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Abstract: In this paper, the Hopf-zero bifurcation of the ring unidirectionally coupled
Toda oscillators with delay was explored. First, the conditions of the occurrence of
Hopf-zero bifurcation were obtained by analyzing the distribution of eigenvalues in
correspondence to linearization. Second, the stability of Hopf-zero bifurcation periodic
solutions was determined based on the discussion of the normal form of the system, and
some numerical simulations were employed to illustrate the results of this study. Lastly,
the normal form of the system on the center manifold was derived by using the center
manifold theorem and normal form method.

Keywords: Toda oscillators, normal form, Hopf-zero.
1 Introduction

In more recent decades, the bifurcation theory in dynamical system
has become a research hotspot, which is widely used in the fields
of physics, chemistry, medicine, finance, biology, engineering and
so on [3,12,13,15,19,20,22,24,30-35]. In particular, the bifurcation
phenomenon of the system is analyzed, and the dynamic characteristics
of the nonlinear model are characterized. In real life, the mathematical
models to solve practical problems have been described based on
nonlinear dynamical systems, in which, how to study the dynamic
characteristics of the high-dimensional nonlinear system is very
important. In engineering, Toda oscillators (named after the Morikazu—
Toda) refer to a dynamical system employed to model a chain of particles
with exponential potential interaction between neighbors. The Toda
oscillators model has been extensively applied in engineer- ing [21,
23, 25]. It is noteworthy that it acts as a simple model to clarify the
phenomenon of self-pulsation, namely, a quasiperiodic pulsation of the
output intensity of a solid-state laser in the transient regime [16].

For the different control parameters of the chains of coupled Toda
oscillators with external force, most scholars have investigated the effect
of external forcew« on the system from the numerical continuation
and experimental simulation, they suggest that the system eventually
produces the coexistence stable limit cycle in synchronous region [10,
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11, 17]. Under the action of external forcew.«, the coexistence stability
limit cycle is generated in the synchronous region. This shows that
the final trajectories of the Toda oscillators are asymptotically stable
in the synchronous region, that is to say, there is a regular stable
transmission between the oscillators, and the industrial productivity
reaches the maximum. Thus far, the bifurcation phenomenon caused by
coupled delay in nonlinear differential equations has been extensively
studied, especially, the Hopf-zero bifurcation [1, 2, 4, 5, 18, 26-29], but
no studies have been conducted on the Hopf-zero bifurcation of the
ring unidirectionally coupled Toda oscillators with delay as we know
today. Therefore, it is of great significance to probe into the Hopf-zero
bifurcation of system (1). Under the guidance of the bifurcation theory,
our study is majorally under the premise that the external force does not
exist (considering only the coupled effect between oscillators).

In this study, we investigate the ring system of three unidirectionally

coupled Toda oscillators [6]

T1 = Y1,
1 =1 —exp(x) — ay; +~vH (x3) + Fsin(wt)

Ty = Ya,

=1 —exp(x2) — ayz + vH (1),

. 2,
%]

L3 = Y3,

Y3 = 1 — exp(x3) — ayz + vH (z2),
(1)

where »wmu= and » are the dynamical variables of system (1), « is
the damping coefficient, - is the coupled coefhcient > 0.4 = e -1 is the
coupling func- tion, . and . represent the amplitude and the frequency
of the external force, respectively. The symbol# denotes the effect
of external force on the coupled system (1). In [6], with XPPAUT
software package, the author has summarized the dynamic characteris-
tics of system (1) with numerical integration of differential equations
and Runge—Kutta method, such as exponential spectrum, projections
of phase portraits, bifurcation diagram and periodic multiplier on
the parameter plane. The author mainly investigated the pecu- liar
phenomena of the ring structure of the coupled oscillators with the

change of coupled
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Fig.1
The ring of unidirectional coupled Toda oscillator model
with time delay. Arrows denote coupled direction.

coefficient » under the effect of external forcer.«). In other words, with
the threshold of self-oscillation birth, the further increase of coupled
coeflicient . will be followed by the new ring resonance phenomenon,
besides when the threshold of self-oscillation birth is exceeded, the
interaction between external oscillations and the inner oscillatory mode
of system (1) will result in the synchronization region in the parameter
plane [6, 7].

In the small neighborhood of the equilibrium point of system (1),
the coupled time delay should be considered since the propagations
between oscillators .., .. and .. are no longer instantaneous. Assuming.)
= 0, system (1) generated the rich dynamic characteristics with the
joint change of the coupled coeflicient ., the coupled time delay .
and control parameters. Furthermore, the appropriate coupled time
delay is introduced to facilitate the understanding of high-dimensional
bifurcation analysis followed by the generation of a new Toda oscillators
model with delay, and the coupled direction in the model is shown in Fig.
1.

In this paper, we mainly study the dynamic behaviors of the following
simplified system:

T1 = Y1,
7 =1—exp(z1) —ay +7 [exp(:ﬂg(t —7)) — 1]:
L2 = Y2,
y2 =1 —exp(z2) — aya +y[exp(z1(t — 7)) — 1],
T3 = Y3,

ys = 1 — exp(z3) — ays + y[exp(z2(t — 7)) — 1].
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In engineering fields, such a time-delay feedback indicates an
unidirectional interaction between oscillatorss.» and = That is to say,
the dynamic characteristics of system (2) are determined uniquely by the
effect of connection when the oscillators have coupled delay in a ring
structure.

The rest of the paper is organized as follows. In Section 2, the existence
of Hopf-zero bifurcation in the ring of unidirectionally coupled Toda
oscillators with delay is consid- ered. In Section 3, according to the normal
form of system (2), the dynamic bifurcation analysis and numerical
simulation are conducted. Lastly, in Section 4, the conclusion is drawn

2 Existence of Hopf-zero bifurcation

In this section, we will give the existence conditions of Hopf-zero
bifurcation of sys- tem (2). To convenience for expression, we make the
following assumptions:

ri(t) =ur(t),  y(t) = ua(t), ,
ys(t) = ua(t),  x3(t) =us(t),  wya(t) = us(t).

Then system (2) can be written as

U] = U9,
iz =1 —exp(u1) — auz +7 [exp (ug(t — 'r)) — 1]?
i3 = g,
g =1 — exp(us) — aug + 7 [exp (ul(t — 'r)) _ 1]:
Us = UG,

i = 1 — exp(us) — aug + y[exp(us(t — 7)) —1].
(3)

Clearly, system (3) is equivalent to system (2), where (... =00 isan
equilibrium point of system (3). The characteristic equation according to
the linear part of system (3) at the equilibrium point is given by

(@) + A2 +1)7 — %73 = A, (A)A2(N)A3(A) =0,
(4
Where
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A1(A) =ad+ A2+ 1 — e,

Ay = A+ A2 +1 — 2ye> 4

2" 2
As(N) =ar+ X2 +1— %*}-e_}” — i?ﬁse_h.

There exists three types of bifurcations as follows:

Case 1: Fixed-point bifurcation. Substituting 1 - o into equation (4), we
obtain » = 1 uvn.er which the three roots of equation (4) with - - are
A = 0.x, = -112= V32 then system (3) undergoes a fixed-point bifurcation.

Case 2: Hopf-bifurcation. Substituting:=w: e >0 =-1 into am-0 and
separating the real and imaginary part, we obtain

2 .

cosw T =1—wj, SINWT = —OWw;y.
(5)

Then the time delay - can be solved from system (5) as

t_ L rorgiaa (1— )]
7, = —|2m(j + 1) — arccos(1 — wi) |,
w1

(©)

where j=012... Under the assumptions < « < vz we have v - === Aftera
simple calculation, the transversality conditions are shown by

d\\7' a+2x 7

) T X

—1
Reﬁi =2 —a?2>0.

dr /
T=T;

(7)
where “Re” represents the real part.
Next, let =i >0 be the root ofuo -0 It is not difficult to verify

that » = - is the root of 4.0 = 0. In order to study the distribution of the
roots ofa - o, we only need to investigate the distribution of the roots of
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4,00 = o, Substituting the root » = -i: into 4. = o and separating the real and
imaginary parts, we obtain

1 :
COSWoT = 3(—&;5 — V3aws + 1),
: 1 2
SIN WoT = 3(\/5(..&‘3‘ — 1) — &wg),
= (8)
then the time delay - can be solved from system (5) as
1. —w3—VBows+1 . 9 .
5 —~[arccos(—2—5—) + 2jn], V3(wd — 1) — aws > 0,
TP=4% )
’ %2[(23 + D — arccos(W)]: V3(w? — 1) — aw, <(g)

Under the assumption <.z, we have ..-v== After a simple
calculation, the transversality conditions are shown as follows

dA -1 o + 2\

dr /\e—h(_% +i¥3) - %
dx\ 7!
Re| — —2—0*>0
dr T=12

(10)

Case 3: Hopf-zero bifurcation. Combining cases 1 and 2, we have the
following theorem.

Theorem 1

Assume v = 1rand o< we have v, = w. = va=a= The critical time delays
and the transversality conditions are given by systems (6), (9), (7) and
(10), respectively. Moreover, whenr = o.n)., where = = mini=.72). theroots of
characteristic equation (4) are 0 and -o.. Then the Hopf-zero bifurcation
occursassociated with eigenvalues 0 and =i of system (3). When - >+ the
trivial equilibriumof system (3) is asymptotically unstable.
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3 Hopf-zero Bifurcation analysis and Numerical simulations

In the present section, a clearer analysis of the dynamic bifurcation of
system (3) is to be conducted. The normal form on the center manifold
of system (3) is reduced to the following form:

. . 2
&1 = lwzy + (a1 p1 + arzp2)z1 + a1zzrzs + (b1 + ci1)zize

—+ (byg —+ 512);31;1?% 4+ h.o.t.,

i . _ _ ) _ ) T _ 2
T = —lwwo + (@11 p1 + ar12p2)re + arszexs + (b1 + c11)xize

= _ 2
+ (b12 + ¢12)x123 + h.o.t.,
T3 = as 23 + c31r1xaz3 + hoo.t.

The detailed calculation and
are made in the Appendix.

change of variables  wi=o ions=oiviei = o

we use double polar coordinatese: = peosy.ox=psiny e =c.

geta = pe~ = poosx —ipsiny, 72 = e = peosy +ipsiny. 122 = 47, and system (11) becomes

p = (Relai1]u1 + Refarz]uz) p + (Refbur] + Refend]) p°
+ (R.e[blg] + Re[clg])pC2 + Refais]p¢ + hoo.t.,

X = — [(Im[all];el - Im[alz]p,g) + w + ImJa;3]¢
0 (Im[b“: — Im[c]l:)pg 0 (Im[b]g: B Im[clg:)gg] + h.o.t.

Since the third equation describes a rotation around the .-axis, it is

irrelevant to our discussion, and we shall omit it. Hence we get the system

in the rc-plane up to the third order

p=k1(p)p + Br1pC + Baop® + BrapC? + hooot.,
¢ = ra(p)¢ + m1p*¢ + hot.,

Where

w1(p) = (Re[an]p + Relarz]uz),

ro(p) = azpa,

B11 = Relaqs], P12 = (Relbia] + Re[cya]),

;330 = (Re[bu + R.E,'[C]l:).

From Section 2 we havee~ - zinu—w*+1. then the coeflicients. is sufficiently

small. For simplicity, we only discuss the case ofsi=o. So system (12)

becomes
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p=r1(p)p+ ,ngpg + ,Blgp{::z + h.o.t.,

'

G

ko ()¢ + 121 p°C + ho.t.

(13)

System (13) is equivalent to system (3), we can analyze the dynamic
behaviors of sys- tem (13) in the neighborhood of the bifurcation critical
point, which are obtained by

Whenr=0 system (13) has no solution, then the spatially
inhomogeneous steady states does not exist. In order to give a morve .lear
bifurcation picture, we choose .- s which satisfy the assumptiono <. vz
of Theorem 1. Then we have

w=12—a?=0.421307, —V3Baw —w? +1=-0.16263 < 0,
1
Ty = J—(Q?T — arccos(1 — wz)) = 13.4775,
5, 1 —V3Baw —w? +1
T = - (27.* - arccos( v3a 5 i )) = 10.9919.
We take «---umo the characteristic equation (4) has a zero root and

a pair of purely imaginary eigenvalues w0z and all the other eigenvalues
have negative real part. Assume that system (3) undergoes a Hopf-zero
bifurcation from the equilibrium point (0, 0, 0, 0, 0, 0). After a simple
calculation, we get # - rv < - 0s0n, By analyzing the above contents we can
obtain the bifurcation critical lines

Ly: {(k1(p), ma(p) | m1(p) =0, ma(p) < 0)},
Lo: {(k1(p), ra(p) | k1(p) <0, ka(p) = —7.61359k1 (1)) },
Lot { (k1 (1), w2 (02) | 51(1) = 0, kalpr) > 0)},
Ly: {(r1(w), ko) | £1(p) > 0, ko(p) =0)}

and phase portraits as shown in Fig. 2.

From [14] the dynamic characteristic of system (13) in ».-». near the
critical parameters «.w are as follows:

In D1, system (13) has only one trivial equilibrium Mo, which is a sink.

In D2, the trivial equilibrium (corresponding to Mo) becomes a saddle
from a sink, and an unstable periodic orbit (corresponding to M1)
appears.

In D3, the trivial equilibrium (corresponding to Mo) becomes a source
from a saddle, the periodic orbit (corresponding to M1) becomes stable,
and a pair of unstable periodic solution equilibria (corresponding to u:.)
appears.
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In D4, the trivial equilibrium (corresponding to Mo) becomes a saddle
from a source, the periodic orbit (corresponding to M1) remains unstable,
and the unstable periodic orbit (corresponding to ;) disappear

AN i ¢ i ¢

) ,, N
I~ '
% bt [ N |

o) ——\;\;)9 '// >0
LI
(a) (b)

Figure 2

(a) Bifurcation diagrams of system (13) with parameter (x1(p),
x2(w)) around (0, 0); (b) phase portraits of region D1-D4.
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ke e uy ()" T (uz)
t
(a) Solution curves for the variables 1.1, w2, us (b) Phase portrait of the variables w1, u2, u3 and
and w4, us, us, respectively. U4, U5, UG-
Figure 3

Region D1: the stable trivial equilibrium point of system (3) with
initial values (—0.012, —0.05, —0.08, —0.015, —0.0015, —0.0135).

wy, U3, Uy

Uz, Ug, UG
1
i
i
/
)

g (u P Ny
P ! T uy {uz)
(a) Solution curves for the variables w1, u2, us (b) Phase portrait of the variables w1, u2., u3 and
and w4, us, ug, respectively. U, U5, UG-
Figure 4

Region D2: the solution curves of system (3) with initial
values (—0.0492, —0.05, 0.051, 0.055, 0.0415, —0.035).
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©
3

s, U,

ni wy (2] <107
(a) Solution curves for the variables w1, uo, ug (b) Phase portrait of the variables w1, ug, ug and
and w4, us, us, respectively. U, U5, UG.
Figure 5

Region D3: a stable periodic solution of system (3) with
initial values (—0.012, 0.015, —0.016, 0.014, —0.013, 0.011).

\\ e

. AT
t ) ) ! ) ug ()
(a) Solution curves for the variables wq, uo. ug (b) Phase portrait of the variables wy, ua, ug and
and u4. 15, ug. respectively. Uug, Us, UG-
Figure 6

Region D4: the solution curves of system (3) with
initial values ( 0.02, 0.05, 0.04, 0.052,0.011, 0.043)

The first, we choose a group of perturbation parameter
value: .50 - 00200, which determined by w0 = 0oz and belong to
region D1 (see Fig. 3).

The second, we choose a group of perturbation parameter
value: .. 5.0) -ooe 0015, which determined by . = 02003 and belong to
the region D2 (see Fig. 4).

The third, we choose a group of perturbation parameter
value: .50 - -oomiooe., which determined byw.m = coos0m and belong to
the region .. (see Fig. 5).

The last, we choose a group of perturbation parameter
value: .. 5.0 - 0000, which determined by ¢ = wis.0m and belong to
the region .. (see Fig. 6).

4 Conclusions

In this paper, we have investigated the Hopf-zero bifurcation in the
ring of unidirectionally coupled Toda oscillators with delay. We mainly
conclude the singularity in a small enough neighborhood of system (3)
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near equilibrium point, such as the phenomenon of stable coexistence
periodic solution and unstable quasiperiodic solution caused by the
self- pulsation without external force(r«). Moreover, the Hopf zero
bifurcation of system (3) on the parameter plane is determined according
to the change of control parametersi:,«:) and the time delay - It shows that
there may exhibit a stable trivial equilibrium point, an unstable periodic
equilibrium point orbit and a pair of unstable periodic solutions (see
Fig. 4(b)). Firstly, the stability of equilibrium and existence of Hopf-
zero bifurcation induced by delay were discussed through characteristic
equation. It is then followed by the normal form on the center manifold
so that the bifurcation direction and stability of Hopf-zero bifurcation
could be determined. Finally, in two-dimensional space, we presented
numerical simulations to illustrate a homogeneous periodic solution
bifurcating from the positive equilibrium when a=1s and . = 7=~

According to the physical meaning of the Toda oscillator model, the
trajectory of the oscillator in the synchronous region is asymptotically
stable because the more stable the system is, the more regular the
transmission between the oscillators is, and the higher the industrial
productivity is. In our conclusion, Hopf-zero bifurcation of the model
with (Fw)=0+=1 occurs when the control parameters . and time delay .
vary in a small range. Then we find that the dynamic characteristics of
system (3) will change from stable to unstable, that is, an unstable region
will be generated near the equilibrium point. However, the neighborhood
is small enough to be ignored in industrial production and can almost
be regarded as a stable region. We further confirm that the effect of
time delay and the mutual coupling between oscillators will eventually
lead to the synchronization region in the parameter plane indicating
that the external oscillations and internal oscillations of the system are
equally important. Therefore, it is meaningful to analyze the Hopf-zero
bifurcation of the Toda oscillators model without external intervention
(Fw).
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Appendix
Appendix

In this section, we will derive the normal form of system (3) by using the
Faria and Mya- galhides method [8, 9] regrading y and t as bifurcation
parameters. Supposeo<a<vz, then system (3) undergoes a Hopf-zero
bifurcation from the trivial equilibrium at the critical point ¢.n=0.7).
After scaling «—+/. , system (3) can be written as

U] = Tug,

g =T — Texp(uy) — Taug + 77 [exp ('u.[, (t — 1}) — 1} ,
U3 = Ty,

g =T — Texp(ug) — Tauy + 717 [exp (u.l (t — l}) — 1} ,
U5 = TUg,

g =T — Texp(us) — Taug + T [exp (11_3(1‘_ — 1}) _ 1} )
(A1)

Consider the linearization of system (A.1)
X () = LoX,.

Choose the space ¢ - c-1.0.29 and, forany s < ¢. define that 19 ==w als0)
, then the phase space C can be chosen as the Banach space of con- tinuous
function from -0« with the supremum norm. Since L0 is a bounded v
linear operator, then we define

e C,

b~
=)
S
[
“-‘-h'lq._: [:l
=~
=
S
=
A
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where ;10— =+ is a matrix-valued function whose components are
bounded variation, and its definition is given by

0, 640,

0(9) ZZTDPQ1§(9)'+'TGPQQ5(9'+'1), 5(9) = L 60

And
0O 1 0 0 0 0 000000
1 —a 0 0 0 0 0000T10
O 0 0 1 0 0 000000
Ni=1lo 0o 1 a 0 o0 Ne=11 0000 0
o 0 o0 0 0 1 000000
0O 0 0 0 -1 —a 001000

Take the Taylor expansion of system (A.1) at the equilibrium point,
and let v =p+17 = o+ 7 setu = o)., then pis the bifurcation parameter, and
system (A.1) becomes

= (p2 + 70)u2,
tty = (o + 7o) (—uy — aug) + (a2 + 70) (1 + Lus(t — 1)
(7

ui 2 u2(t—1 ud(t—1
+(.££2+’fo)(—€1—‘—1 +(ug—|—'ro)(m+1)( ”’(2 )+ U(G )),

i3 = (2 + To)ua,

ttg = (p2 + 70)(—ug — oug) + (pa + 70) (1 + Nua (£ — 1)

3 ud t—1)%  uj(t-1
+(#62+TO)(—%—%)+(!¢2+TD)(!51+1)(UI(2 ) +u1(6 ))'

g = (p2 +70)(—us — aug) + (p2 +70) (1 + Dus(t — 1)
u

5 up a(t—1)7 | ui(t—1
+ (p2 + 710) _u_f,_ — | + (p2+70) (1 + 1) ’&3(‘ ) —i—ag(_ ) .
6 2 2 6
(A2)
Let

X = (Ulvﬂgyuauubuauue)lﬁ,

F(Xg,p)=(FE+ F, F3+ F3, F§ + F5, F{ + F}, Ff + F2, F62+F63)T,

Where
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Flg = Jous, FIB' =0,
F2 = po(—uy — aug) + (1o + po)us(t — 1) — —ul + —ur(t —1),

L LT L
;2_770 +ﬁ1o+£2 2(
2
Fg? = pouy, FS =0,

F3 = pypgus(t —1) — t—1)+ KL 3t —1),

6 2 6

T0

F} = po(—ug — aug) + (7o + p2)ur (t — 1) — ui + —U1(f 1),

M2 70 170 + Ha
F = pipoui(t —1) — ?u% — gu.s g ui(t —1) + 6 uf(t —1),
Ff = [toUg, FS’ =0,
FZ = po(—us — aug) + (170 + p2)us(t — 1) — ?Dug + ?ug(t —1),

73] T0 piTo + 2
F} = papoua(t —1) — 5 2 Y us 5 U3 ud(t —1) + Ktlg(t —1).

Then system (A.2) can be transformed into
X(t) =L, X, +F(X;,p), X,=X(t+6), —-1<6<0,

and the bilinear form on C and C* (* stand for adjoin) is

0 @
(¥(s),2(0)) = %(0)p(0 —0)dn(0,0)p(€)ds, eC*, peC,
-]
where

2(0) = (21(0), 92(0), 3(0). 24(0). 25(). 06(0)) € C,
B(s) = (1(5), a(S), $s(5), 0a(5), ¥s(5), Y(s)) ™ € C*.

Because LO has a simple 0 and a pair of purely imaginary
eigenvalues =, all other ecigenvalues have negative real part.
et 4= (om0} and et 22 can be the generalized eigenspace associated with
A and PA# the space adjoint with PA. Then C can be decomposed
as  C=Pi@Qavhere Q1= {peC: (b,p)=ofralve Pit.  Choose  the  bases
@ and ¥ for Py and P? such that (F(s),#(6) = I, & = 1 and - = 3, where J = diag(iwq 7o, —iwo7o. 0).

Suppose that the bases for . wmar; are given by

B = (61(0), 61(0),62(0)),  W(s) = (1 (6), 91 (0),¢2(0)) ",

Where
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¢1(8) = ™ (1, i, 1, 1w, 1, 1wp) T, $2(8) = (1,0,1,0,1,0)",
1(6) = Dei50w0
w ((a—l—iwo}e_gi“"”“, e—QiTDw(]‘ (a+iw0)e—4i70w(]: e—iliT(]uJD, (Q’+iWU), 1)
/'1;“2(9) = Dl (Q: 1! o, 1: o, 1)1
D=|[(1+ o ATowo 874&0“0) ('roefm’“"f’ + 2iwg + a) | -
D1 = [3(0’ =+ To}] 71.

Thus system (A.2) becomes an abstract ODE in the space BC, which
can be identified as ¢ <#

du —
i Au + XoF (ug, ).

The elements of BC can be written as v—¢+mewineec.cc |, and

0, #el[-1,0),

no(f) = I 6—=o0

where u € Cand A is defined by

A: C — BC, Au=1+mn|Lou— u(0)]

F(u,p) = [L(p) — Lo|u 4 F(u, p).

Then the enlarged phase space BC can be decomposed
QS BC = P, @ Kerm. Let, ¢ € R3uy = Pr(t) + ye with 2(t) = (21,22, 23) ", 5 € Q' := QN C! C Kerm, and Agn iS the

restriction of A as an operator from Q1 to the Banach space Ker 7, namely

/ul(g)\ /eigﬂfw{)fﬂl + e—i@’rnw{){ﬂz 4+ 234+ (9) \
uz(0) iwgelfowo gz, — jwge 10T0wo 1y 40 (6)
us(f) | _ eigﬂf“{’fﬂl + e_igT"”"f}»“z + x5 +y3(f)
g (0) lwpel?™wo zy — jwge 000 2y 1 y1(0)
us (6) elmowog ) 4 eT0T0wOmy 4 a4 y5(6)

\uﬁ(ﬂ)) \iwge‘g"'f’“”:r-l — jwge WTowo gy 4 ys(0) )
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Equation (A.3) is decomposed to the form (

F=J+UO)F @ty p),  g=Agé+ (1 - m)XoF Pz + 14, p).

Using the method of Faria and Magalhies [8, 9], the above system can
be written as

. 1 . 1

g=Jo+Y —flayp).  g=Agu+ Y =[xy p).
iz2 iz2 7

(A4)

where fi(x, y, 1) is homogeneous polynomials of degree j about (x, y, p)
with coefhi- cients in C3. Here, define Mj to be the operator in viic?«xen
with the range in the same space by

ﬂ-fjl: Vja (CS) — 1’}5{03), (ﬁ-fjlp) (x,p) = Dop(z, p)Jz — Ip(x, p),

where v represents the linear space of the second-order
homogeneous polynomials in seven variables ¢« »..m with coefficients

in C?, and it is easy to verify that one can choose such a decomposition

vy (Cg) =Im (ﬂ-f?}) & Ker (f‘rfgl) 1;35(03) = Im (f‘rﬁ) & Ker (ﬂ-f?'l),

where Ker(M 1/2) and Ker(M 1/3) represent the complimentary
space, respectively, and thespan elements of Ker(M1/2 ) are

2 .
{a5es, zimoes, Typies, papes, Tamsey, Tapies, Tixger, wypierf, i=1,2.
Similarly, we can get that Ker(M 1/3) is spanned by

3 - 2 - 2
{'33363, L12L3€3, H1H2L3€3, LTalli€3, Hil1T2€3, [L; T3€3,

2, P 2 2 2
Loy, T1dgty, Lol Ea, []llolo€y, U, To€y, Tal1€],

2 2 : ,
riT2e], [HiT1T3€1, [ T1€e], ;51,{5233161}, 1=1,2.

Let

Y11 Y12 Uiz Y Yis Yie
U(0) = | o1 oo oz Yoy o5 e |,
W31 W32 W3z W3q4 W3z  Wsg
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where
P11 = De?™% (o —jwyg), Y19 = Deimown P13 = Deti™w0 (o —jwp),
g = Detimowe, P15 = D(a—iwg), Y16 =D
1oy = De™ 27090 (o Liyg), Py = De2imow0, 1oz = De™ 1090 (g Liwyg),
thoy = Detimowo, Va5 = D(a+iwg),  tes = D,
a1 = 3z = a5 = Dhay, than = g = a5 = D1.

Next, we will do a little more detailed calculation:

1 1
V(0)F (24, ) = Efé(l“ Y, ) + Efg:} (z,y,pn) + h.o.t.

Y11 FE + 012F2 + 013 F2 + 01aF2 + 15 F2 + 16F2

= | Vo1 F? + 9o F3 + o3 FE + oy F} + s F2 + 1og FZ
S S B p) p)

Ua1 FT 4 ¥aoFs + asFy + Waa Fy + YasF5 + UasFy

wlng' + %'»"’14F43 + Tﬁ’]steS
+ | V22 FS + ¥ou Fy + 26 F¢ | +hoot.,
U3o 5 + gy F + 36 G

then we have

1 Ui FE 4 v12Ff + 13F3 + ?ﬁrme + 1»’1JF32 + 16 F¢
oif2 (@ y ) = 21 F7 + Vo B3 + Va3F5 + a4 s FE + e Fg
- V31 F2 + 30 F2 + bas FE + sy FE + 35 F2 + 13 F2

And

1 V123 + 01 Fp + 16 ER
gfg (z,y,p) = | Y22 F3 + L24F43 + o
' V32 F3 + haa Fy + 136 Fg

On the center manifold, the first equation of system (A.4) can be
transform as the Following normal form:

1
gs(2,0,0) + h.o.t.

: 1
b=z 4+ 0h(@,0,0) + 5

Wlth 93 (2,0, 1) = Projicerarg) f3(2,0,p1) and g} (x, 0, 1) = Projycernsy) fi (2,0, 40)-

Step 1. Calculate gl a0
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1 1 .
ggé(fﬁ: 0,p) = 51 Projier(a) f2(2,0, 1) + O(|?))

(611#1 + alz,u-z)sh + ai13T1T3

= (@111 + Qy2pi2) T + Q137273
. 2
(a21pt1 + asapo)zs + asrir + aqrs

where

a, = De—iﬁ;wg (egiﬁ]w{) + e-’-li‘T{)hJU + 1} (1 + (wé _ l)eiTDwU):

als — _DTDe_]TOwD (elT(]w.[) _ 1) (BZIT{)W(] _l_ e4l‘TD{.\J(] _l_ 1) .
az = 3Dy agy =0, agg = 0, azy = 0.
Step 2. Calculate «e0.0 according to the expression from [27] as follows

@00
= PrOchr(;‘vI:}) %fg (x,0,p)
= Projg) 314 (.0.0) + O () + O(Jullof?)
= Projker(nry) %f:}(ﬂfs 0,0)

. 1 . 1 .
+ Projey) | 7 (Def2) (@ 0.0)03 (2.0) + 7 (Dy f2) (2.0,0)U (=, 0)].
We need to calculate step by step. First, calculateroic.an 0msicoo: .

1 To BQI(_GS + 6':%)
gf:al(fv“:UaU):E DO,(—035+63) |,
| 3D1(—65 + 03)

where

191 = (]_ -+ eziTDwﬂ + 64'1T(]{.U())1 82 =1 — Io + Ly,

83 — e_lT{]"-\-'{)Il _I_ EIT{)WUI'-Q _I_ IS

then we have
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1 X biizizs + biax i
37 Projker(ary) f3(2.0,0) = bi1z123 + 512%1‘% ,
) borxixoxs + by

Where

1

55T06'1(1 — e Tow0), bar = by = 0.

b1 = bia = —

Second, calculate /o Projs (0. 000200 since

Uy (2,0) = Uy (2, 1) =0 = (M3) ™" Projimags) f2(2.0,0) = (11, 1o, T3),

Where
D10 ¢ 9/ _oirgwe diTowo —1..2( Birowo
T=— xl(e —e )—3 xg(e —1)
g
— ZoZs (el‘Tuw{) _ eZlTuw{) 4 eSlT{)wg _ e-’-ll‘T{)wu 4 et’nTgwu _ 1)}
D10 (01 9) _6irgw 2 irgw —diTyw,
1 =— {3 xl(e °°—1)—$2(e 0wo g HITO D)
g
+ xlxs(e—i‘ruwo + e—5i‘TDwD _ e—4i‘ruw{) 4 e—SiTDwn _ e—?i‘rnw{) _ 1)}
3D1T0 : :
—1_2¢ —2iTqw —1_2( 2iTpw
TS:W{Q xl(e °°—1)—2 xg(e D“—l)

- 2{.62:1,‘3 (eimwo _ 1) + 2331933(6_170‘”0 o 1)}

with the elements of Im(M 1/2) (u=0)

{z120€1, 222361, TTE1, T5€1, Ther, T1Toe2, T1T3ED,

2 2 2 . 2 .2
€2, Ty€a, Ig€2, T1T3€3, T2XL3€E3, T€3, 1263}.

Then we have

X £11 212 £13
Da:(fg (11710:0)) = | 821 822 Z23 .
231 £32 £33

Where
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g11 = 2D71001 (—(z1 + x3) + (21727090 4700 gg)),
g12 = 2D70601 (— (w2 + @3) + (270“0zy 4 l™“0g3)),
g13 = 2D7001 (—(z1 + x2) + (2177090 4+ 20e'™40)),
221 = 2D700; (—(21 + 23) + (ze7 2090 L eTiT0w0,)),
g22 = 2D796 ( (zo + x3) + (82”0“’“9: 1 elmowo, )
a3 = 2D790, (— (21 + @2) + (21077090 4 gyeiTow0)),

ga1 = 6D179(—O2 + (2172700 gy 4 o700 )
832 = 6D179(—O2 + (z1 + e*“0xy 4 700 3)),
g33 = 6D170(— (21 + 22) + (21077090 4 2pe'T040)).

Combining to the above, we obtain

1 61193%&»“2 + 6123‘19:-%

- 1 1 2 2
PI’OJKCT(MQ}) E(Dxfz)(a:,O?U)UQ (z,0)| = [ carm123 + copwaz3 |,

C31T1%2T3 + €323

c11 = i (ngeéll‘T()wD (el‘TUw() 4 eﬁlmwo _ e?lT{;wg _ 1)

_ QD(—l 4 eSiTgwo)Q) ,

» 2 —EIi‘T()wD
DDT(]E'- (ei‘rgw() _ e?i‘row() + eai‘r()wg _ e:lir()wo + e5i‘TD\'-\4‘D _ 1)2!

€12 = — -
g
€21 = Cl1, C22 = €12,
3D1,rze—5i‘ruwg i 9, . ) ) .
0 C 2 3 diTge
cy1 = _ (_1 4 elTD\.dU) (elrgw{) Le 1Tpwp Le 1Tpwp te 1Tpwp
2wp
SiTown . 3iTowo
+e +1)(=D + De ).
cao = 0.

Step 3. We compute roiim.sieoovieor . Define n-nne -vze.0. Then we

have
R (9) (héoo 1+ higowd + higya1as + hi waws |
h3 () hSobe? it hob3 + higy w125 + hiyywaws
h(6) W) | _ hSon? o+ hion3 + higyz1as + by zas
h’{f) (6) hgo)o zi + h{%}o 3+ h{lé)lﬂ"lﬁi*» + h{{n)lﬂ'zl"S
hE;; (9) hg?})oxl + h{()z)ox:) + "1(10)13'1933 + "1{()1)1‘1'2933
RE(6) \hg%)cﬁ:l + h{()g)oi"g + "1(10)13'1933 + "1{()1)13'2933)

2 2 X : .
= haoo®? + ho2073 + hoo2z3 + h110z122 + himz123 + hor17223

And
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F*(®2,0) = Aspox} + Ao2xs + Aooaz3 + Arroz1ze + Arorzizs + Aoriaos,

where  hu bttt = @ 4= o< isi<2 - andisja-». Comparing the
cocficients of # 2 00 s s from the eqUAtION A = A = 0 hun = bz s = J,
we can getius = i = 0. According to the definition of AQ1 and , we obtain
that h200, h101 satisfy the followingdifferential equations, respectively:

haoo — 2iwoTohaoo = @(0)¥(0)Aspo, hior — iwoTehio1 = D(0)¥(0)Aq01,
haoo(0) — L(hg00) = Asgo, h101(0) — £(h101) = Aj01-

Since

0
(@1 +11(0)? — (O3 + y5(—1))?
2 2 _ T 0
FP (i, 0) = FH@2 +9. 0) = =5 | (9, 4 43(0))2 = (83 + 11(=1))?
0
(01 +y5(0))? — (O3 + y3(—1))?

We have

13 (,0.0) = W(O)FX(Bx 4 3. 0)

(DBZ’T_"“"“‘[—(@ +41(0))? + (O3 + y5(—1))?] \
+De 00 [— (07 + y3(0))? + (O3 + y1(—1))?]
+D[ - (61 +y5(0))* + (O3 + y3(—1))?]

De= 2700 [ (0 + 1(0)) + (O3 + y5(—1))?]

=1To +De~ 1700 [— (01 + 13(0))* + (O3 + y1(—1))?]
+D[ — (614 u5(0))* + (O3 + y3(—1))?]

Di[—(61 4+ 11(0))* + (O3 + y5(—1))?]
+Di[—(01 + 13(0))* + (O3 + y1(—1))?]

\ +Di[(61 +ys(0)? + (O3 +us(-1))]  /

Continue to find the derivative of y and get the value of n.s¢-.0.0). Then
we have

DeZmn[=0,11(0) + e® 00Ok (~1)] |
—I—D[—e“iiT‘]w{)@lha(U)+93h3(—1)]
1+ D[—6,h3(0) + 200 @y h5(~1)]
. L | D[ = 01 (0) + e2meynt (-1))
1Dy FH @ 0,00h(0) = 570 [ +D[—e=4m06,15(0) + egha(—nJ
2 1+ D[—O1h3(0) + e~ 200945 (1)
I [—thl(O) -+ 193}11(—1”
Dy[=611*(0) + O5h* (—1)]
Di[-6h3(0) + &K (-1)))  (ad)

By expanding the original equation @ +v.0 we have
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0 0
(_1 + e—Qimw{}) (—2 + Qe—imw[))
0 0
AQ{]{] = (_1 4 e—Zi‘T(]&"{}j ? 44101 = (_2 -+ QE‘_imwu)
0 0
(—1+ e—Zimw{}) (=2 + Qe_imw“)

thus A;j;(, = 4(2-(‘111 =AQ = A(L%J;l = 41?))1 = Ag?ﬂ = 0, then hJ‘lé])l = h"l“(‘)Jl =) = h(zéﬁ = hcz%:) = h'(z%;o =0 SO we
know that ww-ww-ww-0 According to system (A.5), we have
Projicaarp (Dy 3)(@.0.0) U3 0] =0.

From Steps 1-3 the normal form (11) has been obtained
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