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Abstract: In this paper, we get the existence of two positive solutions for a fourth-order
problem with Navier boundary condition. Our nonlinearity has a critical growth, and
the method is a local minimum theorem obtained by Bonanno.
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1 Introduction and main result

In this paper, we consider the following fourth-order problem:

A%u = A(Jul” %u + plu[*?u) in £,

u=Au=0 ondf, )

where Q is a nonempty bounded open subset of the Euclidean space
(RN, | . | ), N =5, with sufficient smooth boundary, 2# = 2N/(N 4),
1 < q <2,hand p are positive parameters.

Bernis, Garcia-Azorero and Peral [3] study a fourth-order problem
with a critical growth, which presents several difficulties. Indeed, the
Palais—Smale condition, as well as the weak lower semi-continuity of
the associated functional, may fail because the Sobolev embedding is not
compact. To be precise, consider the problem where # > 0 is a parameter.
Bernis, Garcia-Azorero and Peral [3] study this problem following the
idea of Ambrosetti, Brezis and Cerami [2]. They proved the following
result.

A2u = |ul? 2u+ plul*2u in 02,

: (D)
u—=»Au—=—0 ondfl

Theorem 1. (See [3].) Fix 1 < s < 2. Then there is A > 0 such that for
each u# 10, A[, problem (D) admits at least two positive solutions.

Moreover, they also proved that if 4 > 4, the previous problem admits
no solution (see [3, Thm. 2.1]). Their proof is combination of topological
and variational methods. Precisely, they determine the existence of a first
solution by using the method of sub- and super-solutions and then prove
that this solution is the minimum of a suitable functional and apply the
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mountain pass theorem so ensuring the existence of a second solution. For
other result of fourth-order problem and variational problem, we refer
the readerto [1, 5, 8, 10,11,12,13,14,15,16] and references therein.

In this paper, we investigate a fourth-order problem with critical
growth (P)). Our approach is due to Bonanno [4, 6]. Using the
variational method, we will ensure that problem (P)) has one positive
solution when the parameters A and p are in a suitable interval.
Furthermore, when A = 1, we can get another positive solution, where p
is in a suitable interval, and give the estimate of the parameter p.

At first, we give the variational framework of this problem. As usual,
put X :=

HO01(Q) N H2(Q) endowed with the norm

. 1/2
|ul| = (/|i\u[;r]| d'.r)
2

W(u) = / (_}i*|fc-[.r)|2. - ,{.£$|-e¢-(1r)|q) dx (1)
0 )

forallu#X.Obviously, | § | 2#/2#+u | & | g/q=0forallé#R.
By the Sobolev embedding,

lull Loy < esllull, vweX, sel[l,27,

and by Talenti [17] we obtain

o = . . . . 2
r = AN (F(%)FM%) ~ (&) =
2)

Due to (2), by the Holder inequality it follows that

Iﬁ.l.j:2‘ —5)/2%s 1‘-2 r % ‘J 2/N
Cares - —= — , (3)
V2N2x (r[ 5 )0((4 5 )))
3)

where “ QO 7 denotes the Lebesgue measure of the set £ and that the
embedding X < Ls(Q) is not compact if s = 2#.
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T - 1
= : : i :
' f Lt il T e (rN)Y (N9

Ar = min{A\*, A},

where ¢2# , cq are given by (2) and (3).
Now, we give the first result of this paper.
Theorem 2. Fixq € ]1, 2[. Then there exists p# > 0, where

5

R 5 q 1 . 9* ?,;."'2'—'2]- 9 1 (N—4)/4 (2—q)/2
=g ) MM\ E e IN\Z '

and cq, c2# are given by (3) and (2) such that for each 1 ]0, A 7r[ and
u ]0, u#[, problem (P)) admits at least one positive weak solution. Let X =
1 and up be the positive solution. Then

B 1/{2*—2)
< (5)
(52-

Moreover, the mapping

1 r 2 1 I % : I
[ 3 / | Ayl — o [ Un > dz — f—: / uu|? dz
02 i

2 2

is negative and strictly decreasing in ]0, p#|.

Next, we obtain the following existence result of two solutions. At the
same time, an estimate of parameters is also obtained.

Theorem 3. Fixq € ]1, 2[. Then there exists p# > 0, where

—2) /2

. (4a 1 3 o 2/(2* 2 9 1\ (N=0/44 \ (2-a)/2
= \gaeon )\ zeong: 3N\ ‘

and cq, c2# are given by (3) and (2) such that for each p €70, p#[,
problem

A= [u]? 2u+ plu| 2 in 02, ®.)
u=Au=0 ondf? s

admits at least two positive solutions up and wy such that #up# < (2#/
c22#)1/(2#-2) and wyp > up.

We observe that the solution obtained in Theorem 2 is a local
minimum for the considered functional. To obtain the second solution,
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we will use the mountain pass theorem of Ambrosetti and Rabinowitiz.
This argument is the same in the part of [3, Thm. 1.1].
Example 1. Fix N = 5 and let Q = {x € R5: |x| < 1}. Then the problem

A2y = + 21?2 in 12,
u=Au=0 onadf?

admits at least two positive solutions up and w such that wi > up. In
fact, it is enough to apply Theorem 3 by choosing q = 3/2 and taking into

account that 3 € 3Y/(281 - 5040), 1 < /5 (259 . 5350/10) for WhiCh u* > 37/80 . g71/40 559/1651/40 - 9.
2 Preliminaries

We present some definitions on differentiability of functionals and refer
the reader to [4, Sect. 2]. Let X be a real Banach space. We denote the dual
space of X by X#, while #., -# stands for the duality pairing between X#
and X. A functional I: X > Ris called Giteaux differentiable at u € X if
thereis ¢ € X# (denoted by I’ (u)) such that

i I(u+ tv) — I(u)

= I'(w)(v) VvelX.
t— 0 t (®)(v)

It is called continuously Géteaux differentiable if it is Gateaux
differentiable for any u € X and the functional u > I(u) is a continuous
map from X to its dual X#.

Let @, ¥ : X » R be two continuously Géteaux differentiable
functionals and put

=9V

Fix rl, r2 € [—oo, +oo] with rl < r2. We say that the functional I
verifies the Palais— Smale condition cut off lower at r1 and upper at 2 (in
short (PS) ec r2 r1 -condition) if any sequence (un) such that

(i) (I(un)) is bounded,
i) bm,, .. [P () lx- =10,
(iii) r; < @(up) < rgforalln e N

has a convergent subsequence.

When we fix r1 = —oo, that is, ®(un) < r2 foralln € N, we denote this
type of Palais—Smale condition with (PS)[r2]. When, in addition, 12 = +
oo, it is the classical Palais—Smale condition.

Now, we recall the following local minimum theorem.

230



Lin Li, et al. Fourth-order elliptic problems with critical nonlinearities by a sublinear perturbation

Theorem 4. (See [6, Thm. 3.3].) Let X be a real Banach space, and let
@, Y : X > Rbe two continuously Gateaux differentiable functionals such
that infX ® = ®(0) = Y (0) = 0.

Assume that there arer € Randu™ € Xwith 0 < ®(u”) < rsuch that

SUPyed—1 (]—co,r]) ¥ (1) . (1)
T . fﬁ{&\]

and, foreach €1 ® (u™) /Y (u"), r/ supu€ ®—1(]—oo,x[) Y (u)[,
the functional I\ = @ — 1Y satisfies (PS)[r]-condition. Then, for each
Ae]d W) /Y (u), t/ supu€ ®—1(]—co,r[) Y (u)[, there is uk # @
—1(]0, r[) (hence, uk = 0) such that T\(u)) < T\(u) for all u # ®—-1(]O0, r])
andI’ (uA) =0.

3 Proof of the main results

Firstly, we establish the following result.

Lemma 1. Let @ and Y be the functional defined in (1) and fix r > 0.
Then, for eachd € 70, A7r[, the functional A = ® —\Y satisfies the (PS)
[r]-condition.

Proof. Let (un) # X be a(PS)[r] sequence, that is,

(i) (f(wy,)) is bounded,
(i) limnostoo |15 (un)|lx- =0,

(iii) @(un) < rforalln € N.

From ®(un) < r, for all # n N, (un) is bounded in X. Going to a
subsequence if necessary, we can assume

U, —ug inX, un — up in LI(f2),

U, —+ ug a.e.on {2,

Taking (i) into account, for a constant ¢, limn-co I\ (un) = c. Moreover,
(un) is bounded in L2# (). Now, we proof our result by many steps.

Step 1. u0 is a weak solution of problem (P). Since (un) is bounded in
L2# (Q), we get that (un2#—1) is bounded in L2# /(2#-1)(Q). Indeed,

we have
g=_ @ (21 4 ' o olf T
f|uﬂ | ‘dz = | |u,|” de.
2 7

Therefore, we get that
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A | 9*—1 - 2= 2 —1)
U,  — uy in L=/ :

In fact, since un - u0 a.e. x € Q, we obtain un2#—1 > uo2#-1 a.e. x

€ Q, and that, together with the boundedness of (un2#-1) in L2#/(2#
—1), ensures the weak convergence of un2#—1 to uo2#-1in L2# /(2#-1)
(see [7, Rem. (iii)]).

Moreover, since un > u0 in Lq(€), taking into account [18, Thm. A.2],
one has that

In particular,

i g R B pnifie-- 1)
ul— " — ug in L9/@=1(0).
s A o ol e pafie--l)y
ul Uy in L9/ (9~1((2).

One has

lim (fﬂiin(x}.-’_\.-t!{a'}d;l' —A /un{x]g‘_lv(a') de — Ap /un{x}q_La.'[.r} d:::)
2 Q '

n—oo
Lr

= f.&-uﬂ(a:}.&-v{r) dz — A /.11[}{.1')2'_1-1.1{32}d;1‘ —)\Iu,fuo(;z‘]q_l-v{x}d;r
n o

12

forall v € X, that is, u0 is a weak solution of (P}).
Step 2. We prove that

Iy(up) > —r. 4)
(4)

Let us consider the nonlinear term

1 - 1 i) 1 -
Ow) = [ (fu@)? +p=lu@)]? ) de = L) S
(1) f(yuwn +uqmwn) o= Eul g + gl o)
n
< et + St

So,

MmgﬁﬂWM+§ﬁmﬂz Vu € X.
q
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It follows that for allu € X, #u# < (2r)1/2, we obtained

112
In(u) = &(u) — () > 14 —"‘(%ﬂﬁﬂun‘? ;vg-huﬂ‘)

2
= —A Ec*‘{?r}”*’rg + icg:{Qr}Q B e
q q 2* }‘*

Noting (iii) and @ is sequentially weakly lower semicontinuous, we
have

||ug|| < liminf ||u,| < v2r.
TE—F o0

That is,

In(ug) > —r.

Step 3. Let vi = un — u0. We get that

c=P(ug) — AW (ug) + llm (—||tﬂ )\/

)

In fact, #un#2 = #vn + u0#2 = #vn#2 + #uO#2 + 2#vn, u0#, so, we
obtained

[ l* = [0l + lluo||* + 0(1)

Moreover, by the Brezis—Lieb lemma (see [7, Thm. 1]) one has

f|un|9- dx:f|uﬂ|g- d.’l"+f|?1-g|24 dz + o(1).
Q Q 2

Finally, sinceuQ > [(1/q) | u | qdxislocally Lipschitzin Lq(Q) (see,
for example, [9, Thm. 7.2.1]) and un > u0 in Lq(€2), we obtained

f|uﬂ|‘7 dr — f |up|? dz + o(1).
Q 7]

Hence,
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c= lim (P(u,) — A(uy,)),

n—Fo0

that is,

¢ = B(up) — W (un) + 0(1)

=éllunllﬁ—«‘w.if|un 2 dI—z\#lfluﬁFd:r—l—o(l]

]. - L
Slleall® + Sluol? —A—f|nn|9 dz — Nz /|uu|2 dr

- )u,ué f lup|? dz + o(1)

1 ; 1 .
= B(u0) ~ M(ug) + g lon]> = A [ on dotof1).

n”

We get (5).
Step 4. The following equality is satisfied:

c:QS(u ) — A (up) + o(1)
Sl —A—fmﬂ"' el /|un| dz + o(1)

1 .
= 5lloal? + 5luol? —A—f|bn|9 dz -

dx

—)u,ulf|uu|qdr+o[1}
1

1 ; 1 .
— B(u0) ~ A(ug) + g lon> = Az [ un do o).

(©)

From (ii) we have limn»co I'(un)(un) = 0. We get

f&uﬂ&undx—)xf|uﬂ|2-_l-und:tr—Apf|un|q_luﬂdm: o(1).
2 2 2

Therefore, seen in the proof of (5) and
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f|un§'3_1u” d-.z':/|u{]?q_lu[]dx+o[1].
7. Iy

we get that | un | -1~ | u0 | g—1 in Lg=(q-1)( Q) (see the first

step) and un > u0 in Lq(Q).
One has
fonl? + laol? = A [ fenl?” do =2 [ fuol?” dz = A  juol*dz = o(0),
7] n 0
that is,

o2 = A [ [v,]? dz = —||ug|]® + A [ lug|?” dz + Ap / |ug|? dx + o(1).
2 2 .

Since u0 is a weak solution of (P#), one has

We get,
|ug | 2— )\f |u¢;§2‘ dr — )a,uf:uufq dr = 0.
2

]

|U'n

|2 = }‘féf'ﬂF‘ dz = 0{1_].
7

that is, (6).

Conclusion. Finally, we observe that kvnk2 is bounded in R. Thus,
there is a subsequence, still denoted by #vn#2, which converges tob # R.
That is, limn>oco #vn#2 = b.

Ifb = 0, we have proved the lemma. In this situation, we have lim n»co
#un - u0# = 0.

We assume that b 6= 0, arguing by contradiction. From (6) we obtain

lim A f?,-‘n;g dx = b.

By the Sobolev embedding, #vn#L2* (Q) < c2*#vn#, and passing to the
limit, we obtained » <=+ . Since b 6% 0, we get
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Due to (4) and (5), one has

a¥

¥4

c=P(ug) — AW(up) + éb E Qi*b > -7+ (% — i)b = —r+ %b,

thatis, ¢ > —r + 2b/N . On the other hand, since

1 . |
o £)? i—ualaq >0

forall{ € R, we obtained

P(uy) — AW (u,) <r

forall n # N. Thatis, ¢ < r. Thus, -r + 2b/N < ¢ < r. It follows that 2b=N
< 2r, that is, b < rN. Therefore, one has

1\ (N=9)/4 , | \N/2
i < b<rN,
()\) <H) e

so, it follows that 1/} < (rN¢2*N/2)4/(N—4). Hence, we get

1 1 <
)'l. = {f.r"j"v"::l*tf'f"""-_*‘] ,_r_r%: f— .}L‘.‘f‘.

and this is a contradiction.

Now, we give the proof of Theorem 2.
Proof of Theorem 2. Let

9+ 221 9 1 (N—4)/4
; (g IIHH{ (m) . E ({%: ) }

and
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. i 1 (2—q)/2

Fix 0 < p < p#, and one hasA'r > 1. Indeed,

- 1 1
= —— = - - . -
Ar (’%: {T:"\-r}“f (N—4} ~ (_’%: {;"'\-"}431-""'—4}{—3?\'_ [—f,},. }[-'\'—4:|.-“4]4f(-"‘~'—4}

4/(N—4)
= (g) =1

and
AL = !
L g 4—2 223 . o

- 1

- E 99q/2y ﬂ— 22+/2 2 2/(2*—2)1(2*—2)/2
cq2% 2 [[2-2 T9/2, 2*) / ]t )

1
> ~ =1.

i g—=
%cﬁ?‘hﬁr T +

Therefore, from Lemma 1 the functional I = ® — LY satisfies the (PS)
[r]-condition for allX €70, A r[.

Fix A <A'r. We claim that there is av0 € X, with 0 < ®(v0) < r, such
that

SUDyeg—1(]—co,r) ¥ (%)  ¥(vp)
0 T D(vg)

Consider #u#Ls(Q) < cs#u#, u € X, we get

Sllpueq,—l[}_m_r“ 'P{TL} "’upuerfa l(J “t_,]"l,]{ ”u”qmrz, T "}_lu”jz‘“”}

T ;i

B ; I 1 r

bllpue:ra—l(]—m.rg;.l%ﬂguﬂhq o e |lul*)
r

S2r)t =c3. (2r)?

r

Hence, we get

S-llpueq’fz—ll:j—tﬂ.?"i:l "p[u} { 1
r -

T

A
A

2|
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Let R = supx#Q d(x, 0Q), and let x0 € Q such that B(x, R) # Q.

Moreover, put

0 if z € 2\ B(zo, R),
vs(z) == { 161 (R—1)2§ ifz € B(zg, R) \ B(zo, R/2),
i) if x € B(xo, B/2),

where | : Clearly, vé € X, and since

Pl 595 2N +2)P —3R(N + 1)l + NR
92t 7

i=1
for every x € B(x0, R) \ B(x0, R/2), we get
d(vs) = /|.}.15{:r | dzr

210 N/ Qéd

g2 — N R2|2sN-1
m]m (N +2)s? — 3(N +1)Rs + NR2|2N~1ds,

R/2

where I' is the gamma function. Moreover, we get

1 - “H——
iﬁ'(ud]:/(g 2 +}J,E|z,lt,-(;r)|q)dr>; f (gwﬁ “"E'o'q) dz
2 B(zo.R/2)
1 a2 pN
AT 7 e
(2*" T ||) T(1+N/2) 2V

and so,

V(o) R 5= 6°" + ptld|
B(v5) ~ 2(2N —1) 32 |

Fromlimt>0+ | t | g=t2 = +oo we get that

1
O

| "l
lim sup - —
t— 0 t

So, by
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910, N/ 2(5

Blu;) = =2
®s) RT(X
Ei‘

N +2)s2 —3(N + 1)Rs + NR2|®sV 1 ds
| (

thereisa d~ > 0 such that

: 1 (710" 1.1%
A +alle
2(2N —1) 42 X
and O(vd~) < r. Therefore,
SUPyed—1(]—co,rp P(U) . R2 =0 _—p.%irﬂ‘? _ ¥(v3)
r X 202N - 52 = P(v5)

with 0 < ®(vd7) < r. Hence, the claim is proved.

Finally, from Theorem 4 then functional @ -AY admits a critical point
ub,u such that #ulu# 2/2 > 0, which is a positive weak solution for
problem (P}). In particular, by choosing’d = 1 a positive weak solution up
for problem (P}) is obtained. Moreover, one has #up#2/2 < r from which
#up#2/2 < (2#/(2(2#+2)/2c272# ))2/(2#-2), that is,

.\ 1/(2°—2)
ok Tk
T ki '

Since up is a global minimum for I1 in ®—1(]0, r[) again from Theorem
4, and vo~ ®-1(]0, r[), one has I1(up) < I1(v87). So, by ¥ (v87)/D(vd")
> 1/h> 1 we get

|,

I (uy) < Ii(vs) < 0.

Next, fix 0 < ul < p2. We get

W) = uer!ar‘n].li]]lﬁ.rﬂ (% / Sl e QL* f Jul* dz — “1% / |ul? d:r)
P 8 : 1 .
> nh]“ P[J( I/.|_\u dx o f|u dr — po [|u| cl:r)

L 2

= .!r]_liu“:j.

and the conclusion is achieved.

Proof of Theorem 3. Fix u # ]0, u#[. From Theorem 2 there exists
a positive solution up of (PX) such that up is a local minimum for the
functional
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: ] -
Hu) = d(u) —¥(u) = - f F(u(z)) de,

12

where F is the primitive of f (t), and

fe) = e T e 1 5|
0 if ¢ < 0.

We consider a new problem

Ay = (u, + ) -u;‘i-_l + p(uy, + v)? ! — ,e,f,-uﬁ_l in 12,

. D)
v=Av =0 ondfl

7)

Clearly, if v is a positive weak solution to (7), then wyu = up + vpis a
weak solution of (P)) such that wy > up > 0. Now, our aim is to prove that
(7) admits at least one positive weak solution. Consider the functional J

defined as

£
112
Moy = % - fL{:r. v(z))dz, L(z,£)= fﬂ{x,f}dt.
Lr 0
and
(u(@) + 82 ! — (@)
Iz, 1) = +ps(up(z) + 1) — plup(2)]? ! ift 20,

0 ift <0.

Clearly, nonzero critical points of J are positive weak solutions of (7).
Since up is a local minimum of I, one has

I(u, +v)—I{u,) 20

forallv € X such that #v# < § for some d > 0. So, taking into account
that
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1 . . !
J(v) = 5||¢.*_ 2 4+ I(u, + v') —I(u,) =0

for all v # X (see [3]), we get J(v) 2 O for all v # X such that #v# < .
That is, 0 is a local minimum of J.

By using the same proofin [3], the functional ] admits a positive critical
point vu for which wu = up + v is the second weak solution of (7), and
the proof is complete.
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