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Abstract: In this paper, we investigate the stabilization of a one-dimensional
thermoelastic laminated beam with structural damping coupled with a heat equation
modeling an expectedly dissipative effect through heat conduction governed by Gurtin—
Pipkin thermal law. Under some assumptions on the relaxation function ., we establish
the well-posedness of the problem by using Lumer—Phillips theorem. Furthermore, we
prove the exponential stability and lack of exponential stability depending on a stability
number by using the perturbed energy method and Gearhart— Herbst—Priiss—Huang
theorem, respectively.

Keywords: laminated beam, Gurtin—Pipkin thermal law, well-posedness, exponential
stability, lack of exponential stability.

1 Introduction

In this paper, we investigate the well-posedness and asymptotic stability
of a thermoelastic laminated beam with structural damping and Gurtin—
Pipkin thermal law, i.c., for (x, £) € (0, 1) x (0, +0),

pei + G — pz)e =0,
I,(3w — 1)y — DBw — ¢)ar — G(Y — ) + 00, =0,

: i 4
IP Wit — ‘D.wxl’ + G{E—I‘ - IL:|';'1::J + §ﬁ-‘ w -+ gﬂ"wz =0,

B — = [ 9()0ea(t — ) ds + (3w — )0 = 0
0 (1)

with the initial and boundary conditions
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p(x,0) = wolz), ¥(z,0)=vo(z), 2z€][0,1
w(z,0) = wp(z), #(z,0)=~6(z), rel0,1
pr(x,0) = p1(z), Ui(z,0) =t(z), x€][0,1
we(z,0) = wi(x), O(—5)|s>0="0(s), z€][0 1_(-21)

0(0,t) =¥(0,t) = w(0,t) = 0,(0,t) =0, te][0,+o0),

U
p(1,t) =, (1,t) =w.(1,t) = 0(1,t) =0, te [D.+°“('*J-.>
22

where the functionss( . ¢(,0. su(z,0) - (1), 62,1, ss)denote the trans- verse
displacement of the beam, which departs from its equilibrium position,
rotation angle, effective rotation angle, relative temperature, and the
memory kernel, respectively; . w (x, #) is proportional to the amount
of slip along the interface at time # and longitudinal spatial variable x;
¢(s) is the heat conductivity relaxation kernel, whose properties will be
specified later; (1). describes the dynamics of the slip; p, G, L, D, 3, 8 are
the density of the beams, shear stiffness, mass moment of inertia, flexural
rigidity, adhesive stiffness of the beams, and adhesive damping parameter,
respectively. Moreover, p, G, L, D, o, % o k, /3 are positive constant.

Problem (1) is closely related to 1D thermoelastic Timoshenko beam
model in the sense that (1) reduces to the Timoshenko system with
Gurtin-Pipkin thermal law [12] studied by Dell’Oro and Pata [9] if
the slip . is assumed to be identically zero. When there is no thermal
effect, problem (1) is called laminated beam. Hansen [13] derived a
model for a two-layered plate in which slip could occur along the
interface. Concerned with the beam analog, with strain-rate damping as
in the above described plate model [13, Eq. (3.16)], the basic evolution
equations for the system are given by

peit + S =0, I,(3w—1v)y — M, —S5=0,
4 4
fpu'“ — Dw.t::r + S+ E":- w -+ gﬂ'ib‘; =0,

where . is the shear force, and.. is the bending moment. The constitutive
equations ares = G(v - .). M = D(3w - v),. Hansen and Spies [14] derived the
mathematical model for two-layered beams with structural damping due
to the interfacial slip, namely,
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pere + G — vz )z =0,
I,(3w — ) — DBW — Y)ae — G(Y — 9z) =0,

. 14 4
Iowy — Dwes + G(U — 9z) + 3w + 3 W = 0

3)

for (x,2) # (0, 1) x (0, +0). Later on, Wang et al. [29] consivdered
systeym (3 ) with the cantilever boundary conditions and two different
wave speeds (/&/smd /I7T,). they pointed out that system (3) can reach the
asymptotic stability, but it does not reach the exponential stability due
to the action of the slip w. To achieve the exponential decay result,

the authors in [29] added an additional boundary control such that the
boundary conditions become

©(0,t) = £(0,t) = w(0,t) = 0, we(1,t) =0,
3w(l,t) —&(1,1) —p(1.1) = uy (t) := k1pe(1, 1),
'-‘:t:(]-'-t} = Ug{fj = _kzit(lytL

wheres=sw—vmikwmir, are positive constant feedback gains.
Furthermore, Cao et al. [3] proved the exponential stability for system
(3) with following boundary conditions:

B(0,8) = 02 (0,8) = us (£) == —k122(0, ) — 9(0,1),
Jwe(1,1) — . (1,t) = ua(t) := —ka&e(1,1) — £(1,1),

provided . # i@ wmir = 770 More importantly, the authors proved that
the dominant part of the system is itself exponentially stable.

Concerning a laminated beam with thermoelastic dissipation effective
in the bending moment, we have

peit + Sz =0, Ip(3w — )ut — M: -5 =0,
4 4
fpu-'at — Dwg + 5+ §"_i"u-' + 5&"&& =0,

;Clgt + g + 5{31{‘ — I;'J}M = 0, @

where 0 is the temperature difference, ¢ denotes the heat flux, §= G(y
- @), and M = D(3w - ¥), 63 . Derivative of the heat flux term in the

formulation of the rate equation
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Tqr + kg + 6, =0 5

was introduced independently by Cattaneo [4] and Vernotte [28] with
afixed constant x > 0 and small 7 > 0. Combining (4) and (5), Apalara [1]
considered a laminated beam with structural damping and second sound

PPt + G{LI‘ - "1'5'.1:}1: =0,

I,(3w —¢)yt — DBw — V)ee — G(U¥ — @) + 66 =0,
4 4

Iowy — Dw,p + GV — @) + Pk + FOW; = 0,

k6 + gz + 8(3w — ¥) = 0,

T < ., =10
g: + kg + ©

for (.1 < @.1) « 0.+x). The stabilization of system (6) has been analyzed in
[1], where Apalara obtained the well-posedness and uniform stability
results depending on the following stability number:

. _(1 r;:(:)(ﬂ G) G852
i p J\I, p pl,

Mukiawa et al. 23] studied a thermoelastic laminated beam system

without structural damping, but with a finite memory acting on the
bending moment and established a gen- eral and optimal decay estimate.
If we assume Gurtin—Pipkin thermal law [12] of heat conduction

o0

Bq(t) + /g[&}ﬁx[t —s)ds =0,
b 7)

where ¢ is called the memory kernel, we can obtain equation (1).. The
aim of this paper is to study the well-posedness and asymptotic stability
of a thermoelastic laminated beam with structural damping and Gurtin—
Pipkin thermal law, i.e., (1)-(2). In fact, Cattaneo law (5) can be reduced
as a particular instance of (7), which have been proved in [9]. For other
asymptotic behavior results to laminated beams, we refer the reader to [6,
14, 16, 21, 29] and the references therein.

For the case of the beams with Gurtin—Pipkin thermal law [12], a large
number of interesting decay results depending on the stability number
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have been established. Re- cently, Dell’Oro and Pata [9] considered
Timoshenko system with Gurtin-Pipkin thermal law, i.e., for (x, z) # (0,

L) x (0, +0),
P19t — K(Pz + )z = 0,
p2Use — Dz + K + ¥) + 86, =0,

o0

1 : '
Pl — = [ﬂﬂﬂm{t — 5)ds + 0Pz = 0,

0

wherep. r.p.b.0.05.5 are positive constants. The authors obtained the
exponential stability depending on the stability number

¢ :(m _i)(&_@)_iméj
Y\ sk g(0) )\ kb)) g(0) pakb

Later on, Dell’Oro [8] considered the thermoelastic Bresse-Gurtin—
Pipkin system, i.e., for (x, 2) # (0, L) % (0, +0),

p1pte — k(pz + U +lw)z — kol(wz — lp) =0,
P2 — Waz + k(e + 0 +1w) 4 66, =0,
prw — ko(we — 1)z + kl(pe + ¥ +1lw) =0,
patly — ky /g(s}ﬂm{t — s)ds + 0y, = 0,

0

and obtained that the system is exponentially stable if and only if

P1 1 P P2 1 pid?
Qg = | — — - ——— | —-——— =0 and k=Fk;.
? (pgk gwﬂcl) ( kb ) 9(0)ky psbk !

For other related results, we refer the reader to [5, 17-20, 26].

In this paper, we first prove the well-posedness by using Lumer—
Phillips theorem. And then, by using the perturbed energy method,
we establish an exponential stability result depending on the stability
number

- (m 1 p1 P2 L pé? _
ag = (ﬂ - g({]}k1> (? - ?) = 30V poo 4 k=Fo.

To overcome the difficulty brought by Gurtin—Pipkin thermal law, we
use some appropri- ated multipliers to construct a Lyapunov functional.
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For the casew #0 we prove the lack of exponential stability by using
Gearhart—Herbst—Priiss—Huang theorem.

The remaining part of this paper is organized as follows. In Section 2,
we introduce some hypotheses and present our main results. In Section
3, we prove the well-posedness for problem (1)-(2). In Section 4, we
establish an exponential decay result to prob- lem (1)-(2). In Section 5,
we prove the lack of exponential stability for problem (1)-(2). Section 6
is devoted to the conclusion and open problem. Throughout this paper,
we use . to denote a generic positive constant.

2 Preliminaries and main results

In this section, we first introduce some notation and present our
hypotheses. Then we give some lemmas, which will be used in the proof
of main results.

To deal with the memory, following [7], we introduce a new auxiliary
variable ; = 0.y by (see also [9, 10])

n=n'(zs) = /6’[1’,? —o)do, (z,1,5)€[0,1] x [0,00) x RT,

0

which satisfies the boundary conditionsy s =0 w09 =0 Then .

Satisﬁes M +0s = H(I), Where L (z,0) =0, € [0,00) anduﬂ[i’,s) = no(s) = fos th(o)do, s € RT
Assume g(o0) = 0, a change of variable and a formal integration by parts
yield
0 o0
F _ -
[ 9()8eut — s = - f &' (8)1laa(s) ds.
0 0

Now, we denote u() = ~(s). then [z se..- s = = w1 Hence system (1)—
(2) can be written

pei + G — pz)e =0,
IIG [31!'.: — ?,flrl}tt — D{gy_: — '1:’:];:;: — G['ul-l - \I"Cx]l + 53;1' = D._

. 4 4
IF' Wt — D'wm.t: + G{L‘ - l:':'t:J + iﬁ‘ w4 —aw; = 0,

3
ko, — %/H(Hﬂm'{sj ds + (3w — Y)iz =0,
0
M +1s =10

(8)
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for (x, £) # (0, 1) x (0, +o0) with initial and boundary conditions

@(z,0) = wo(z), U(z,0)=1p(z), w(z,0)=wy(z), z=<]0,1],
O(x,0) = bg(z), =e]0,1],
wi(z,0) = wi(z), Ue(z,0) =Ui(z), we(z,0)=wy(z), z<][0,1],

nz,0) =0, no(z,s) = /&ﬂ:r,a) do, =ze]0,1],

0 1)

w=(0,t) = ¥(0,t) = w(0,t) = 0,(0,t) =nL(0,s) =0, t€[0,400),

o(1,t) = ¥.(1,t) = w.(1,t) = 0(1,t) =n'(1,5) =0, t<]0, +-:>(<.‘.}.)
92

For the memory kernel ., we assumes < c2®*)nw @) and

(G1) gis a bounded convex summable function on [0, e0);
(G2) ghas a total mass /s as =1

(G3) g". is an absolutely continuous function on R+ so that

g'(s) <0,  g"(s)20,  g¢'(0)=limg'(s) € (—00,0);
(G4) There exists a positive constant ¢ so that, for almost every s > 0,

g"(s)+&g'(s) = 0.

Remark 1.

In particular, # is summable on R+ with jua =s0. Furthermore, noting
that ¢(s) has total mass 1, we have [;” su(s)ds =1

Next, we introduce the vector functionv = (e, u 3w - 3w w, v, 69"
withe = wae=w. Then system (8)—(9) can be written as

o, U = AU,

U(z,0) = Us(z) = (o, 1, 3w — o, 3wy — 1y, we, wy, o, ?JURT

10)

where A is alinear operator defined by
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[ u \

Jv —u
73w = P)ae + £ — ¢a) — 1.0
AU = v
frju:e ~ 7 (-gz) — 5w~ ;1;‘1.-
RL le n.rx{S) ds — —{31!

\ —1)s + 0 )

We consider the following spaces:

H(0 —{n|neH1(U 1): n(0) =0},
Hi( 1) ={n|neH(0,1): n(1) =0},
H?(0,1) = H*(0,1) nH,}(D., 1),  H20,1)=H*0,1)n H:0,1)

and the energy space

H = H(0,1) x L2(0,1) x H(0,1) x L(0,1) x H1(0,1)
x L2(0,1) x L*(0,1) x M,

where
M= L2(R* HL(0,1)) = {q :RT — H1(0,1) ‘ /;L(S)an(s}”zds < 'x}
0

equipped with the normili = el eizeand inner
productieu =i ueo i eovea-a In particular =02 5w
Moreover, in light of (G4) on u, we deduce

o0

¢ [ ulnes)as < = ) o) s

0 (11)

Besides, H is the Hilbert space equipped with the norm
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T . ) 2 , 2
113 = pllull3 + Lpl13v — wll3 + 3L [1v[13 + G| (¥ — w2 ||, + D (3w — ¥) |,

1
+ 4[|l + 3D|lwe 12 + KlI6)1Z + 5 lInll

and the inner product

1

1 1 1
(U, U)y = p/-uﬂ.d:r +1, [(31.- —u)(30 — @) de + 31, /-Lr-f,rd:r: +k [eédx
0 0 0 0

1 1
e / (= )@ — g2)de + D / (3w — ), (30 — ), dz
0 i}

1 1

oo 1
+ 4y /w-r.[-'d:r +3D/wxﬁ-‘x dz + % /;a(s) [?}Iﬁx drds
0 0 0 0

for.=(¢, u, 3.-% 3., w, v, 3, ). and .” =(.", »”, 3.7=.7, 3.7, w,,
vy 35 77).
The domain of A is given by

D(A) = {UE'H o e H2(0,1), ue HN0,1), 3w—1 e H2(0,1),

3v—ue HN0,1), we H(0,1), ve H}(0,1),

9 HL0,1), nEN, /,{L(S}T}{S) ds € H2(0,1),
0
@z(0,t) = ¥z(1,t) = wx(1,t) = 0:(0,£) = (0, 5) = D}?
where ¥ == min cmao =0 Clearly, D(A) is dense in H.

The energy associated with problem (8)-(9) is defined by

1 1 1

E(t) = %(g} [\pf dr + Ipf(B-urt — 1)  de + 4",-/1&-'2 dr
' 0

0 0

1 1 1
+ 31, /w;2 dz+ G /{uﬁ —¢g)?dz+ D /(3-10I — ;."Jx)2 dz
0 0 0

1 1 oo
+3D [wid:r—l—k [6'2 dr + %fﬁ(s}ﬂ?;x(s)”; ds).

Now, we give our main results in this paper as follows.
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Theorem 1.

Let Uy #H , then problem (10) admits a unique weak solution U # C(R
+; H) . Moreover, if Uy #D(A) , then vecE ) nc @ n).

Theorem 2.

Assume that v, =o. 1y <. then there exist positive constants a, b such that

the energy E () associated with problem (8).(9) satisfies

(13)
Theorem 3.

Assume that x, o tatu= . then problem (8).(9) is not exponentially stable.
Based on two propositions from [9, Props. 11, 12], we give the full
equivalence between Cattaneo law and Gurtin-Pipkin thermal law.

Theorem 4.

If the laminated beam with structural damping and Cattaneo law is
exponen- tially stable, then so is the laminated beam with structural
damping and Gurtin—Pipkin thermal law, and vice versa.

3 Well-posedness: proof of Theorem 1

To obtain the well-posedness, we need to prove that 4: w4 - # is a maximal
mono- tone operator. To achieve this goal, we need to prove that A4 is
dissipative and Id - A is surjective.

Using the inner product and integration by parts, we can easily obtain

1 o0
(AU, U)y = —4a / w? dz + % [;5’[3}||r;lt(s)-|§ ds <0
i "0

forany U # D(A4).Hence A is dissipative.
Next, we turn to prove Id — A is surjective, i.e., for anyr= . n.m=n
there existsv = ... < 0 satisfying

(Id— A)V =F,
(14)

405



Nonlinear Analysis: Modelling and Control, 2021, vol. 26, ntiim. 3, ISSN: 1392-5113 / 2335-8963

that is,

vy —va = f1, v3 — vy = fa, vs — vg = f5, vs + Osvs — vr = [,
Pz — Ga:r:c'yl - Ga.erS + 3051‘1“5 = pf?!
Ivy + GOvy + Guz — DOypvs — 3Gs + 60v7 = I, fa,

4 _ 4y .
(Ip + 5&) vg — Govy — Gug + (?»G + ?I)'Ur,, — Doyovs =1, fé,

1T y
kv — 3 /;L(s)amt!g, ds + d0,vy = kf7.
]

(15)
From (15) 1and v5(0) = 0 we have
ve = v — f1, vy = 3 — [z, Ug = Vs — [,
s
Vg = (1 — c's)t-'? + /E‘-T_ng(?') dr.
0 (16

Inserting (16) into (15)2, (15)3, (15)4 and (15)5, we obtain

pv1 — GOppn — GO vz + 3GO, 05 = p(f1 + fa),
(I, + G)vg + G, vy — D8,,v3 — 3Gus + 60,v7 = I(f3 + fa),
(IP + 3G + 4?7 + ?)fus — GOyvy — Gug — DOvs = 1, (f5 + fo) + %a'fb,

k'U}' _ % / (]_ — C_s)'{_t(s)axx'ﬂ,’ ds + Cj"a_r’b'g
S0

o0 &

:kf?_l_%D/Ms)b/gr.——samfgﬁ)drds—I—fi(‘j'xfg. .

Multiplying (17) by o2, andi-., respectively, and integrating over (0,

1), we can obtain
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1 1

1

fp‘blul dz — ch)Mtrlt,L dr — /G’d‘ vaty dr + /36*3 vzl dz
]

1
/P f1+ fo2)i1dax,
0

1

1 1
ch) Tz dr — fDé‘Mvgtg dr — fBG'bs,vg dx —l—/éc} vy Tz dx
0

0

f(f + Guatadr +
]

0
Ipf;;'lj'g dﬂ?,

Il
o

1 1

1 1
f{BI + 9G + 47 + da)vsTs dz —/BGBIUL'E'E. dx —f o
]

3Gv3Ts dx — / 3D vsTsde
1 1

fSI,J fs + fs)Us de +f4af5-ﬁ5 dr,

1}
1

1 oo 1
/ktr-;f,'?d:r— %/‘"'7/(1 —e_‘s),u,(s}anwdsd:r+[6611:367(13:
0 0 0

=

a

1 1 1
= /Eaz_fgi},—dz+%['Eﬁ/p&(s)/c'__‘s'Mfs{T)desd:c+fkf7€r;d:r.
0 0 0

4] [}

(18)

From (18) we have the following variational formulation

((v1,v3,v5,v7)", (91, T3, U5, 7)) =

F{({"l: 531 ﬁl’:! 'ﬂ?)T)
(19)

fOI‘ a.ll(fll.ig. i, 77)T € H2(0,1) x H}(0,1) x H1(0,1) x L2(0, 1), Where

B((vy.va,vs,v7)"

(D1, B, B5, 7))
1

Ipt};;'ﬁ;; dx

1 1
G( v — U3 + 3'1)5)(—3:'51 — D3 + 3'{:'5) dzr + /p-vl?'}] dr + /
0 o o

1

/{31’ + 4y + 4o )usTs dx—l—/kb - dx +fD6 0Tz dz + /3D6 vs O s d

oo

1]

- / (g((] /c_‘gp(s} ds) dyved,O-dr + 4 /(6‘,-1)7}63 dr+4 /(&_,-Ug}ﬁ: dzx
0 0

and
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[~ ]
=]
[#%]
et |
[y
ot |
=1
p—
~
i

P

1, v

[0(f1 + f2)br + L(fa + f1)0s + 31,(fs + fo) s

‘--h""“:'—

0
+ da f50s + 60, falr + k f707] da

1 o &
—|—%fi’r?fu(5] /e""s"mfg{ir)dirds dr.
D 0 0

Now, we introduce the Hilbert space v - .m0y <m0 <200 equipped
with the norm

B{{’L’l-. U3, Us, '1’?)T-. (v1,v3, Vs, ’L’?)T) 2 ﬂ”{t-‘h V3, Us, Ur) ||f

Then &) and # are bounded. Furthermore, we obtain that there exists
a positive constant . such that

v, € HN0,1), wie HY0,1),  ws e HY0,1).

Hence 5. is coercive.

Asaconsequence, by applying Lax—Milgram lemma [24] we can obtain
that (18) has a unique solution (v,v,v,0-)" v Then, substituting v:, vs, v into
(16)1, we obtain

/ u(s)[|0zvs(s)[|, ds < 29(0)||0zv7 (13 + 2 fsl|3a,
0

Using (16)2 and the method in [30, Prop. 2.2], we have

vy € H2(0,1),  wse H(0,1), vy e H}0,1), wv;e HX0,1),
0,;v1(0) = d,v3(1) = d,vs(1) = d,v7(0) = 0.

which gives us « = m Then from (15). we can obtaino.e. = v v+ s < .
Hence, = = m.. Next, we turn to prove that

v H2(0,1), vy HX(0,1), wseH0,1), wvreHN(0,1),
d;v1(0) = dyv3(1) = d,v5(1) = d,v7(0) = 0.

Now, iftes 5. =0.00 =m0« w01 «r201.then (19) reduces to
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1 1

/G(ﬁx'lil — U3+ 305)0, 0 dx = fpllll dr — /p (f1+ fo)ty de
0 0 0
(20)

for allw < 0.1 which implies
GOppv1 = pvy — GOyuz + 3G v — p(fi + f2) € LQ{D.. (12)1.)

From the regularity theory for the linear elliptic equations, we
obtain « 720,
Moreover, (20) is also true for any=c'w.n < #2016 -0 Thus, we get

1 1

/C’d udr@dx—l-/pt]@dr— /Gd vz dr + /306;51 ddx

a 0

1
= [ olfi+ fods
0

for allscc' , ¢ (1) = 0. Using (21) and the integration by parts, we
have

0,v1(0)9(0) =0, ¢ € C'([0,1]), &(1) =
Hence, 20 -oIn the same way, we get

vy € H2(0,1), vs € H2(0,1), vy € H(0,1),
0,v3(1) = 9,v5(1) = 0,v7(0) = 0.

From the classical regularity theory for the linear elliptic equations we
know that there exists a unique solutiont « n(4) such that (14) is satisfied.
So the operator Id is surjective.

As a consequence, A4 is a maximal monotone operator. Therefore,
we established the well-posedness result stated in Theorem 1 by using
Lumer-Phillips theorem (see [2]).
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4 Exponential decay: proof of Theorem 2

In this section, we prove the exponential stability for system (8)-(9) when
X = 0. It will be achieved by using the perturbed energy method. Before
we prove our result, we need some useful lemmas.

Lemma 1.

Let (3,9 w,d) bethesolution of problem (8).(9). Then the energy function
E(t) satisfies

1 o0

d B, 1 . 9 B )
th[ ) = —4a'f wy dr + —_I[,u [S}H?}_E(.-:c}-‘z ds <0, t=0.

0 0 (22)

Proof- Multiplying (8)1 bye., (8)2 by (3w ¥); , (8)3 by 3w;, (8)4 by 0
and integrat- ing over (0, 1), using integration by parts and the boundary
conditions in (9), we can obtain (22). This completes the proof.

Lemma 2.

Let (3, % w, 8)  be the solution of (8).(9). Then the functional

Fi0) ==(/o0) [0 o aeas Satisfles the estimate

. N
Fi(t) < —%fﬁ'z dr — 0(1 + Hi) /’;5’[5}”?;&(5}-@ ds
0 %
1
+ &4 /(311@ — 'l_il?tjzd:t‘-
[i

(23)

foranye > 0.
Proof- Taking the derivative of FI(z) with respect to ¢, using (8)4,
(8)5 and integrating by parts, we get

1

F-f[t}:—k/92d1 -I—— /;s (s) /8?75 )dx ds++m
0

2

| ]x ((s)n2(s) ds

2

o0

5 49 f (8w — ¥)ima(s) da ds.

0 ]
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Using integration by parts, Poincaré’s inequality [27, Lemma 2.2], and
Young’s inequality withs > 0 and =, > 0,, we infer that

o0 1
— [ u(s) /-91;'5(5) drds
9(0) J :
= —% /;a (s) [H?;r{s deds < e /92 dz — g/u’(sjﬂnm{s)nid&
_ 0 ) 0
- [;c{s)?;x{s) ds
B0 ||/ )

o0

o0 1
< c/ ”nm ” S!_I%}.U/“{S) })/{B-ur—t;',')f?;rx(s)d:cds

0
1

S; g1 /{Bu’f — T;If't)g dT + i / "‘5(5)”??39(8} Hz ds
0

0

Here we take- - #/2. then we can get (23) by using above inequalities and
(11). This completes the proof.

Lemma 3.

Let (3, % w, 8)  be the solution of (8).(9). Then the functional

i) =(k1,/0) f} (3w -0 [ o) dyax - Satisfies the estimate

Fi(t) < f{&ut—u) di"—l—‘fn/{i, —g,m) dx + = n/[?)lt;,_-—lrm
—I—c( - ) [921213:—0/,& (s) HI]'I{S)HZdS
) 0 (24)

foranye; >0.
Proof- Taking the derivative of F2(z) with respect to #, using (8)2,

(8)4 and integrating by parts, we get

1 1 1
1 . , . )
sz{f) < —?'O /[3-&-‘: — -i;!f)2 dr 4+ 2 /{'i;'-‘ — _&%)2 dr 4+ 29 /[B-urr — t;','x)g dr
) ] 0
1 o0

+ 0(1 + i) [92 dr — 0];;*(3)”-%{3)\@:15

0 0

i
%)
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Using (11), Young’s and Cauchy-Schwarz inequalities with=, > 0, we
establish esti- mate (24).

Lemma 4.

Let (¢, % w, ) be the solution of (8).(9). Then the functional

1
Fu(t) = pD [ u(3w = ), dz - 1,C f (3w — 1) (¥ — o) da
0

1
—I—%(?—%)/E@tdx ( )/Iu{s/ 2)Nz(s)dzds
P
0 0

satisfies the estimat
1
2
Fi(t) < 5 (P — @z )* da -|-C/ [(Bw; — 1) —|—urf] da
0 0
— c/u’{s)”?}m{s)ﬂg ds.
0 (25)

Proof- By (8)1, (8)2, (8)4 and integrating by parts, we get

Fi(t t)=—-G* /[L'—L,JI dT—IC/{Eﬂ‘—L}tLth

— —= (— — ;) ,u,{s bi?}I{Sj dzds

Similarly as in [1, Lemma 2.4], using 3, = 0, Young’s and Cauchy-
Schwarz inequalities, and the fact thatv: = —(3w, ) + 3w, we get (25).

412



Liu Wenjun, et al. On the stability of a laminated beam with structural damping and Gurti-Pipkin thermal law

Lemma S.

Let (3, 5 w, 3) be the solution of (8).(9). Then the functional r.o »1; oo

satisfies the estimate

1

1 1
Fi(t) < —p / i dr + &4 f (Bwe — ¢z)dz + 24 / wide
0 '

0 0
1
1\ [, )
cl 1+ — (Y — )" dz
E4q
0

foranyey >O0.
Proof- By differentiating F4(z) with respect to ¢, using (8). and

integrating by parts, we obtain

(26)

1 1

1
0= [tdr+C [W-pofar—C [v@-endn
0 0 [

0

Using Young’s and Poincaré’s inequalities, we obtain

1

! 1
1 |
Fi(t) < —p /upfd+e(1+_) /(.w_px}zdpr&/%dx
0 ; J

E4
0

forz. > 0. Note that

1 1 1

1
/-L,-;'id;r = /(bm — 3w, + 3w,)?dr €2 /{S'u.'m — -?ff;x)ﬂd;r + 18 /-wf,d:r.
0 o

0 0

Then estimate (26) is obtained.

Lemma 6.

Let (¢, ¥ w, ) be the solution of (8).9). Then the functional

R0 =11 e vl satisfies the estimate
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1
Fi(t) < —g /{B-wI — 1, ) dx + I, /(3&@ — ) da

1

-|-rf/ -_-—l,;,t}zd.r—kc*/@?’dfr

Proof- Taking the derivative of Fs(z) with respect to £ using (8)2 and
integrating by parts, we get

F;:(f} =D /{31}_& _ Luszdfx 4 IP [{Bwt _ tﬁlf'tjjd.'l“
i 0

1 1
+G /(' ' — @) (3w — ¥) dz + 5['{3'&’ —¥):0dz.
0 0

Then, using Poincaré’s and Young’s inequalities, we arrive at (27).
Lemma 7.

Let (3,9 w, 3) be the solution of (8).(9). Then the functional #o -1.5; .

satisfies the estimate

1 1 1
I,
Fi(t) < —_E/ d;r—Dfﬂ?id$+c/ d.r+e/{1-—avﬂ dz.
0 0 :[}

(28)

Proof- By differentiating Fy(#) with respect to # using (8)3 and
integrating by parts, then use Young’s inequality to obtain (28). This
completes the proof.

Now we define the following Lyapunov functional

L(t) = NE(t) + N1 Fy(t) + NaFy(t) + Ny Fs(t)
+ Fy(t) + F5(t) + Fe(t),

where~.v.v. v, are positive constants to be selected later. Then we have
the lemma as follows.
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Lemma 8.

Let (3, 5 w, 3) be the solution of (8).(9). For N large enough, there exists
a positive ¢ such that, forany t 20,

(N —)E(t) < £(t) < (N +¢)E(t).

Proof. Using Young’s, Poincaré’s and Cauchy-Schwarz inequalities,
and the fact that (see [22])

1 1 1

1
/;;2 dr < /Lpi de <2 /{?,:‘J — )P dz +2 [(SwJc — ) de + 18/1&'2 dz,
0 0

0 0 0

we can easily obtain that

|.‘a'€°(t} - NE{:‘.)|
1 1 1
< oy [L,:J? dr + as /{Bw, —y)?dz + ag [wf dr
0 0 0
1 1 1
+ oy /{1,:2' — ) dx + as [(wa —1;)?dz + as / w? dz
0

0 0

1 1 o0
+ g [u.':% dz + o [6\‘2 dz + o [,u{sj”-nx{sjuj ds,
0 0 0 (29)

wherea; (i=1,2,...,9) are positive constants. It follows from (12)
and (29) that there exists a positive constant . such that 1) - v&e)
which completes the proof.

< cE(t).

Now, we are ready to prove the main result in this section.
Proof of Theorem 2. From (23)-(27) and (28) we can obtain
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1

» I
-ff’(t)é—p[eofdfc— [2“’

0

1
J'T\\'rz — 4'“\"'151 — C;'T\'rg — F':| / 311.1 — 'L/t
0

1
— (4aN — eN3 —¢) /w daz
0

1
2
— |:%T\ “\“2 2—0(14- ) QC:|/
0
1

D o [,
—(E—T\z 2—54) {31L$—L‘)d:l—?!/u.‘ dx

1

/u, dr — { N; — cNy ( —)—0}/6‘21:11’

0
[

1. . 1
+ [j’\ —c;’\'L(1+a) — eNy — eN. } [,u (8)]|m( ]||2ds.
0

At this point, we need to choose our constants very carefully. First, we
chooses: =I,N./(4N,). 2 = min{G2Ns/(4N), D8N} = = D/s, SO that

1 1
20 < [do— [ 2Nam =1, [ui— v s
0 0

1 1

G2 8
— (4aN —eN3 —¢) /w dx { 1 N3 — ke 3.:-] /{?r:'.‘ — )% dx

-+
| — |
| =
<=
|
el
=
firs
e
[
-+
[ A
—
|
E‘,\
=
=]
&
=
| S
Ea"'
t\:

0 (30)

Then, we select .. large enough so that/in - s/pe-s>0 Next, we
select .. large enough so thatu,/ux. - ex. -1, > o, Furthermore, we select .. large
enough so that(k/2)N, - eNy(1+1/,) — ¢ > 0. Finally, we select . large enough
50 that 4aN — eNy — ¢ > 0, (1/8)N — Ny (1 + Ny /Na) — Ny — eNg > 0. Using (12), we obtain
that there exist positive constants M1 and M2 such that (30) becomes
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L'ty < —ME(t) + ﬂfgf,u’{sjuﬂm[s}”jds < —ME(t), t=0.

0

From Lemma 8 we obtain

L'ty < -bZ(t), t=0,
(31)

where »-1r/(v + o). Then, a simple integration of (31) over (0, #) yields

L)< L0)e, t=0.
(32)

At last, estimate (32) gives exponential stability result (13) when be
combined with
Lemma 8. This completes the proof.

5 Lack of exponential stability: proof of Theorem 3

Our result is achieved by using Gearhart—Herbst—Priiss—Huang theorem
to dissipative systems (see Priiss [25] and Huang [15]).

Lemma 9.

Let 5(t) = A bea iy -semigroup of contractions on Hilbert space H Then S(¢) is
exponentially stable if and only if

p(A) D {iX: AeR}=iR and Tim |(i\ — A) < 00

[A]l—=oo

_1||£:'H]

hold, where p( A ) is the resolvent set of the differential operator A .

Proof of Theorem 3. We will prove that there exists a sequence of
imaginary number A. and function Fu # H with # F, # p < I such
that|ing — 4)'Eux = V. — «. where

ApUp — AU, = F, (33)

With, = ¢.va.0s.0.0.0.0m. 07 not bounded. Rewriting spectral equation
(33) in term of its components, we have fory. =,
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Avy —vp =g1, ANz —vy=g3, Ms5—Us=0s g+ dUs —v7 =gs,
P)\’L—'g - Gax:rvl - Gax?*":j + gca.rv"a = Pz,
JTP)\'L'_{ + Gizvn + Gua — DOzrva — 3Gy + dd.v7 = ergzl.

I, ve — GOzvy — Guz + (3G + %) + 4?? vg — DOzevs = Ipgs,

kAvy — % /u(.s)@mt-'a(s] ds + dd,vy = kgr,

Where)\ cRand F = (g1, 92,93, 94,95, 96, 97, 9s) T € H. Take f1=93=¢5=0, then the above
system becomes

p)\zt’l - Gﬁxrvl - Gaxt":% + BGa.rt"E = Pg2,
Ip)\?vg + Gozv1 + Guy — DOzrvz — 3Gvs + 60:v7 = 1,04,

JTPAQU;, — Gogvy — Gug + (3(‘ + — 3 Ly —A) — Doy vs = 1,96,
EAvy — = /;L )0zzvs(s) ds + Add,vs = kgr,
Avg + ds’t-g — U7 = gs.

Due to the boundary conditions in (9), we can suppose
that L = Acos(pma/2), vy = Bsin(pmz/2), vs = Csin(umz/2), v; = Ecos(pmz/2), vs = o(s)coé(;ﬁ:u/?).

Choosing

then we can obtain

[pA2+G('LgP> ]A 0“”5 3@””6: 1,

—G% {IA2+G+D(M)]B—SGG—&EE:D,
G‘qu GB+[I Nises D . +—A D(‘“’Q’rﬂczn,

o0

2
M%B +EAE + % (%) /;L{S]qb(s] ds =
| 5

QDJ{S) + Ao(s) — E =0. (34)

In the above equations, we takei=i. =iv@7mum2) st i+ ciurr2r=0. Solvin
g

(34)5, we get
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(35)

Then substituting (35) into (34)4, we can get

E = p 2
 glo) kG 8 _},.
- Faml =gl H(s)e**ds

The combination of (34)2 and (34)3 gives

D G Iu,:fr'2
w(7-5) (%) 7

4y D G\ [pm pr o
[P F) () Je-stge-e

(36)

Substituting . into (36), we get .c = 4./, B.whee where

g (D g) (MY ()
4 w— &p - - o0 P ?
I, »p 2 A - &< A . = [ p(s)eAsds

p g(0)
D GY(pum S 4~y
#_I(& 2F) 53

Substituting C into (34)1, we get

B=—
BT (T, +34,)

Similarly, substituting C into (34)3, we get

4— GI,+ AT, -I—SGU’I”B _ _GF” + A, I, +3GA,
) G Ty G2(L +34,) ()

At this point, we introduce the number»=1-tc/n/s0) and consider
separately two cases.
Case v, =0. Letp— 0. we get
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342

A— — — , B—=0, C—=0.
pG [ p(s)e—rsds

Case 7, =0. Letp— . we get

Ixg(+ =<

A— — 5 ;géj P)_ . B—=0,C—=0.
GZl(+; — 5 ) +3xg]

Thus,

A ) DR JLT
IE-';II-H;§6[3t,-—B+(T

2
)A} — 00 [ — 00.

This implies thatioix +~wss—~ Therefore, there is no exponential
stability. This completes the proof.

6 Conclusion and open problem

In this paper, we first prove the well-posedness for a laminated beam with
Gurtin-Pipkin thermal law and structural damping. Then we prove that
the system is exponentially stable if and only if that stability number is
equal to zero (y, = 0) . When the stability number is not zeroa, #0, the
problem of whether it is possible to get the polynomial stability for system
(8)—(9) is still an interesting open problem.

Recently, Guesmia [11] considered the stability of the laminated beam
with interfacial slip and infinite memory acting only on the transverse
displacement, the rotation angle, and the amount of slip, respectively.
He combined the energy method and the frequency domain approach to
show that the infinite memory is capable alone to guarantee the strong
and polynomial stability of the model, and mentioned also that “when the
exponential stability is not satisfied, obtaining the optimal decay rate of
solutions is, in our opinion, a very nice and hard question”.
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