Nonlinear Analysis: Modelling and Control
ISSN: 1392-5113

ISSN: 2335-8963

nonlinear@mii.vu.lt

Vilniaus Universitetas

Lituania

Radial symmetry for a generalized
nonlinear fractional p-Laplacian problem

Hou, Wenwen; Zhang, Lihong; Agarwal, Ravi P.; Wang, Guotao

Radial symmetry for a generalized nonlinear fractional p-Laplacian problem
Nonlinear Analysis: Modelling and Control, vol. 26, nim. 2, 2021

Vilniaus Universitetas, Lituania

Disponible en: https://www.redalyc.org/articulo.oa?id=694172869010
DOI: https://doi.org/10.15388/namc.2021.26.22358

Esta obra esta bajo una Licencia Creative Commons Atribucion 4.0 Internacional.

) A PDF generado a partir de XML-JATS4R por Redalyc
@é a‘yC' ;T g Proyecto académico sin fines de lucro, desarrollado bajo la iniciativa de acceso abierto



https://www.redalyc.org/articulo.oa?id=694172869010
https://doi.org/10.15388/namc.2021.26.22358
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

Nonlinear Analysis: Modelling and
Control, vol. 26, nim. 2, 2021

Vilniaus Universitetas, Lituania
Recepcidn: 04 Febrero 2020
Revisado: 22 Julio 2020

Publicacién: 01 Marzo 2021

DOI: https://doi.org/10.15388/
namc.2021.26.22358

Redalyc: https://www.redalyc.org/
articulo.0a?id=694172869010

Radial symmetry for a generalized
nonlinear fractional p-Laplacian problem

Wenwen Hou lebron_hww@163.com

Shanxi Normal University, China

Lihong Zhang zhanglih149@126.com

Shanxi Normal University, China

Ravi P. Agarwal ravi.agarwal@tamuk.edu
Texas A&M University, Estados Unidos de América
Guotao Wang wgt2512@163.com

Shanxi Normal University, China

Abstract: This paper first introduces a generalized fractional .-Laplacian operator (.A). .
By using the direct method of moving planes, with the help of two lemmas, namely decay
at infinity and narrow region principle involving the generalized fractional .-Laplacian,
we study the monotonicity and radial symmetry of positive solutions of a generalized
fractional .-Laplacian equation with negative power. In addition, a similar conclusion is
also given for a generalized Hénon-type nonlinear fractional .-Laplacian equation.

Keywords: generalized fractional, method of moving planes, negative powers, radial
symmetry and monotonicity.

1 Introduction

Fractional-order differential equations are very suitable for describing
materials and processes with memory and heritability, and their
description of complex systems has the advantages of simple modeling,
clear physical meaning of parameters and accurate description. Examples
include a fractional differential model for the free dynamic response
of viscoelastic single degree of freedom systems [18], a new noninteger
model for convective straight fins with temperature-dependent thermal
conductivity associated with Caputo—Fabrizio fractional derivative [20]
and so on.

In this paper, we are concerned with a generalized nonlinear fractional
p-Laplacian equation with negative power

(A3, 0@ +67 @) =0, zeR,

where

2

(CAYs6(2) = CooyPV [ F(I«;ﬂ(r} — d()P2[d(2) — d(y)] ) dy.
B

T — .y|n+sp
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Here 0 < s < 1,2 < p < o, PV means the Cauchy principal value
and F is a continuous function. For the purpose of making the integral
meaningful, we need that

¢eCulnlg,

loc
with
L -1
_ | RO
Ii,rsp— {{PEE]UC ‘I Wdl Slls ol

The operator (—A)s F,p introduced in this paper includes some special
cases. WHen F(-.) is an identity map, (- A)SF,P becomes the fractional
p-Laplacian (—A)sp. Based ON this, (-A)sp will become fractional
Laplacian( - A)s if p = 2, this is well known. In order to surmount the
nonlocality of fractional Laplacian, Caffarelli and Silvestre [4] introduced
the extension method that reduced this nonlocal problem into alocal one
in higher dimensions. This method is briefly described below. Given a
function g: Rn » R, let the extension G : Rn x [0, o) > Rn that meets
the following condition:

div(y'~°VG) =0, (z,y)eR"x[0,00),  G(z,0)=g(z).
They concluded that

oG
—A 4/2 L= _{—?n i | L—é_. reR™.
(—A)"*g(x) s lim, y oy =

The extension method mentioned above has been utilized to discuss
equations involving fractional Laplacian; see [3,5,15]. Another way to
overcome the nonlocality is the integral equations method. Applications
of this method can be found in [7, 12, 13, 23, 25, 26, 36].

However, there are still some operators that cannot be solved by the
above methods; see [5]. To overcome the difficulty, a direct method of
moving planes is introduced in [11]. Gradually, it is used to tackle a
series of problems involving kinds of nonlinear operators. For example,
the relevant properties of solutions for nonlinear elliptic equations are
obtained, besides, it has been highly applied in studying the properties
of fractional Laplacian equations and systems; see [8, 14, 24, 28, 31, 32].
Furthermore, there are some excellent results by using this method to
study the radial symmetry and monotonicity of the solutions of fractional
p-Laplacian equations and systems; see [9, 16,22,27, 33,34,35]. For fully
nonlinear nonlocal operators, for example,

G(r(z) —r(z))

|3‘.‘ — z|nto

K. (r(z)) = Cp o lim / dz = f(z.7r).

e—+(
Bny B (x)
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this direct method has been further developed by Chen and Li in [10].

Recently, the problems involving negative powers are studied in many
fields, for example, in MEMS device, singular minimal surface equations,
and described curvature equations in conformal geometry; see [1,2, 6, 17,
19, 21,29, 30].

In [17], Davila, Wang and Wei proved sharp Holder continuity and
an estimate of rupture sets for sequences of solutions of the following
nonlinear problem with negative exponent:

ﬂ.u:i inf{2, p>1.

The above problem arises in modeling an electrostatic
microelectromechanical system (MEMS) device. The solution of the
singularity in the equation, namely u = 0 in some region, represents the
rupture in the device in the physical model.

In [19], Jiang and Ni studied the singular elliptic equation

1
Ah=—h™™ —p in {2
1= 0 p in

where QO Rn, n > 2, is abounded smooth domainand & > 1. Whenn =
2 and o = 3, the above equation is used to model steady states of van der
Waals force driven thin films of viscous fluids. They also considered the
physical problem when total volume

of the fluid is prescribed. Singular elliptic equations modeling steady
states of van der Waals force driven thin films have been mathematically
rigorously studied with no flux Neumann boundary condition. They gave
a complete description of all continuous radially symmetric solutions.
In particular, they constructed both nontrivial smooth solutions and
singular solutions.

In [6], Maand Cai studied the following nonlinear fractional Laplacian
equation with negative powers by using the direct method of moving
planes:

(=A)e/2v(x) + v—B(x) = 0,x € Rn.

The above results of all encourage us to further study a generalized
nonlinear fractional p-Laplacian equation with negative powers by the
direct method of moving planes. As far as authors know, up to now, this
is a new attempt to study a class of equations (1) combining a generalized
fractional p-Laplacian with negative powers. Interestingly, this method
can also be analogously applied to a generalized Hénon-type nonlinear
fractional p-Laplacian equation with negative power

(—A),0(x) + o]0 (@) =0, = e R"\{0},
(2)
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where 0 < 0 and y > 0 are constants.

The paper is structured as follows. In Section 2, we mainly present some
lemmas used in the following part. In Section 3, we study radial symmetry
and monotonicity of two generalized fractional p-Laplacian equations
with negative powers by applying the direct method of moving planes.

2 Auxiliary lemmas

LetPx={x#Rn | x1 =« for some x # R} be the moving planes, Zx = {x
#Rn | x1 <x} be the area to the left of Px, and xx = (2x - x1,x2,...,xn)
be the reflection of x about Px. Meanwhile, we denote

@ﬁ{i‘) = @[1‘“), dﬁfﬂ'_‘]l = -;L"?'{;l‘) — Dh[l)

Yo={z|2z"e X}, ZX.={zecX,|dz)<0}.

Throughout the next section, we assume that there exists a constant L
> 0 such that F(x) — F(y) < L(x —y) and F(0) = 0.

Lemma 1 [A simple maximum principle]. Let # be bounded area in Rn.
Presume that u € Isp N Cl,1loc(#) is lower semicontinuous on # and
satisfies

(-A)%,0(x) 20 inR,  f(z) 20 X

Then

d(xr) =0, el
(4)
If &(x) = 0 at some point x # # , then $(x) = 0 holds for almost all
points x in Rn. When # is unbounded area, we need further assume that
lim | x | »¢(x) 20, then the same conclusion still holds.
Proof. Suppose (4) is not true, then there is an x0 such that $(x0) =
min# ¢ < 0. According to the second inequality in (3),

AYS b ; |0(2%) — (2) P 2[$(2°) — B(2)] ,,
(—A)}—pfﬂ'(l ) = Cn_sp P\‘ P[F( |-T(] _ 2‘|R+SP d~ < O.

pm

This is a direct contradiction to the first inequality in (3), hence (4)
holds. When ¢(x0) = 0 at some point x0 € #, then
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y P -9(2)
~A) (") = ﬂ,wm/ (A el . <

On the other hand, from (3) we have

PE/ (mz P2 [=¢(2 )])dh |
2|?1+5‘p !

s, the integral result is 0. Because u is nonnegative, one could get that
$(x) = 0 almost everywhere in Rn. This completes the lemma.
Lemma 2 [Maximum principle for antisymmetric functions]. Let # be

bounded arecainX and ¢ € Isp N C1,1 loc (#). If

(~8)5,0(@) = (A)5,04(x) 20 iR, dy(z) >0 inT\X
then
de(z) 20 in N,

If dx(x) = 0 at some point in #, then dx(x) = 0 almost everywhere in
Rn. When # is unbounded area, we need further presume that

lim d.(z)=0

x| oo
then the same conclusions still hold.

Proof. Suppose that dx(x) = 0 in # is not true, then there is a point x*
in # such that

d.(x) = 111&11 d.(z) < 0.

To simplify writing, let Q(m) = |m|p—2m, then Q" (m) = (p — 1)|m]|
p—2=20.
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{_‘&‘)f": pé{l") o {_&)Sf péﬂ(n")
Qo(2) — 9(y))
=C,., PV / ( y|ﬂ+5p ) dy

—C-'H,SPPV[ (Q(@a{l)—@h( ))dy

A |.’I‘ |n+sp
Qé(z) — 9(y)) — Q(d(%) — dx(y))
S Cn:sp /L |i‘ _ yln-i—sp dy

=C, - /L ((2) — d(y) — Q(Dx(2) — Ok (y)

- & =yl

4 Crap / L Q) = 6uly) =~ Qon(2) ~ 0W)) o

|i. _ yﬁ,|ﬂ+5p

X
1 1
— Cﬂ s L . - Tz
5P {t[ (Ii-_.y|n+sp |T_yn|u+sp)

x (Q(o(2) — ¢(y)) — Q(¢n(2) — 64(y))) dy
+ [ G (QU(0) - 9(0) - Q) = 60(0)

L Q(6(2) — 6x(v) — Qb(®) — 6(v)) dy}

— Cﬂ:SpL{Jl + -}2}1

) dy

(6)
Where

1
1= [ (5=~ )
x

{ (@{T) o @(y}) - Q[Gﬂ(%) - @n‘i{y))) dg*

m{ﬂ? (6(2) = d(y)) — Q(dx(2) — dx(y))

Ja

I
t-:|=-..‘___)

+Q(d(2) — du(y)) — Q(dx(2) — 6(y))) dy
To estimate J1, we notice the fact

1 1
|z — y|n+ep g |z — yr|ntep

Ve, y e V..
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Due to
[6(2) — 6(1)] — [6n(2) — Du(y)] = du(E) — du(y) <O, but 20,

on the basis of strict monotonicity of Q, we have

Q d(x") — d(y) — Qdx(x") — ¢x(y) < 0, but = 0.
Therefore,

Jy < 0.

To evaluate J2, by using the mean value theorem we obtain

) L _
=d.(2) / TW(Q’(&U)) + Q;(??{yj‘)) dy < 0.

(8)
Combining (6), (7) and (8), one can deduce

(~A)5,6(&) — (~A)% ,6a(&) < 0.

This inequality contradicts the first condition in (5), thus dx(x") = 0.

If dx(x) = 0 at some point x # # , equivalently, x is a minimum of dx
in, so, J2 = 0. Now, according to the first inequality in (5), we get J1 =
0, which means

Q(x) — ¢(y) — Q dx(x) - ¢e(y) 2 0.

Considering the monotonicity of Q, for almost ally € Z,

o(x) — ¢(y) — dre(x) — dx(y) = d(x) — die(y) = —dx(y) 2 0.

Consequently, dx(y) = 0 almost everywhere in 2. Besides, in the light
of the antisymmetry of dx, we receive dx(y) = 0 almost everywhere in
Rn. Ifis unbounded area, under this circumstance, in view of assumption
lim | x | = oo dx(x) 2 0, suppose that dx(x) = 0, x # 2, is false, then a
negative minimum of dx is obtained at some point x Z. Being similar to
the above argument, one can find a contradiction. The proof is completed.

Lemma 3 [Narrow region principle]. Let # be bounded narrow area in
= such that it is contained in {x|x — 8 < x1 < x} with small 8. Presume that
c(x) is bounded from below in # and
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F((=A);)o(x) — F((—A);)dx(x) + c(x)de(z) 20 in¥,
de(z) 20 in X\ R,

and there exists y0 X satisfying dx(y0) > 0, then when & is sufficiently
small, one can get

dx(x) > 0in #.

Further, if dx(x) = 0 holds for some point in #, then dx(x) = 0 holds
for almost all points x in Rn. Besides, if # is unbounded region, we need
presume that

lim d,(x) =0,

then above conclusions still hold.

Proof. Suppose the contrary, then for any & > 0, there exists an x3 €
#9 such that

de(z5) = H&in de(x) < 0.

&

Then for ok = 1/k, k=1, 2, .. ., there exists x0k and #dk , let us call
them xk and #k such that
By inequality (6) we deduce

(—A)F po(zr) — (—A)F Ox(zk)

1 1
ge Cn 8 L f ( - )
»SP { J |-Tk _ .y|n+sp |Tk _ .yﬁln-i—sp

< (Q(o(zr) — d(y)) — Q(nlzi) — D (y))) dy

+Ejm(@(@(mﬂ — d(y)) — Q(dn(zi) — 0x(v)))
+ Qo) = 64(0)) ~ Q6(z1) — 5(0) d |

= Cpop L{H, + H}, ©)

where

356



Wenwen Hou, et al. Radial symmetry for a generalized nonlinear fractional p-Laplacian problem

1 1
1 J ka _ y|n+sp ka _ yh‘.|?1+5‘p

” x (Q(o(xr) — d(y)) — Qenlzr) — dx(y))) dy,

" [ m@w“"” ~ 6(1)) ~ Q(¢n(x) — 6x(1))
+Q(d(z1) — 9u(¥)) — Q(u(z1) — d(y))) dy.

Similarly to (8), we can get H2 < 0, from [33] we can get H1 <

1 1
H, = _
1 / (v~ =)

u . (Q ((I'."I(:l‘-k;l - @{y)) - Q(‘f’n{ff:c) - @h{y}):} dy..

" / ey Q000 = 9(0) = Q(on(a1) = 64(0)

+ Q(d(zx) — nly)) — Q(dnlzi) — @(y))) dy. (10)

Combining (9) with (10), one can get
F((=A))d(xk) = F((=A);) (k) + c(zr)dn(zi) < (=C +0(1))d,. < 0.

This contradicts with the equation, hence the proof is completed.
Lemma 4 [Decay at infinity]. Let # be unbound areain =, and let ¢ €
Isp N CL,1 loc(#) be a solution of

(—A)F ,0(z) — (=A)F ,9u(z) + e(z)de(z) 20 inR,
de(z) 20 in J\ RN
with

lim |o|Pe(z) > 0.

|| oo

Then there exists a positive constant RO (depending on ¢(x) and
independent of $(x) and ¢x(x)) such that if dx(x0) = min# dx(x) < 0, then
|x0| < RO.

Proof. By inequality (6) we get
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(—&}}_PQ‘J(:EU) — (=A)F ,0x [:L‘.U) - c[i‘ﬂj d,. (z°)
< Coep ! T Q) = 40) = Q") - 6(0)

T +Q(8(2°) — ¢u(y)) — Q(6(2°) — du(v))) dy
1 e(2°)dy (°)
< dy( ( - [LQ (£(y) + Q' (n(y)) dy+C(I[)))

= _r{]' |ﬂ, sp

::{ h-' ( TSP [L y |?1+SP dy—FC(EU))_’

where M is a constant. For each fixed x, when [x0| > «, x1 = (3|x0| +
x0, (x0) " ), thenB | x0 | (x1) C Y. Consequently,

v dy = ! dy = n
|ID _ -yf‘i-|'.l‘1+5p Y= ) |$[) _ .y|n+sp y= 4?3+5p|_.r{]|sp '
kN

X BI-;]l[:ri_‘.l

Then we have

0< (-A)x ,0(z) - {—a)}_ O (2°) + (2)d, (2°)

< d,.(2) [Cn spLM + c(z")

An+sp | [Jl Ep
this contradicts with the condition of ¢(x). This completes the proof.

3 The generalized fractional p-Laplacian equations with
negative powers

Theorem 1. Assume that ¢ € Isp N C1,1 loc (Rn) is the positive solution
of equation (1) with

8() = Qe+ o(1) as <] > oo,

where sp/(y+1) < t < 1 and Q > 0 are constants. Then ¢(x) must be
radially symmetric and monotone increasing about some point in Rn.

Proof. Step 1. In the first step, we indicate that when « is sufficiently
negative,

de(z) =20 VYrel,.
(11)

According to equation (1), for x € Zx—, we can derive
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(~ )5 p8(x) — (~A)5 pbal®) = 67 (2) — 677 (2) = 7627 (2)du(2)
> yp 1! (z)d.(z),

where £x(x) values between dx(x) and ¢(x), that means
(—A)5 0(z) — (—A)% ,0u(z) + c(z)de(z) = 0,

here ¢(x) = —=y¢—y—1(x). Consider ¢(x) = Q|x|t + o(1) near infinity, so

1 1
=Y —1(m) —
¢ (2} T ||ty +1) + G( l.|il."}-+lj)

near infinity. Therefore, c(x) satisfies the condition of Lemma 4. Since

$(x) and ¢x(x) satisfy

(=A)E ,0(z) — (-A)F ,0u(z) +c(z)ds(z) 20, z€ X,
de(z) =20, zelXl \X_,

withe(x) ~1/ | x | tly+1)for | x | large, using Lemma 4 to dx(x),
if di(x) acquires the negative minimum at point x” in 2x, then | x™ | <
RO, that is, when « is sufficiently negative, (11) holds.

Step 2. In this step, we will move Px to the limiting position, this
moving process could give the symmetry about the positive solution ¢(x).
(11) means that there is an initial point to move Px, we could move Px
solongas (11) holds. Let

ko =sup{r | d,(z) 20 Ve e X, u < K}.

We show
de,(z) =0, z€X,,.
(12)

If (12) does not hold, then by Lemma 2 we get
dx0 (x) > 0 #x € 2«0,
therefore, there exists a small 8 > 0 and a constant bd, which satisfy

dﬂii-{;r) E blj } O I"""'T' E }—‘_‘H.j]—ﬁ r] BR(;.{D]I-

According to the continuity of dk about «, there exists 0 < o < 3 such
that
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de(z) 20 YrelX, snBgr(0), k€ [Ko, ko + ’-‘L('}é)

In Lemma 3, # = Zx— \ 2x0 —0 is the narrow region, then

dx(x) =2 0 #x € Zx \ 2x0 9.
This, combining with (13), indicates

dﬁl{\r,} 2 0 Vo = E.-;,.. K < [H.(]:' Ko + J'I,r)

This violates the definition of x0. Thus, (12) holds. The proof is
completed.

Next, we discuss the radial symmetry of a generalized nonlinear
Hénon-type fractional p-Laplacian equation with negative power.

Theorem 2. Presume ¢ € Isp N C1,1(Rn) is a positive solution of (2)
with

$(x) = Q|x|t + o(1) for |x| large,

wherey, Q > 0and ¢ < 0 are constants, 0 < t < land t > (sp + o)/(y +
1). Then ¢(x) is radially symmetric about origin.

Proof. Before we prove Theorem 2, we first consider the singularity of
equation (2) at the origin. For x < 0 and x € Zx— \ {0x}, $(x) and ¢x(x)
satisfy

(—A)F p0(x) — (—A)F pPu(z)

= |2*[" 67 (2) — |27 (2)
(257 = |z]7] 657 (z) + |z]7 [0 7 (2) — 6~ 7 (2)]
217 [677(@) — 67 (@)] 2 el°6:7 " (@)dn(2)

F
= yl2|707 7 (2)dy(2),

‘\.:-..‘.."

where £x(x) is between ¢(x) and ¢x(x). This implies,

(—=A)F ,0(z) — (=A)F ,0x(z) +c(z)dy(z) = 0

with ¢(x) = —y|x|op—y—1(x). Secing that ¢(x) = Q|x|t + o(1) near

infinity, so

| 1 1
o(Z) ~ = T 0 z[to+D—7 )

By our assumption t > (sp + 0)/(y + 1) we get c(x) ~o(1/ | x | sp).
Next, we still prove the conclusion of Theorem 2 in two steps.
Step 1. We demonstrate that
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do(r) =0 VreX,\{0%}
(14)
holds when « is sufficiently negative.

Near the singular point Ox of $(x) and ¢x(x), we manifest that Zk— has
no intersection with Be(0x) for certain small ¢ > 0. In fact, we consider
that when « is sufficiently negative, obviously, Ox is a sufhiciently negative
point, we have

lim dy(z)= lim ¢(z)— ¢(0) > 0.

||— 0% || —0"

Since c(x) ~o(1/ | x | sp) by applying Lemma 4 we could work out
that there is an RO > 0, when dx(x) gets the negative minimum at x# in
2x, then the following relation is true:

< Ry.
|z*| < Ry 0s)

That is to say, (14) holds when « sufficiently negative.
Step 2. So long as (14) holds, we could move Px from left to right up
to its critical position. Let

ko =supi{k | du(z) =20 Vo e T, \ {0*}, p < K}
We prove that
ko = 0, dey(2) =0, 22X\ {gﬂ;;}_

Suppose k0 < 0, we can use Lemmas 3 and 4 to state that Px can be
moved further right, this contradicts with x0. By condition of u(x),

lim d.,(r)= lim ¢(z)—¢(0) > 0.

|z|—0%0 || —0%0
That is, there exist ¢, hO > 0 such that

dh-, I:.T-:I =2 h[j Vr & B_..— (DE“) "-.l {DH’::}.

From (15) the situation where the negative minimum of dx (x) is
obtained in Bc(0) does not exist. We also show that it cannot be gained
in the internal of BRO (0). That is,

when x is close enough to x0,
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d.(r) 20, =& (X,nBg(0)\{0"}.

When %0 < 0, by Lemma 2 one can get
dx0 (x) > 0 #x € 2«0
There is a positive constant jO, which satisfies

dwo(z) 2 jo, x € (Zng—s N Br,(0))\ {050}

Since dx(x) is continuous with respect to x, there is 0 < # < 9,

de(r) =20, xe {Eh‘,-:]—di a BR[:- [OU lﬁ'ﬁ. {Uﬁ}

holds for x € (x0, k0 + #).
Considering that c(x) is bounded from below, for narrow region Xx—
\2x0 -3, using

Lemma 3 to dx(x), we receive
de(z) 20, 2 € (Ze\ Tno—s)\ {07}
From all above we get
de(z) 20, ze X \{0"}, & € (Ko, ko +€).

This goes against the definition of x0. Hence, x0 = 0, dx0 (x) = 0,x €
210 \{0x0 } hold.
Therefore, the proof is completed.
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