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Shaanxi Normal University, China

Abstract: We introduce a reaction—diffusion system with modified nonlinear
functional responses. We first discuss the large-time behavior of positive solutions for
the system. And then, for the corresponding steady-state system, we are concerned
with the priori estimate, the existence of the nonconstant positive solutions as well as
the bifurcations emitting from the positive constant equilibrium solution. Finally, we
present some numerical examples to test the theoretical and computational analysis
results. Meanwhile, we depict the trajectory graphs and spatiotemporal patterns to
simulate the dynamics for the system. The numerical computations and simulated graphs
imply that the available food resource for consumer is very likely not single.

Keywords: reaction—diffusion system, large-time behavior, positive solution,
bifurcation, numerical and graphical analysis.

1 Introduction

Many ecological phenomena among different populations can be
characterized or simulated by various mathematical models. By analyzing
different kinds of mathematical models people may give scientific
predictions and explanations on the dynamics of these models,
and further, put forward reasonable projects corresponding to some
ecological problems. In many kinds of ecological-mathematical models,
the predator—prey model is a very important branch. Since the
classical Lotka—Volterra ecological model [13] was introduced into
investigations, the predator—prey-type models received extensively
attentions. In recent decades, different kinds of predator—prey models
have been established, and many great progress and valuable achievements
have been made; see [4,6,9,20,22,23] for examples.

In predator—prey models, the functional responses are very important
terms in describing the relations between predator and prey, they
determine many dynamical properties of the systems in some extent.
Specifically, the functional response describes the change of predation
rate of predator capturing prey, that is, how the predator consuming
prey is dependent on the response terms. In large number of predator—
prey models, the functional responses are of prey-dependent type, such as
the classical Lotka—Volterra-type functional response, the Holling-type
II (sometimes referred to as the Michaelis—Menten functional response),
III and IV functional responses, the Ivlev and inverse Ivlev functional
responses, etc. Taking these functions as the functional responses, a great
many of predator—prey models have been studied thoroughly, and quite
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a lot of important research achievements have been given; see [1, 10, 18,
21, 24], etc.

The introduction of prey-dependent-type functional response is based
on the assumption that the predation rate of predator is only effected by
prey, and the predators are mutual noninterference within themselves.
In fact, generally speaking, the phenomenon in sharing or competing
their foods always occurs during the process of predation. When the
population density of predator is high, the predation rate will decrease.
Moreover, as the well-known environmental paradox being proposed
by Hairston, et al. [8] and Rosenzweig [19], the type of functional
responses gave rise to many strong controversies among ecologists. Just
in this situation, based on the Holling-type II functional response, by
a great deal of experimental and numerical analysis, Beddington [3]
and DeAngelis et al. [5] introduced a new type functional response,
the predator—prey dependent functional response f (x) = bx/(a + x +
cy), which is called the Beddington—-DeAngelis-type functional response,
where x and y represent the predator and prey, respectively, and a,
b, ¢ are parameters. This type of functional response is very like with
the Hollingtype II functional response, the only difference is that the
Beddington-DeAngelis-type functional response involves both prey and
predator. Compared with the prey-dependenttype functional responses,
the predator—prey-dependent functional response not only reflects the
mutual interference with predators, but also remains the merits of
the ratiodependent functional responses. Moreover, it avoids some
controversies induced by low population density and better describes
the predation effect of the predator versus prey. It is just because of
these reasons, different kinds of models with predator—prey-dependent
functional response have become a center topic in population dynamics.

Except the Beddington-DeAngelis-type functional response, another
attentive predator—prey-dependent functional response hx/y is called the
Leslie-Gower-type functional response, where h is a constant. It was
introduced by Leslie [11] and discussed jointly by Leslic and Gower
[12]. This functional response measures the self-consumption of predator
when the foods are scarce, where the growth of predator population is
of logistic form. Since in actual ecological systems, the carrying capacity
set by environmental resources is proportional to prey abundance and
the predators always try to survive by catching other preys when their
conventional food is short seriously, in such situations, the growth
rate of the predator would be affected. For this reason, Aziz-Alaoui
[2] modified the logistic form and proposed the Leslie-Gower-type
functional response hx/(a +y), where ais a positive constant and measures
the environmental protection for predator. With such a functional
response, Aziz-Alaoui et al. studied some predator—prey models in
spatially homogeneous or inhomogeneous cases; see [7, 15,16,17, 25].
Based on and motivated by all the above-mentioned, in this paper, we
introduce the following nondimensional reaction— diffusion system
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ﬂ:dlﬁu—l—u(a—u——ﬂm ) re (2 t>0,
ot ¢+ U+ muv

dv
a—izdzﬂquv(b—-v—PTu). ref) t>0,

ou v

— = — =1, e o2t = 0.

0V o T =

u(z,0) = ug(z) =0 T e {2,

. =0,
v(z,0) =wvp(x) 20, £0, =&l
(1)

with two modified predator—prey-dependent nonlinear functional
responses av/(c + u+ mv), Bv/(r + u). Here Q is abounded domain in Rn
with smooth boundary dQ), u and v are the densities of prey and predator
populations. d1, d2 and a, b are the diffusion rates and the growth rates
of u and v, respectively; o is the predation rate of predator, and ¢ is the
self-saturation density of prey; m represents the semi-saturation term of
the system; B measures the conversion rate of v predating u, and r reflects
the protection of the surroundings on predators; v is the outward unit
normal vector on 9Q). All parameters are positive constants. u0(x), v0(x)
are booth smooth functions in Q.

For system (1), we consider the large-time behavior of positive
solutions. In addition, corresponding to (1), we mainly analyze the steady-
state system

d1$u+u(a—u—L):U, T e 2,
c+ U+ muv
Bu
o Av+v|b—v— — =0, zell
r+ u
rfi_-u:ﬁ:& xr e 91
o dv

(2)

An outline of this paper is as follows: In Section 2, we consider the
large-time behavior of positive solutions to system (1) mainly by the
comparison principle of parabolic equations. In Section 3, we give a priori
estimate for the positive solutions of (2) by the maximum principle.
Then, in Section 4, we investigate the coexistence of predator and prey
to system (2) by the energy integral techniques and topological degree
computation. In Section 5, by taking the diffusion rate of predator as a
parameter, we study the bifurcating phenomenon, which emits from the
unique positive constant equilibrium also by using the topological degree
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techniques. Since pattern is a very interesting nonlinear phenomena and
pattern dynamics is a primary branch of nonlinear science, finally, we give
some numerical examples and depict the corresponding trajectory graphs
or spatiotemporal patterns to simulate the related theoretical results in
Section 6. It is worth mentioning that the numerical simulated graphs
imply that the available food resource for predator may not single if the
system parameters are controlled properly.

2 Large-time behavior

In this section, we consider the large-time behaviors of positive solutions
to system (1) including the global attractor and the persistence.
Lemma 1. Let k > 0 be a constant. If the function f (x, t) satisfies

%:dﬁerf{ﬁ:—f}. ref2, t>0.
af

A

f(z,0) = fo(z) 20, 20, zef

0, zedfl t=0,

(3)

with Q being the same as that of in (1) and f0 being a smooth function
in Q, then limt>oo f (x, t) = k holds uniformly in Q.
Proof. For any x0 > 0, it is well known that the problem

d
d—if = x(k - x), X(0) = xo

has a unique solution y = x(t; 0) satisfying limt>co x(t; 30) = k. Here
we use the mark y(t; x0) to represent that the solution y is related to 0.

Let M = max(Q f0(x). Then M > 0 and f (M, t) is an upper-solution of
(3). Obviously, 0 is a lower-solution of (3). These lead to (3) permitting
a unique nonnegative solution f (x, t), and f (x, t) satisfies 0 < f (x, t) < f
(M, t). Then the maximum principle induces that f (x,t) > 0,x € Q,t>
0. Take some T > 0. Then f (x, 7) > 0 forx € Q. Denote z(x, t) = f (x, t
+ 7). Then z(x, t) satisfies

az

— =dAz+2(k—-2), zef2, t>0,
ot

dz .

— =0, redfl, t>0,

o
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By the comparison principle of parabolic equations, for any t > 0, we
have

flk,t) < 2(x,t) = f(z,t +7) < f(k,1)

with k = minQ f (x, 7 ), k = maxQ f (x, 7). Since limt>o f (k, t) =
limt>oo f (k, t) = k, then limt>oo f (x, t + T ) = k. Therefore, limt>oo f (x,
t) = k holds uniformly in Q.

Theorem 1. If (u(x, t), v(x, t)) is a positive solution of (1), then

limsupmaxu(z, ) < a, limsupmaxv(z,t) < b.
t—oo 7 t—oo 7

Hence, for any # > 0, the rectangle [0, a + #] x [0, b + #] is a global
attractor of (1).
Proof. Clearly, u(x, t) satisfies

&}.

‘d_? < diAu+ula—u), e t=0,
u :

‘—L[:[].,I L?_'Eﬁﬂ,t}ﬂ-_

o

UI:.T._ Ojl = U[){:l’j =0, $ 0, zelfl

By the comparison principle of parabolic equations and Lemma 1 we
know that for any 0 < ¢ « 1, there exists t1 > 0 such thatu(x, t) <a+¢,x
# Q) when t > t1. Hence, we get lim supt >maxQ u(x, t) S a +e.

Likewise, using the comparison principle of parabolic equations and
Lemma 1 again, we also know that there is t2 with t2 > t1 such that v(x,
t) <b+exQfor0<elwhent>t2.So, lim supt>comaxQ v(x, t) <b +
e. Then the arbitrariness of € induces that the conclusion holds.

The result shows that any positive solution (u(x, t), v(x, t)) of (1) lies in
a bounded region when t » oo, that is, (u(x, t), v(x, t)) exists globally, and
the rectangle [0,a + #] x [0, b + #] is a global attractor of (1) forany # > 0.

Theorem 2. If ac > be,, then (1) is persistent. Specifically, any positive
solution (u(x, t), v(x, t)) of (1) satisfies

- . _ ac—ba - : . br
liminf minu(z,t) 2 —, liminf min v(z,t) = .
t—oo 7 e t—oo 17 r+p3

Proof. Forany¢ > 0, the proof of Theorem 1 implies that u(x, t) satisfies
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du (b+ ¢

J—u = dlﬂ.u—l—u(a—u— &{—H) re () t>ts,
ot ; .

du .

,—HZO. r e dfl, t>ts,

o '

u(x,ta) 20, xelf2,

where t2 is defined in the proof of Theorem 1. Similar as that we prove
Theorem 1, there exists t3, t3 > t2 such that u(x, t) > a —(a(b +¢))/c— ¢,
x € Q when t > t3. Therefore,

. o alb+e
liminf min u(z,f) = a — ab+e) €.
t— 00 7 '

Since u(x, t) > 0,x € Q, then v(x, t) satisfies

v o]
é}d—;.ﬂ.t!+-ti(b—u—'_—tr), ref2 t>0,

-
v
,.—1=0, redfl t=>0,

v(z,0) =wvp(x) 20, 20, =zl

Hence, there is t4 with t4 > t3 such that v(x, t) 2 br/(r + ) e > 0, x
# Q) when

Lo o br
liminf minv(z, t) = — — &,
t—s00 17 r+
Then the arbitrariness of ¢ implies that
ac — ba br
liminf minu(z,t) = and liminfminuv(z,t) = .
t—+oo 3 ' e t4oo 7 ' r+ 3

This shows that system (1) is persistent.

Remark 1. Theorem 2 implies that the predator and prey always coexist
in their living surroundings despite the location and time as long as ac >
ba, moreover, this coexistence is independent of their diffusion situation.
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3 A priori estimate

In this section, we seck a priori estimate for the positive solutions of (2),
which will be used frequently in the latter contents. As preparation, we
introduce the following lemma due to [14].

Lemma 2. Suppose the functions w(x) C2(Q) C1(Q2) and g(x, w) C(Q
R. Then the followings hold.

(i) If w(x) satisfies Aw(x) + g(x, w(x)) 2 0, x # Q, dw/dv < 0, x # 002,
and w(x0) = maxQ w, then g(x0, »(x0)) = 0.

(ii) If w(x) satisfies Aw(x) + g(x, w(x)) < 0, x # Q, dw/dv 2 0, x # 902,
and w(x0) = minQ v, then g(x0, w(x0)) < 0.

Theorem 3. Let (u(x), v(x)) be any positive solution of (2). Then

(z) < (2) < bla+r)
maxu(z) < a, maxuv(r) < ————
7 ' 7 at+r+p

Proof. Since (u(x), v(x)) satisfies (2), then regularity theory of elliptic
equations implies that u(x) and v(x) must attain their maximum and
minimum values in . By the first equation of (2) we have

Au+d u(a —u) = T € (2 — =0, =z

Then Lemma 2(i) induces u(a u) > 0 at the maximum of u, so max{)~
u(x) <a.
Then by maxQ~ u(x) < a and the second equation of (2) we get

du .
At+d21(b—a— 31)}:0. x e {2 ,_—t:l]. r € 0f2.
a—+r o

Using Lemma 2(i) again, there holds v(b - v fv/(a + r)) 2 0 at the
maximum of v, and further, maxQ~ v(x) < (a+r)/(a + r + p) < b. The
proof is finished.

In the following, for convenience in use, we denote A\ = A (a, b, ¢,
m, 1, &, ).

Theorem 4. Let d > 0 be a given number. If d1 > d, then there is a
constant C = C(d, n, Q, /) such that any positive solution (u(x), v(x))
of (2) satisfies

minu(z) = C, minv(x) = C.

7 7

Proof. Denote
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u(x;) = minu(z), u(rg) = mﬁax u(x);

o() =minv(z),  v(ye) = max ().

Similar to the proof of Theorem 3, apply Lemma 2(ii) directly to the
first equation of (2) to yield

av(zy)
¢+ u(z1) + muv(z1)

dy ' u(z1)(a — u(z) + ) <0,

which implies a < u(x1) + av(x1)/(c + u(x1) + mv(x1)). Then use
Lemma 2(i) and (ii) to the second equation of (2) continuously to get

av(zy)

—1 Y
dy “u(r1)(a —u(rr) + c+u(z1) +muv(z1)

) <0,

respectively. Combining with Theorem 3, we get

b(r + u(z2)) b(r + u(zq))
' ) ~ -
v(Ye) S = + 8 and - v(y,) > atr+p |,
Thus,
a = u(:t‘-ﬂ + ﬂ't-‘(.‘l‘-l) u(ml) 4 b&"l:?‘ + H—(i‘z})

<
c+u(z) +mu(zy)
< u(z1) + Pu(zz),

e(r+ 5+ u(xa))

(5)

where P > 0 is a constant satisfying P > ba(r + u(x2))/(cu(x2)(r +p
+u(x2))). Now, let

h(z) =d;* (a —u— L)

¢4+ U+ mu

Then h(x) and u satisfy

_ oy
hﬁq:d”(ﬂ_”_EIEIFE)'
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Further, by the Harnack inequality when d1 > d, there is C# = C#(d,
n, Q, h o) such that

maxu(z) < C.minu(z), ie u(zy) < Cou(z).
“ “ ©

Substitute (6) into (5) to get

11%111 u(z) =u(zr:) = TP

Combining (4) with (7), we have

b(r + 5c7)

min v(z) = v(y:) >
I

a+r+ 3
Take
(' = min ? .b{r+l_ ‘} )
— 14 PC," a+r4+p5

The result follows.
In a same way, if we take d2 as the parameter, then we can get a very
similar estimate on the lower bound.

4 Coexistence
4.1 Nonexistence

This subsection devotes to the nonexistence of nonconstant positive
solutions to system (2) by energy integral procedure. The following two
nonexistent results are based on the priori estimates obtained in the
previous section.

Theorem 5. If (v (amacea)2 4am(a+ ¢) + amaca)/2m < C or b(a +
r)/(a+ r + B) < C holds, then (2) has no nonconstant positive solution,
where C is given in Theorem 4.

Proof. We only prove the result holds under the first condition
since the second case can be proved similarly. Suppose that (u, v) is a
nonconstant positive solution to system (2). Integrating the first equation
of (2) in Q, we get
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D:/u(a—u—i> dzfgf(a—g—a%g,)udm.
. c+u+muv c+a+mC
o) 2

Using the positivity of u, we obtain further mC2 — (am —a— ¢ — a)C
—a(a+ ¢) < 0, which induces C < (v (am —a — c )2 — 4am (a + ¢) + am
—a—-c-— oc)/ 2m, a contradiction occurs.

Theorem 6. Let d2 > bul—1 with pl being the second eigenvalue of
—A with homogenous Neumann boundary condition. Then there exists
a positive constant D™ = D"(u1, &) or D = D(p1, A) such that (2) does
not permit any nonconstant positive solution if d1 > D.

Proof. Let (u, v) be a nonconstant positive solution. Denote u = (1/|
Q) JQ u(x) dx, v = (1/] Q) | Qv (x) dx. Multiply the first equality in
(2) by u # uand then integrate in Q to get

dL/}V(u—ﬁ)}zdm

n

(g av
= [ (u(a—u— 7) —E(a —T— f))(u—ﬁ)d;r
; €+ 1+ mu ¢+ + mT
a2

= / ({a — —ﬁ){u _ E}Q _ Ct"u.{C —I—ﬁ}{u —ﬁ){v _ f) ) L

_ (c+u+ mv)(c+ T+ mov)
2

aT(ec 4+ mv)(u —T)2
J (e+u+mv)(c+ 7T+ mT)
2

< / (a(u —m)* + alu —7l|[v — 7]) d.

2

Similarly, we can get

. 2 Bv BT .
d2f|V{v—?}|hd1’=f(-l.!(b—v— — )—F(b—i‘:— ' _)){L‘—?)d:r
A ) r+u r+u

_ 2 Bv? -
< / b(v—7)"+ ————|u—T||v —7] | dz.
2

(r+u)(r+a

Add these two inequalities and use the Cauchy inequality to yield

f (d1|V(u —ﬁ}fz +do|V (v —7) ) de

o

) [ (a(u —u)* +2Lju —ullv — 9] +b(v —V)°) de
02

S [{{ﬂ-+E_IL}{1I-—ﬁ}E+{b+EL}{13_f}2) d.‘l‘-.l
02
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where ¢ > 0 is arbitrary and L = max {«, pv2/((r + C)(r + u))} . Using
the Poincaré equality, we have

[ /(dl u—|* + do|v — 7)) da

o
s / (d1|V(u —m)|? + do| V(v ~D)|?) da
1
{;/({‘IH_LLMH —1)° + (b +<L)(v —7)°) de.
1

Since d2 > bul—1, take € small enough such that u1d2 > b + ¢L. Then
there holds

d, /|u—u|2d1 /|u—u, dz.

Denote D = p—1 1(a + e—1L). Then this inequality holds if and only
if u = u is a constant in view of d1 > D. This is a contradiction, and the
proof is complete.

4.2 Existence

This subsection deals with the existence of nonconstant positive solutions

to system (2) by choosing d2 as the parameter and by using the Leray—

Schauder degree theory.
Firstly, we give some preliminaries. Denote
X = {{-u. v)' e (CH(R)NC (D) x (C*(2)NC m) du = % =0,r¢€ d!?}.

Denote by 0 = p0 < pl < p2 < ... the cigenvalues of —A
under homogenous Neumann boundary condition in Q and E(ui) the
eigenspace corresponding to each pi in C2(Q) N C1(Q). Let {¢il, 1 = 1,

., m(pi)} be an orthogonal basis in E(ui) and Xil = {Cgil: C € R2}
with m(ui) being the multiplicity of i, i =0, 1,2, ... Then Xi = #l=im(pi)
Xil and X = # i=00c0 Xi.

—AU =D 'F(U), =ze 2 ﬁ =0, xzedfl,
d.[f (8)

with
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U= (-u,,v}T c X, D = diag(d,, ds),

©= (oo o (-0 25))
FUy=(ula—u-— LUl b—v— :
c+u-+muv u+r

So, U is a solution of (2) if and only if U is a solution of (8), this is

equivalent to

G(dy,dy;U) :=U - (I - A 'D'F(U)+ U] =0, ze,
U ,
E = D._ T e d.‘?.

namely, U is a zero point of G(d1, d2; ), where (I A)—1 is the inverse
of TA.

In the following, we need to use the positive constant solution of (2).
By a direct analysis on the derivative of a cubic function it can be easily

shown that (2) admits a unique positive constant solution denoted by (u#,
v#) =: U # if one of the following two cases holds.

G(dy,dy;U):=U — (I — A [D'F(U)+ U] =0, ze,

ol .
E = D._ r € 0f2,

Clearly, U # is a zero point of G(d1, d2; . ), and the Fréchet derivative
of G(d1,d2;.)on Uat U #is
DU G(d1,d2; U#)=1— (I1- A)=1 (D-1B +1),

WhCI‘C B= () With

u*(2u* +mv* —a+c) au*(e+u”)
11 = " - : 12 = — " 3
¢+ u* + mu (e +u* +mv*)
b—v*)?
21 = g a9 = —b.

5 2

It casy to check that} is an eigenvalue of DU G(d1, d2; U #) on Xi if
and only if

A(1 + pi) is an eigenvalue of the matrix

-1 —1
— Li — ﬁ-lj_d —ﬂ--lgd-

wI—D7'B=(H~ M L) =M,

Hi _a;'!'ldjl ,u-i_'bdgl 3

Thus, DU G(d1, d2; U #) is invertible if and only if Mi is nonsingular.
By decomposition Xi = #1 = 1 m(pi) Xil it is seen that is an cigenvalue
of DU G(d1, d2; U #) on each Xil, also, the multiplicity of X is equivalent
to the multiplicity of the eigenvalues A(1 + pi) of Mi. Therefore, if ) is an
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g-multiplicity eigenvalue of DU G(d1, d2; U #) on each Xi and A(1 + pi)
is an n-multiplicity eigenvalue of Mi, then q = nm(ui).
Direct computation yields

det M; = didzpif — (bd1 + arrdz)pi + anib — aizaz ‘
dyds
tr M; = 21, — ayyd; ' — bdy .
Denote

H(d1.d2;0) = did26? — (bdy + a11d2)0 + a11b — ﬂlﬂﬂ:z([9-)

In the following, if it involves H(d1d2; 6) but does not emphasize
the effects of d1 and d2 on H, we use h(6) to denote H(d1, d2; 6) for
simplicity. Then h(ui) = d1d2 det Mi. If

(bd) + a11ds)? > 4dyda(ayb — ajzas ), o)

then h(6) = 0 has two real roots denoted by 61 =61(d1,d2),62 =62(d1,
d2), respectively, and

bl.’fl -|—G!-11|'.'E2 + \f'f(b{fL +ﬂ-11(f2}2 — 4d1d2(ﬂllb— ngﬂgl}
1 = .

2d,d>
. — bdl +{'{-11d2 — \f!(bffj_ +{'{-11d2}2 — 4d1d2[a“b— t'llgfl-;.\_l}
? 2dd; (11)

Denote by the set of all eigenvalues of -A under homogenous Neumann
boundary condition in Q. Let T = {(d1,d2) =6:6 > 0,62(d1,d2) <6 <
61(d1, d2)} with 61, 62 being given by (11). Then we have the following
lemma.

Lemma 3. Ifh(pi) /=0 for pi € S, then the index equality index(G(d1,
d2;e), U #) = (—=1)o holds, where

Cn

T = ZF"‘IE.TPS nl{;u?.)\ T n S # m.

Proof. Since h(pi) =/ 0, we know det Mi # 0. So the matrix Mi
is nonsingular, and DUG(d1; d2;U*) is invertible. Then index(G(d1;
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d2; . );U*) = (-1) holds with y = Yi=0 YReAi<Om(Ai) and M being an
eigenvalue of DUG(d1; d2;U*) on Xi.

Now, we need to showy = 6. Denote by i the eigenvalue of Mi. Then ti
=A(1 + pi), m(Ai) = m(7i)m(pi). The sum of algebraic multiplicity of the

eigenvalues with negative real parts of Mi modulo 2 can be expressed as

(1 — sgn(det M;)) = 1(1 — sgn(h[;:;ij)) = Pi.
' 2 (12

[ I

where

1, det ﬂ.{i = 0,

sen(det M;) =
{ !} —1, detM; < 0.

For each pi #, if pi #, then det Mi < 0. By (12) we have pi = 1. If pi
#T, then

det Mi > 0. By (12), again, we get pi = 0. Therefore,

. _ Z;::E'THS Fn'[r{-'!'i}-. Tﬂt._q # EI‘
Z pim(p;) = 0. TAS 0.

iz0

Further, y = 2i20 2Re 1i<0 m(ti)m(pi) = Zi=0 pim(pi) = o.

Theorem 7. Suppose all > 0. If there is n > 1 such thatalldl-1 # (pn,
un+1) and dn = Yi=1 n m (ui) is odd, then there exists d* > 0 such that
(2) has at least a nonconstant positive solution when d2 > d#.

Proof. Since all > 0, it is easy to see that (10) holds if d2 large enough,
moreover, 61 > 02 > 0 and limd2 >4 61 = alld—-1, limd2 >4 62 = 0.
Furthermore, since alld1—1 € (un, un+1), there is large d0 such that

01 € (fn, fnt1), 0 < < p1 (13)

holds if d2 > d0. By Theorem 5 there exists d > dO such that (2) has
no nonconstant positive solution for d1 = d, d2 > d. Take d large enough
such that 0 <alld—11 < pul. Then there is d# > d such that the following
holds for d2 > d#:

0 < 05(d,ds) < 61(d, d2) < pur. 19
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Now, we show that (2) has at least a nonconstant positive solution
when d2 > d#. We prove this by contradiction. Suppose that there exists
d#2 > d# such that (2) has no nonconstant positive solution. Fix d2 =
d2# and define the homotopy operator W(t) as

o (tdy+(1—t)d 0 _
W(t}_( 0 r.d-3+{1—t}d*)‘ t e [0,1].

Denote U = (u(x), v(x)). Consider the problem

oUu .
=0, xedfl

_AU =W Y HOF(U), z e =
V= F(U), =z e (2 30 ‘"

Obviously, U is a solution of (2) if and only if U is a solution of (15) for
t = 1. Especially, for any t € [0, 1], U # is the unique positive constant
solution of (15).

Fort € [0, 1], Uisa positive solution of (15) if and only if the equality

K(U;t):=U — (I -A) W) F(U) + U] =0
- (16)

holds. By the discussion above we know that (16) has no nonconstant
positive solution for t = 0. By our assumption (16) has no nonconstant
positive solution for d2 = d# and t = 1, furthermore, the followings
equalities hold:

K(U;1) = G(d1.d2;U),  K(U;0)=G(d,d*;U),
DyG(dy,dy; U*) =1 — (I — A)"Y (W™ 'B+1),
DyG(d,d* ;U =1—(I-A)"' (W B+1I),

where W~ = diag(d, d#). Then (13) and (14) induce that
T(dy,dz) NS = {pey, pea, ..., L }s T(d,d*)nS = 0.

Since on is odd, Lemma 3 implies that

index(K(-;1),U") = index(G(dy, dy; ), U") = (=1)7" = -1,
index(K(;0),U*) = index(G(d, d*;-),U*) = (-1)” = 1.
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Thanks to Theorems 3 and 4, we know that there exist positive
constants P1, P2 with P1 < C and P2 > max{a, b(a + r)/(a + r + )} such
that any positive solution (u(x), v(x)) of (15) satisfies P1 < u(x), v(x) <
P2,x € Qfort € [0, 1]. Define ® = {U € X:P1 < u(x), v(x) < P2, U
= (u(x), v(x))T}. Then, clearly, K(U ;t) /=0fort € [0, 1]if U € 090.

By the homotopy invariance of degree we get
deg(K(-;0),0,0) = deg(K(-;1),0,0). -

However, the equations (U; 0) =0and (U ; 1) = 0 both have a unique
positive solution U # in ©, therefore,

deg(K(+;0),6,0) = index(K(-;0),U*) =1,
deg(K(-;1),0,0) = index(K(-;1),U*) = —1.

These contradict to (17), and the proof is completed.
S Bifurcation

In this section, taking d2 as a parameter, we investigate the existence of
bifurcation solutions emitting from U # by using the topological degree
techniques.

For some d"2 # (0, + o0 ), if (d72; U #) satisfies: for any 8 # (0, d"2),
there is d2 # [d"2 6, d"2 + 6] such that system (2) admits a nonconstant
positive solution, then (d72; U #) # (0, + o ) x X is called a bifurcation
point of (2). Otherwise, (d72; U #) is called a regular point of (2).

Define N (d2) = {6 > 0: h(6) = 0}, where h(6) is H(d1, d2; 6) defined
by (9).

Obviously, N (d2) has at most two elements for any given d1,d2 > 0.

For some given d"2 > 0, the following holds.

Theorem 8.

(i) IfS N N (d2) = #, then (d72; U #) is a regular point of (2).

(ii) Suppose S N N (d72) # # and (bd1 + al1d"2)2 = 4d1d"2(allb -
al2a21). If Zpi €N (d"2 ) m(pi) is odd, then (d72; U #) is a bifurcation
point of (2).

Proof. Let W (x) = U (x) — U #. Then (8) is equivalent to

oW

AW =D 'F(W +U%), =ze 2, =0 7€,

and then it is equivalent to W satisfying
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R(dy;W):=W —(I-A) ' [DT'FW+U" )+ W] =0, zef
oW i
e 0, =xeadlfl

The Fréchet derivative of R(d2; e) on Wat W =0 is

DW R(d2;0)=1— (I— A)—1 D—1B + 1= DU G(d1,d2; U #),

where B is given in Section 4.2. As what we do in Section 4, A is an
eigenvalue of DW R(d2; 0) on Xi if and only if A(1 + pi) is an eigenvalue
of Mi.

(i) IfS N N (d72) = #, thatis, ui € S, H(d1, d"2; pi) # 0, then det
Mi # 0, and Mi is nonsingular, so DW (d2; 0) is regular. By the implicit
function theorem we know that there exists ¢, 0 < ¢ 1, such that W =0
is the unique solution of (d2; ) =0inE={U#X: | |U| | X<¢}
for any d2 (d2 is in a neighborhood d"2), this means that (d"2; U #) isa
regular point of (2).

(ii) By assumptions we take pi # (d"2), then H (d1, d"2; pi) = 0 and pi
# (al1d1-1 + bd2-1)/2. Further,

?‘f[dl.({z;;sg‘)

det M; =
(didy)

:U, 'tl'ﬂfi:i)lﬂ-g—ﬂ-lldl_l—bt’zz_l#[].

Thus, the two eigenvalues of Mi are 0 and tr Mi, respectively, and 0 is
simple.

If the result is false, then there is "2 > 0 satistying the following,

(aQ)S N N (d2)=#,(bdl +al1d"2)2 #4d1d"2(allb —al2a21) and
Zu €N (d™) m(pi) is odd

(b) There exists 8 € (0, d"2) such that W = 0 is the unique solution of
R(d2;.e)=0inZford2 € [d2-9,d2+3].

Now, it needs to deduce a contradiction. Since R(d2; e) is a compact
perturbation of I, then (b) implies that the Leray—Schauder degree
deg(R(d2; o), E, 0) is well defined, furthermore, deg(R(d2; o), E, 0) is
independent of d2 € [d"2 - §,d 2 + 8]. If DW R(d2; 0) is invertible for
d2 € [d"2-93,d72 + 9], then

dﬂg(R{di:-}.E.O) — {_1}w[dgj_ "

where y(d2) is the sum of algebraic multiplicity of the eigenvalues with
negative real parts of DW R(d2; 0). Forany pi € S N N (d"2), we have

H((‘Il,{izlgaf] = dléggaf — (bdy + a-“.:ig)ga;; + a11b — a1za9 :(l[b)

The Fréchet derivative of H(d1, d2; pi) on d2 ac d"2 is Hd (d1, d"2;
ui) = d1p2 —allpi
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It is easy to see that H d2 (d1, d"2; pi) # 0. (Otherwise, if H d2 (d1,
d"2; pi) =0, then pi = al1d1-1. Substituting pi = al1d1-1 into (19), we
getal2a21 =0, which contradicts to al2a21 < 0.) Therefore, forall d2 €
[d"2—19,d 2 + 3], we have

Ha, (dy, da; pi) # 0.

Combine (20) with (19) to get

?‘I{I:{fl {'Eg — 5, ,LLT;:JrH{dL, &j +0; ,LL!':} < (0.

(21)

Clearly, S has no accumulation point. So, S N N (d2) = ® for d2 #
[d"23,d2) (d72,d 2 + 8] and small 8. Then by the proof of (i) we know
that DW R (d2; 0) is invertible when d2 # [d"26,d"2) U (d"2,d"2 + 3].

The proof of Lemma 3 tells us that the sum of algebraic multiplicity of
eigenvalues with negative real parts of DW R(d2; 0) is Re Xi<0 m(Ai) =:
vi(d2), then

Yilds) = Z m(A;) = Z m(T)m(p;:) = pimi(p),

Re A; <0 Re 1y <0 (22)

where pi is defined by (12).

Ifpui € /N (d"2), thenyi(d2) is independent of d2 € [d2-5,d2 +
8] since deg( R (d2;.), E, 0) is independent of d2. If pi # (d"2), then (21)
and (22) imply that the sum of algebraic multiplicity of the eigenvalues
with negative real parts of DW R(d"2 — 8; 0) and DW R(d"2 + §; 0) on
Xi satisfies

'"."il:(zQ — ) — ".f':'(fgz +8) = m(p;) or “.r'e'[fiz +4d) — “.r'z'[ffz —0) = m(p;).

Hence,

"_,\'[(fg —§)— v(dy + d) = Z m(p;) or v(dy + d) — Y(dy — ) = Z m(p;).

peEN (dz) e EN(da)

Since Ypi#N(d2) m(ui) is odd, by (18) we get

deg(R(dy — 6;-), =,0) # deg(R(dz +6;-), =.0).

(23)
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However, deg(R(d2; . ); E; 0) is independent of d2 # [d2 §; d2+ 3], so
(23) cannot hold.

Therefore, ( d2;U*) is a bifurcation point of (2). The proof is
accomplished.

6 Numerical examples, discussions and conclusions

In the previous sections, we investigate the coexistence of prey and
predator and find out their coexistent conditions. Nevertheless, from the
realistic point of view, we do hope the prey and predator can coexist
since our aim is to maintain the balance of ecosystems. The conditions
in Theorems 7 and 8 ensure that the prey and predator can coexist and,
in this case, the ecological balance may be sustainable. To clarify this
point, in this section, we give some numerical examples to support our
theoretical analysis. We fix a, b, ¢, m, r and take , as parameters. For the
sake of simple calculation, the parameters a, b, ¢, m and r are referred to
[18] in part and taken as follows: a = 1:2,b = 0:08, ¢ = 2:4, m =50, r =
12. The parameters , are chosen, and the values (u*; v*), ac, b, br= (cr + ¢
+bmr) =:s1,c+r+ + bm =:52,all are calculated and listed in Table 1.

Summarizing these numerical simulations, the following results follow:
In Examples 1-2, we see that ac > b holds, then Theorem 2 shows that
system (1) has persistent property and any positive solution (u(x; t); v(x;

t)) of (1) satisfies

liminf minwu(2,t) = 0.5333, lim inf min v(z, t) = 0.06,
t—oc [ t—oo 7

liminf min u(z,t) = 0.2, lim inf min v(z, t) = 0.06,
t—+00 7 t—+0C (7]

respectively. However, ac < b holds in Examples 3-5, so, we do not
know whether system (1) has persistence or not in these three cases.
Nevertheless, we also see that the existent condition (H1) of (u*; v*) in
Examples 1-5 holds and (u*; v*) is worked out in each example, and then
(2) may have a nonconstant positive solution according to Theorem 7.

Based on the parameter values taken above, we depict some trajectory
graphs or spatiotemporal pattern formation to simulate our theoretical
results.

The followings Figs. 1-5 and Figs. 6-10 are, respectively, the trajectory
graphs and the spatiotemporal patterns corresponding to Examples 1-5
with d1 = 0:1, d2 = 1 and different initial values.
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Table 1
Simulating parameter values.

' B (u*,v*) ac bew 81 89 a11
Example 1 20 4 (2.85,0.0605) 288 16 02222 224 3.8724
Example 2 30 4 (3.26, 0.063) 288 924 03333 224  4.3923
Example 3 50 8 (4.24, 0.067) 288 40 0.5 26.4 K.53
Example 4 B0 12 (5.46,0.072) 288 6.4 07273 304 T7.4896
Example 5 100 18 (6.22,0.08) 288 B0 08 36.4 8.6942

| M,

Figure 1
The trajectory graphs of u and v of system (1) with & = 20, = 4 and
initial data u0 = 0:8 + 0:02456 cos(5x), v0 = 0:45 + 0:05132 sin(3x).

Figure 2
The trajectory graphs of u and v of system (1) with « = 30, f = 4 and
initial data u0 = 0:85 + 0:02456 cos(5x), v0 = 0:26 + 0:5132 sin(3x).
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15 e
S " 08
. e 0.8

Figure 3
The trajectory graphs of u and v of system (1) with « = 50, # = 8 and
initial data u0 = 0:75 + 0:02456 cos(5x), v0 = 0:4 + 0:05132 sin(3x).
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Figure 4
The trajectory graphs of u and v of system (1) with & = 80,3 = 12 and
initial data u0 = 0:45 + 0:02456 cos(5x), v0 = 0:45 + 0:05132 sin(3x).

-

- e 06
§ e e 04

taxis oo —.

Figure 5
The trajectory graphs of u and v of system (1) with o = 100, 3 = 18 and
initial data u0 = 0:42 + 0:02456 cos(5x), v0 = 0:4 + 0:05132 sin(3x).

All the trajectory graphs show that the quantity of prey and predator
decrease and increase gradually as the predation rate of predator, the
conversion rate of predator due to capturing prey increasing and time
going on, and tend to stabilize eventually. Specifically, the quantity of
prey and predator are as followings in turn: 0:08, 0:07, 0:06, 0:05, 0:04
and 0:22, 0:41, 0:65, 0:84, 0:98, respectively, from Figs. 1,2,3,4,5. We
also see that the declining and ascending scales between the prey and
predator are inconformity, in contrast, the increase of the predator is
much stronger than the decrease of the prey. Though the quantity of the
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prey is decreasing; it is clear that such changes are very small, that is, the
quantity of the prey remains roughly stable regardless some fluctuations
of the predation rate and the conversion rate of predator. This situation
probably implies that the available food resource for predator is not single,
that is, what we want to see in population dynamics since which sustains
the persistence of the species when the food resource for predator is scarce.
This helps to maintain the ecological balance. Figures 6,7,8,9,10 show that
the spatiotemporal patterns always occur for our given parameter values,
which imply that the system exhibits rich dynamical behavior.

ra

1

T3] LLEST]

a a

& 10 15 a0 & 10 15 ]
Figure 6

The spatiotemporal pattern formations of u and v of system (1) with o = 20,
= 4 and initial data u0 = 0:8 + 0:02456 cos(5x), v0 = 0:45 + 0:05132 sin(3x).

L 0

Xyl i)
20 20
18 0.67 18 0.26
16 i BBS 16 0275
14 0.86 14 0.27
12 0.855 12 0.265
10 0.85 10 0.26
A i R4S a 255
[ 084 6 0.25
4 0835 4 0245
2 0.83 2 024
% 5 10 15 20 % 5 10 15 20
Figure 7

The spatiotemporal pattern formations of u and v of system (1) with & = 30,
=4 and initial data u0 = 0:8 + 0:02456 cos(5x), v0 = 0:26 + 0:05132 sin(3x)
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Figure 8
The spatiotemporal pattern formations of u and v of system (1) with & = 50, f = 8 and
initial data u0 = 0:75+0:02456 cos x+0:05132 sin y, v0 = 0:4+0:02456 cos x+0:05132 sin y.

In fact, we made a lot of numerical examples and trajectory graphs, we
found that the differences among these simulation and graphic results are

very small. Here, we only
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Figure 9
The spatiotemporal pattern formations of u and v of system (1) with & = 80, f = 12 and initial data
u0 = 0:45 + 0:04675 cos(3x) + 0:05869 sin(3y), v0 = 0:45 + 0:03675 cos(3x) + 0:055521 sin(3y).
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Figure 10
The spatiotemporal pattern formations of u and v of system (1) with & = 100, f = 18and initial data
u0 = 0:42 + 0:06475 cos(3x) + 0:05268 sin(8y), v0 = 0:4 + 0:03675 cos(8x) + 0:05521 sin(3y).

present the above five numerical examples and their corresponding
trajectory graphs, the spatiotemporal pattern formation to state our

findings.
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The numerical examples tell us that the ecosystem reflected by model
(1) or (2) is easy to maintain stability when the predation rate and the
conversion rate of predator do not change dramatically. This might imply
that neither the prey nor the predator will disappear within a certain
period of time, which could also mean that other species is difhicult to
invade such system, this is exactly what we hope to happen biologically.
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