follows.

IHaeceRac(n-—1n.nmeN nz3 05 Rforallt =0,....m,
0SB <Pa< < Bm <P <a-—1 Go =z 1. H;:[0,1] = R, i=1,
.,m, are nondecreasing functions, A > 0, and

1

ﬂ:L{l)‘ Zm: P /Q3 ldH ~ 0.
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(I2) The function . € .((0, 1), [0, o)), and . J (.).(.) ds < .
(I3) The function . € .([0, 1] x (0 ), [0, ©0)), and for any 0 < r <
R, we have

lim  sup [ h(s)f(s,u(s))ds =0,

n—F 00 -
T.iEQI{\.QT"i

it ¥

where 4. = [0, 1/2) U [(. = 1)/n, 1].

Lemma 4

Assume that assumptions (11)-(13) hold. Then, for any . < r < R, the
operator A : QR . Q. Q is completely continuous.

Proof- By (I13) we deduce that there exists a natural number .. 2 3 such
that

sup / h(s)f(s,u(s))ds < 1.
HEQH\Q»J

1'31
For. € QR. Q., there exists.. € [r, R] such that #.# = .., and then
t* lr <t lpp Swu(t) <rp <R Ve [0,1].

Let..= max{. (4, x., ¢ € [1/n., (.—1)/n.], x € [r/n. ', R]}. By Lemma

2, (I2) and (I3) we find
1 1
sup A [ G(t,s)h(s u(s))ds < sup A [ J(s)h(s)f(s,u(s))ds,
ue@;c\Qv uEau\Q« F

0

1
sup A [ J(s)h(s)f(s,u(s))ds
!

ueQ p\Qr
n1 1)
< sup A/J s)h(s )d5+ sup}\/j S'u ))ds
uEQ p\Q; uEQR\Qr
(n1—1)/ny
< Ay + AL, / T(s)h(s)ds < Ay + AL, [j(s)h(s) ds < oo,
1/!711 0
where .. = max. J (). This implies that the operator A is well
e [0, 1]
defined.

We show next that : QR Q. Q. Indeed, for any # QR Q. and.. [0, 1],
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we have

1 1
(Au)(t) = A /G(f s)h(s)f(s,u(s))ds < /\/j(s)h(s)f(s, u(s)) ds,
[ 0

0

And then
1
| Aul| < A /J(s}h(s)j‘(sgu(s)) ds.
0

On the other hand, by Lemma 2 we obtain

1
(Au)(t) = Aot /J(s)h(s)f(s,u(s)) ds > t*7 Y| Au|| Vit e [0,1].
0

so # Q. Therefore (OR Q.) ..

W. prove now that : QR Q. Q is completely continuous. We assume
that £ QR Q. is an arbitrary bounded set. From the first part of the
proof we know that (.) is uniformly bounded. Then we show that (.) is
equicontinuous. Indeed, for ¢ > 0, there exists a natural number .. > 3 such
that

-

=

AINTy

sup h(s)f(s,u(s))ds <
T"'Eaﬂ\ﬂ?r'q‘

Ang

Since G(# s) is uniformly continuous on [0, 1] x [0, 1], for the above
¢ > 0, there exists & > 0 such that, forany ., #. € [0, 1] with |.. —..| <0
and. € [1/n., (.—1)/n.], we have

—

’g(tls S) - g(tZES)‘ < m-

WhCI'CLz = max{l,max{f(t,z), t € [1/na, (na—1)/n2], 2 € [r/n5"",R]}}
And/} = max{1, max{h(t), t € [1/712.(112—1)/712]}}.
Then, forany. € E, ¢, . € [0, 1] with |.. —..| < J, we deduce
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|(.Au.)(t ) — (Au)(ty )‘
1
/ (t1,5) — G(ta, s))h(s) (s, u(s)) ds
0
< 2\ /J’(sjh{s)f(s u(s)) ds
Any
(n2—1)/n2
+ A sup }Q(tl,s) —g(tg,s)‘h(s}f(s:u(s))ds
uck .
) (na—1)/ns
_./\J[] 4,\J0 2)&1}__)2 / h(S) ds) Lg
1/na

-~
= £

o |

<ty
This gives us that (.) is equicontinuous. By the Arzeldi—Ascoli theorem

we conclude that A: QR Qr > Q is comp.ct
QR Q. > Q is continuous. We suppose
.<u <. forall.>

bo|

Finally, we prove that
thatu.,u.QR/ Qrtforall . 2 1 and un - 0.0 asn> . Then. < u
0. By (I3), for ¢ > 0, there exists a natural number .. > 3 such that

—
[ =

[h(s)f(s:u( ))ds{ TN

sup
UEQR\Qr
']13
Because . (% x) is uniformly continuous in [1/7., (.. — 1)/n.] X [r/n. =
R], we obtain
lim s,u(s)) — fls,ug(s))| =0
Tim_[£(s.u(s)) = £ (5. u0(s))
)/n.]. Then the Lebesgue dominated

uniformly for . [1/z., (. 1
convergence theo- rem gives us

(s uo(s))|ds—>0 as n — 0o

(na—1)/na

S)|f(5: Up (3)) -

1/ma
Thus, for the above ¢ > 0, there exists a natural number . such that, for

n >N, we have
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(na—1)/ng

h(s) ‘f(s un(s)) — f(s,uo(s | )| ds <

9AJU

1 ;’nj

By (9) and (10) we conclude that

| Aw,, — Augl|
< sup / J(s)h(s S ,Un(8)) — f(s up(s }ds
uEQp\Qr
(na—1)/na

+ sup A [ J(s)h(s ‘f ) f(s ug(s ‘ds
Rea;g\Qr- 1271:3

<A, Ay Y A
G4)\JD i D4)\JD oA, ?

This implies that : QR Q. Q is continuous. Hence : QR Q. Q is
completely continuous

Under assumptions (I1)—(I3), by the extension theorem the operator
A has a com- pletely continuous extension (also denoted by A) from . to .

Lemma 5

Assume that assumptions (11), (12) hold. Then the spectral radius (T ) /
=0, and . has an eigenfunction y. € .\ {.} corresponding to the principal
eigenvalue r(T ), thatis T .= .(T)... Sor(T ) > 0.

Proof. The operator T :. > . is a linear completely continuous operator.
By Lemma 2 we know that G(%, 5. > 0 for all £, s € (0, 1). By (12) we
deduce that there exists an interval [¢, 4] # (0, 1) (0 < ¢ < d < 1) such that.
(.) >0forall. € [¢ d]. We consider a function . € .[0, 1] satisfying the
conditions.(.) >0 for. € (¢ 4)and.(.) =0 for. €. (¢ d). Then, for all.
€ [¢ d], we have

(T /Q(t s)h(s)e(s)ds = /g(t s)h(s)p(s)ds >0 ¥Vt € [e,d.

Hence there exists a constant 2z > 0 (. = max. o) - .(.). min. [d](T )
(.)), which satisfies the inequality .(T .)( 3 forall . € [EO 1]. By
Theorem 4 we conclude that the spectral radlus (T)/=0and T has
an eigenfunction .. € .\ {.} corresponding to its principal characteristic
value .. = (.(T')) ' such that T .. = .(T')..,and so .(T ) > 0.

Using a similar argument as that used in the proof of Lemma 4 for
operator A, we obtain that T (.) #
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Theorem S

Assume that assumptions (11)-(13) hold. If

f(t u)

. ; o St
0 < f5 :=limsup max < fp :=limint min (t,w)
u—oo t€[0.1] u u—0+ t€[0,1] u

g 0,

then, for any A € (1.(f7(T)), L.(£ 7(T))), problem (1), (2) has at least
one positive

Proof- We consider . € (1.(£7(T )), 1.(£ »(T ))). For f., we have the
cases: . € (0, o) with .0 > 1.(27(T )) and .0 = 0. In the first case, .0 €
(0, 00) with £ > 1.(A7(T)), we obtain

‘w>awm>0anf&m;ﬁ—swemuwemﬂﬂ.

u

By taking. = f — 1.(A7(T )) we deduce that there exists .. > 0 such that.
(4, w./u 2 1.(A7(T)) forall. € [0, 1] and . € (0, r.. ], and so . (% u) >
u/2r(T)) forall. € [0,1]and. € [0, .. ].

In the case f = oo, we have

fltu)

Ve >0,35(e) >0 st >e Vtel0,1], ue (0,d()].
u

So for . = 1.(A7()), we deduce that there exists.." ' > 0 such that. (s,
u) 2 u/2r(T)) forall.[0,1]and . [0, 71" ' ].

Hence, in the above both cases, we conclude that there exists.. > 0 such
that. (¢ #) 2 u/(Ar(T)) forall. € [0,1] and. € [0, r.].

Then, forany . € dQ.1, we find

1
Au(t) = A/Q{t,s}h(s)f(s,u(s)) ds
0

1
1 1. -
= NTS E]/g(t, s)h(s)u(s)ds = D Tu(t) Vtel[0,1].

We assume that has no fixed point on 9Q.1, (otherwise the proof is
finished). We will prove that

u— Au# pyy Vu € E}QTL: p =0,

where .. is given in Lemma 5. We suppose that there exist .. € dQ.1
and .. >0suchthat..— A..= ... Then. >0and .. = A.. + ... > ... We
denote.. = sup{.:.. 2 gy.}. Then .. 2 .., .. = ....and
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1 1

Uy = q =
MZm M

poT vy = pody.

Hence .. = .+.... > ...+.... = (.+..).., which contradicts the definition
of ... So relation (11) holds, and by Theorem 1 we deduce that

i(A,Q,,.Q) =0.

For £, we have also two cases:

Ve >0, 36(c) >0 st —— < fs,+e Vte[0,1], u=d(e

(1)1
\-._.-/

By taking. = 1.(2A47(T)) — f* /2 we deduce that there exists ..
In the case £/

Ve >0, 36(g) >0 s.t

So for. = 1.(247(T)), we deduce that there exists . 2’ ' 1.(2A(T)).
forall. € [0,1]and. € [.2' ' , oo).>rsuchthat. (s u) <
Therefore, in the above both cases, we conclude that there exist. € (0,
1)and.. > 7. suchthat. (z, ) < .1.007(T)).forall. € [0,1]and. € [.., ).
We define now the operator T. : . > . by

Tiu= 9(—7_1; =

1
/; ,S)h(s)u(s)ds, te]0,1], ue X.
0

The operator T. is linear and bounded, and T.(.) # .. Because . € (0,
1), we obtain
(T.) =9 < 1. We consider the set

Z={ue@\ B, pu=Auwith p > 1}.

By (13) and the definition of operator , forany # Z, x = 1 and.. [0, 1],
we deduce
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1
u(t) < pu(t) = (Au)(t) = A /g(tg s)h(s)f(s,u(s)) ds
0

= / G(t, s)h(s)f(s,u(s))ds + A / G(t.s)h(s)f(s,u(s))ds

D(u) [0, 1]\ D(w)
1
g —
< 7 / G(t,s)h(s)u(s)ds + ,\/ J(s)h(s)f(s,u(s))ds
D(u) 0
; 1
< O/ G(t, $)h(s)u(s) ds + Mo M, = (Tyu)(t) + AJoM,

where .(.) = min{.(.), .} for all . & [0, 1] (which satisfies ..z. ' <.7(.)
<. forallt2[0;1]),]J0 = sups2[0;1]J (s), and M1 = supu2Qr2nQrl R 1
0 h(s)f(s; u(s)) ds (as in the proof of Lemma 4, we obtain that M1 < 1). By
the Gelfand formula we know that (I# T1)##1 exists and (I # T1)#1 =

P1i=1Til, which implies (I # T1)#1(Q) _ Q. This, together with
(14), gives us u(t) 6 (I # T1)#1(_JOM1), and so u(t) 6 _JOM1 _ k(I #
T1)#1k for all £ 2 [0; 1], which means that Z is bounded. Now we choose
R > maxfr2; suptkuk; u 2 Zgg. Then we obtain that _u 6= Au forallu2
@QR and _ > 1. By Theorem 2 we conclude that

(A Qr,Q) =1.

By (12), (15) and the additivity property of the fixed point index we
deduce that

E(AQR\GrlQ) = E’(“'ﬁl QR:Q} - 3(-’4 QTI;Q_\J == 1

So operator has at least one fixed point on Q. Qr1, which is a positive
solution of problem (1), (2).

By using a similar approach as that used in the proof of Theorem 5, we
obtain the following result.

Theorem 6

Assume that assumptions (11)-(13) hold. If

. t,u ; e .. t,u
0 < f§ = limsup max f(t,u) < fi, :=liminf min f(t,u)
u—0+ te0,1] U u—oo te[0,1] U

g o0,

then, for any 2 € (1.(f r(T)), L.(F(T))), problem (1), (2) has at least

one positive
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4 Some remarks on a related semipositone problem

In this section, we present two existence results for a semipositone
problem associated to problem (1), (2). More precisely, we consider the
fractional differential equation

Sou(t) + Af(tu) =0, te(0,1),

subject to the boundary conditions (2). We suppose that assumption
(I1) holds and . sat- isfies the conditions

(I2.) The function. € .((0,1) x [0, c0), R) may be singular at. = 0 and/
or. = 1, and there exist the functions p, g € .((0, 1), [0, 0)),. € .([0, 1]
x [0,),[0,)) such that.(.) <. (% «) <.(.).(#, #) forall . (0, 1) and

(I3.) There exists. & (0, 1.2) such that lim. ., min. c b1 T(bu/u=

By using the Guo—Krasnoselskii fixed point theorem (Theorem 3) and
similar argu- ments as those used in [11] (Theorems 3.1 and 3.2) we obtain

the following results for problem (16), (2).
Theorem 7

Assume that (11), (12.) and (13.) hold. Then there exists A. > . such that,
Jfor any & € (0, L.}, the boundary value problem (16), (2) has at least one
positive solution.

In the proof of Theorem 7, we consider .. > o { .(.) d# > 0, and we define

1 —1
A" =min¢ 1, Ry | My /J(sj (q(s) 4+ p(s)) ds
0

r1].(t u), 1}. The solution .(.),. € [0,

el0,1], €0 |
1], satisfies the condition .(.) > ..z. " forall. € [0, 1], where ..

with .. = max{max.

Theorem 8

Assume that (11), (12.) and
(14) There exists § € (0, 1.2) such that the following hold:

. : = . glit,u
lim min f(t,u) =00 and lim max 9t w)
u—o0 te[(,1—(] u— oo te[0.1] U

= 0.

Then there exists A. > . such that, for any A > .., the boundary value problem
(16), (2) has at least one positive solution.
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By (I4) we know that for. € (0, 1.2) and for a fixed number .. > 0, there
exists M > O such that. (% #) > . forall . [{, 1.] and . > .. In the proof of
Theorem 8, we define.. =. (£ 7. [ 1.(.) d.)™". The solution .(.),. & [0, 1],
satisfies the condition .(.) > ..z ! forall. € [0, 1], where..= ... 7!

5 Examples

Let.=10.3,.=4,.=11.5,.=2, .= 1.2, .= 54, .(.) = . forall . [0, 1], .
()=0for.[0,1.2); 1for.[1.2,1].
We consider the fractional differential equations

Doy *u(t) + Ab(8) f(t,u(t)) =0, te(0,1),

DY ult) + Af(t,u(t)) =0, te(0,1),

subject to the boundary conditions

1
w(0) = /' (0) = u” (0) = 0, éi/wu /D u(t)dt + D0+ (2)

We have . 1.12792427 > 0 and . 0.94443688. So assumption (I1) is
satisfied. In addition, we obtain

1 t11/6(1 — 5)2/15 _ (t —5)1/6, 0<s<t<1
g21(t,8) = w7~ 11/6 2/15
I'(17/6) | 1/5(1 — s)2/15, 0<t<s<1
t 1 $18/12(1 _ g)2/15 _ (4 _ 5)13/12) 0 < s <t < 1,
g22(t, s) ['(25/12) 1;13/12(1_5)2;’1.5T 0<t<s<,
_ 1 2/15 11/5
hl(‘) ]_—‘(10/3)(1_3) (1_(1_8) ) s e [O ]']
hi(s) + A{F(ZS/G (1- 5)2/15 o 1’(2}’:/6)(1 _S)l?ﬂs
)13/12 2/15 (1 13/12 1
j(q) _ +r 20/12) [( X ( 25/)1; - (IE 7 S) 1]?}}:6 0 S 5 g E
ha(s )+A{F 23/6 7(1—s) _1"(23/6)(]‘_5) '
T 20/12 (3 5) 112 (1 — 8)2/10), t<s<1

Example 1. We consider the functions

h(f):%! te (0,1); flt,u) =Vu+t+— !

H1—t)? ' 7o 101 u>0.

The cone . from Section 3 is here. = {. € .[0, 1]:.() = /*#.# #. € [0,
1]}.ForO <7< Rand. € QR. Q., we deduce
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Ftou(t) S VE+1+ -2 Vie(0.1].

t7/37
Besides, we obtain [ 1] (.).(.) d. <. T(2.3)['(1.3) < oo, .0.781. Hence

assumption (12) is satisfied

For. € QR. Q.and 4. = [0, 1/z] U [(-—1)/, 1], we find

C, :/h(s)f(w ds_/m(\/_ s+$_(s))ds

(\/_+1+ ! )ds

/\/ﬁ s 7hr

— (WVE+1) /

ds,

\/TS)O \/_ / 11/ 12 S 2;’3

and then lim. ... sup C. = 0 because ..(.) = 1.(v/3 .(1 = .)2) € ..(0, 1)
and ..(.) = L(M*(1 - .)*) € ..(0, 1). Hence assumption (I3) is satisfied.
We also have £= 0 and £= co. Then by using Theorem 5 we deduce that,
foranyd € (0, o), problem (17), (19) has at least one positive solution .
(.),. € [0, 1], which satisfies the condition .(.) > ./?#.# for all . & [0, 1]

Example 2. We consider the function

wd +u+1

f(t,u) = i ﬂ3+mn te(0,1), u=0.

For this example, we have .(.) = — In . and .(.) = 1.(/4 .(1 - .)3) for
all. € (0,1),T(3.4)I'(1.4) 4.44288. Then assumption (12.) is satisfied. In
addition, for . (0, ¥2), Rfixed, assumption (I30) is also satisfied. By some
computations we obtain thatJ (.)(.(.)+.(.)) d. = 2.71742073. We choose .
= 2, which satisfies the condition and then we deduce M2 = 11 and
0:0669084. By Theorem 7 we conclude that, forany _2 (0; __], problem
(18), (19) has at least one positive solution u(t), t 2 [0; 1], which satisfies
the condition u(t) > 1t7=3 forallt 2 [0; 1], where 1 _1:05556.

Example 3. We consider the function

u+1/3 1

f(fu\-]: {/fg(l——ﬂz_ %

Here we have .(.) = 1.4/3.and .(.) = 1.5.3(1 )2 forall. (0, 1), .(5, ) . +
1.3forall. € [0,1]and.>0.Because [ 1.(.)d.=3.2,[1.(.)d. =~ 3.30327,
assumption (I2.) is satisfied. In addition, for . € (0,1.2), we obtain that
lim. ;. min. AR . (t #) = and lim. ... max. 0, (t, u./u = 0, and
then assumptlon (I4) is also satisfied. We choose . = 1.4 and .. = 100, and

€ (0,1), u > 0.
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then we find .. = 5805 and ..  104075. Then by Theorem 8 we deduce
that, for any . > .., problem (18), (19) has at least one positive solution .
(.),. € [0, 1], which satisfies the inequality .(.) = ."1.... for all . € [0, 1],
where.”1 = 147438.

6 Conclusion

In this paper, we study the existence of positive solutions for the nonlinear
Riemann- Liouville fractional boundary value problem (1), (2), where .
is a positive parameter. The function . is nonnegative, and it may be
singular at the second variable, and the function . is also nonnegative, and
it may have singularities at . = 0 and/or . = 1. We present conditions
for . and . and intervals for ., which are expressed in term of the principal
characteristic value of an associated linear operator. In the proof of the
existence theo- rems, we use two results from the fixed point index theory.
We also investigate a related semipositone problem, namely, equation (1)
with . 1 and . a sign-changing function with singularities at . = 0 and/or .
= 1 subject to the nonlocal boundary conditions (2). For this problem,
we give two existence results for the positive solutions when . belongs to
various intervals. Three examples, which illustrate the obtained existence
theorems, are finally presented.
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