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Abstract: This article is devoted to studying a nonhomogeneous boundary value
problem involving Stieltjes integral for a more general form of the fractional .-difference
equation with p(z)-Laplacian operator. Here p(#)-Laplacian operator is nonstandard
growth, which has been used more widely than the constant growth operator. By using
fixed point theorems of ¢ - (n¢- concave operators some conditions, which guarantee
the existence of a unique positive solution, are derived. Moreover, we can construct an
iterative scheme to approximate the unique solution. At last, two examples are given to
illustrate the validity of our theoretical results.

Keywords: unique solution, fractional q—difference equation, p(#)-Laplacian operator,

concave OperatOfS.
1 Introduction

Fractional calculus, appeared at the beginning of twentieth century,
has provided many hot topics of research in many disciplines such as
biological sciences, engineering, acro- dynamics and communications (see
[3-5, 13] for example). Originally, the study on frac- tional .-difference
calculus can be traced back to Agarwal [1] and Al-Salam [4], then it
inspired much interest in theoretical research, many remarkable results
have been arisen, which can be found in [2, 6, 7, 14].

Naturally, the widespread applications of fractional .-calculus have lead
to a new de- velopment direction of fractional .-difference equations,
which has exhibited adamantine incorporation to application in fluid
mechanics and quantum calculus. After that, kinds of fixed point
theorems have been used to deal with various fractional .-difference
equation boundary value problems; see [1, 3, 6, 7, 10-12, 15, 16, 18,
19] for instance. As we know, the study of existence, uniqueness and
multiplicity of solutions are abundant. In 2011.

Ferreira 7] studied a fractional .-difference equation

Dgy(z) = —f(z,y(z)), =e(0,1),
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with boundary conditions

(2)

where 0<q<12<a<ss:01-%~ % is a nonnegative continuous function.

By employing Krasnosel’skii fixed point theorem the existence of
positive solutions was enunciated.

In 2017, Wang [17] studied twin iterative positive solutions for a
fractional .-difference Schrédinger equation

(D )u(x) + Ah(z)f(u(z)) =0, 0<z<l,

u(0) = Dgu(0) = Dgu(1) =0, )

whereo<q<12<a<37e0(0.).0).0c(@©1),0). The author obtained the
existence of twin iterative positive solutions by using a fixed point
theorem in cones associated with monotone iterative method. In 2020,
Mao et al. [12] generalized the results in [17], the general research
problem is

(D )u(t) + f(t,u(t),v(t) =0, 0<t<l,

u(0) =0,D,u(0) = Dyu(l) =0,
(4)

where 0 < g < 1,2 < 2 < 3, . may be singular at .o = 0.4 = 0.1. By the
iterative algorithm the author obtained a unique positive solution, where
the nonlinear term has two space variables. In 2017, we have studied
this boundary value problem in [19] by using the monotone iterative
technique and lower-upper solution method, the existence of positive
or negative solutions are obtained under the nonlinear term is local
continuity and local monotonicity.

Since Leibenson [9] presented the .-Laplacian operator ¢.(x(t)) in
the turbulent flow model, recently, the fractional differential equations
with .-Laplacian operator attracted much attention of scholars; see [8, 10,
18]. In 2016, Li et al. [10] investigated a fractional .-difference equation
nonhomogeneous boundary value problem

D} (¢(D2u(t))) = Af(u(t)), 0<t<1,

restricted to
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u(0) = (Du)(0) =0,  (Dyu)(1)=4,  D2u(0)=0

(6)
where 0 < y < 1,2 <2 <3, ¢:r— & is a generalized .-Laplacian
operator, which includes two cases: o) = wand o) = 7w p > 1 They gave

the existence of positive solutions by some fixed point theorems in
cones. As a general- ized form of p-Laplacian operator, p(t)-Laplacian
operator arises from image restoration, elastic mechanics, nonlinear
electro-rheological fluids, which has been widely used in different fields
such as physics, image processing, bioengineering, etc, with respect to
some valuable results that we can see [6, 22].

Different from the above-mentioned works, in this article, we discuss
the following nonhomogeneous two-point boundary value problem of a
fractional .-difference equation containing p(t)-Laplacian operator:

DS (pe) (DEult) — g(t))) + pf(t,u(t)) =0, 0<t<l,
u(0) =0, (Dyu)(0)=0, (Dgu)(1) — Alu] =4, Dgu(t)|i—o = P7')

whereo<i<i2<a<s0cs<1920 fyecm), =t o<t<1jer,, where Tgq denotes
the time scale defined by7=(s:nexjurp50; . denote the standard
Riemann-Liouville fractional .-derivatives, # > 0 is a parameter, y[u]
denotes a linear functional given by

1
Alu] = [ u(t)dA(t)
0

involving Stieltjes integral with respect to a suitable function A :
[0, 1] » R of bounded variation. The measure d. can be a signed
MeAsUre. ¢, () = 117 'smz isp0-. Laplacian operator,rt) e ¢, 1winpe) > 1.and it has
the following characteristics:

(@) ¢ : R > R is an odd and strictly monotone increasing
homeomorphism;

(b) the inverse continuous operator s = > <210, and b0 =0

Indeed, if .vu=s0 =07 >0.00 degenerates to constant ., then our research
problem turns into (5)—(6); if .xu =i = 0500 = e =0.u =1 then it turns into
(1)-(2); on this basis, if y = 0, then it becomes homogeneous boundary
value problem (3); if . has two space variables, then it changed into (4), so
the boundary condition we studied in this paper is more extensive. The
forme. @ -a0) has not been seen in existing works.

We study problem (7) by using some fixed point theorems of increasing
(b, €)- concave operators. Several new existence-uniqueness criteria of
nontrivial solutions for problem (7) are obtained. In addition, we can
construct a convergent monotone iterative scheme for approximating
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the unique solution, and the existence of lower-upper solutions is not
required, thus our result weakened the restrictions in [19]. It should be
pointed out that the compactness condition is not required, when g(t)=
0, our unique results are also new.

Throughout this paper, lets=mcop0.2=mine0ip0., we assume that

(H1) sirotess - 00 s increasing with respect to the second variable,
whereé=max{e(: 1< 0.1]}. f.0) 20 (there exists at least one point .. such that f
(to, 0) /=0);

(H2) for any y € (0,1), there exists vy =01 with In v >e-» In . such

that .7t 2+ (= 1)) = 6 £t ) forall £ & Ro.w BT [0,
Remark 1.

L =600 -+, then assumption (H2) become condition (H1) in [17]. It
can be regarded as a particular case of (H2) due to the characteristic of
p(t)-Laplacian operator, here 0 + 1- p > 0 is demanded. Besides, this
condition covers the superlinear, sublinear and mixed types of superlinear
and sublinear functions.

Remark 2.

Condition (H2) implies that, forall Y > 1, we have

f(t, Az + (A= 1y) < (N f(t, z).

The paper is organized as follows. Section 2 contains some definitions
and lemmas that will be used later. In Section 3, the local unique positive
solution of problem (7) is obtained by using fixed point theorems in
cones. Two examples are added to illustrate the main results in Section 4.

2 Preliminaries and previous results

We present some necessary definitions and lemmas about fractional .-
calculus; for details, we can see [1, 4].

For fixed point ¢ € R, V is a sunset of complex set C, V is called g-
geometric if g# € V whenever t € V, that is to say, if . is .-geometric,
then it includes all geometric sequences 2. The definition of .-analogue
fora € Ris

_ 1—g"
oo=1=¢

The g-analogue of the Pochhammer symbol is defined by
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n—1

{ﬂ-;Q)[j =1, (('L ':ﬂ'ﬂ = H (1 - aqi)! n e N.
1=0

Let f be a real-valued continuous function defined on a .-geometric set
V, g =1, the .-derivative of . is defined by

flgt) — f{f}‘

. d
Dof(t) = 75 1(0) = £ 40,

(g—1)t
And
DLf(0) = {%f{r)hﬂ}:hmnmw, gl # 1,
! D, f(0), lg| > 1.

Furthermore, the .th .-derivativer; can be represented by

Drft)=(1—gy ™ q’“%f@qr), teV\ {0},

=0

The g-integral of a function fin the interval [0, 4] is defined by

(Lo f)(t) = [f{sj dgs =(1—q) Z f{tg”)tq”, t € [0,b].
0

n=»>0

Definition 1.

(See [5].) Let « > 0 and . be a function defined on [0, 1]. The fractional .-
integral of Riemann-Liouville type is @35 = f). and

100 =15 [ - 19 V@) dys, a>0.
0

Further,no-wno when o = 1.
Definition 2.

[5] The fractional .-derivative of Riemann-Liouville type of order « > 0
is defined by

(Dg f)(t) = (D112 f)(8), te(o,1],
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where [ o] is the smallest integer greater than or equal toa.
Moreover,

tc‘t—‘P-i-ﬂ

gla—p+n+1)

p—1
(U5 D50)(0) = (DR 1)) = 3 5

n=>0

(Df;f)(l]), peN.

Remark 3.

(See [19].) Assume that f (t) is a continuous function on [0, 1] and there
exists to € (0, 1) such that f (to) 0. If f (t) > 0, then we have i roac-0i<on
First, we consider the following boundary value problem:

Deu(t) +y(t) =0, te(0,1),
w(0) =0, (Dyu)(0)=0,  (Dyu)(1)—Afu] = .
We require the following assumption:

(HO) A : [0,1] — R is a function of bounded variation and [a — 1], — A # 0,
A= [lta71dA(t), (s) = [, Gi(t,qs)dA(t) for

Gi(t,qs) =

1 [(1—gs) a2t _(t—gs)leD, 0<gs<t <1,
Ly(a) | (1 —gs)l@—2a—t, D<t<gs<l.

Lemma 1.

Assume (HO) holds and y € C [0, 1], then problem (9) has a unique

solution
1
_ v a—1 .
u(t) = a1, = At + / G(t,qs)y(s)dys,
0
Where
to—1 .
G(t_,q.?) =Gy (t'-qu + [ﬂ' _ l]q — AC{SJ

Proof. By Definitions 1, 2 and (8) we can reduce above problem to
u(t) = e t® " d oot egt® P — ITy(t), R, i=1,2,3.
It follows from the condition u(0) = Dgu(0) = 0 that ¢2 = ¢3 = 0, then

u(t) = e tot — I;‘y(t.}, c; € R.
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Further, one has
Dyu(t) = [a — 1] et % — I;‘_ly{t), t € [0,1].
The condition Dgu (1) - Aw) =~ implies that

o — T]ger — T5y(1) — Au] = .

By simple calculation we get

1

“T - 1’}"? R (o 1], — ;,}Fq{ﬂ' 1) .0/(1 —45)“ y(s)dgs
1t
(o= 1],;,:4)111(&} b/'ﬂ/(ﬁ —g5) " Vy(s) dgsdA(t),
and so, substituting it into (11), we deduce that
) 121 — i fo 60T AA() + e Jy 7 dA(L)

(1 — 27 Jo 1 dA(0)Ty(e)

t

f A 1
X /(1 — qs)(a‘_z}y{s) dgs + 1 — - f(t — qs)(“_”y(s) dg:
0

[a—1],—A T4la) J

1t
- o — qs) @ Yy(s)d,sdA(t
([O"_l]q _-4)Pq(0') !h/{f 4s) y(s) q8 A(t)

1
":r'f.a_l 1 . .
“o-1,-4 T, [0 a9 o s
q ‘ q

11
! { a—1 (a—2)
+ : 71 — qs) y(s)d,sdA(t)
/] |

1t i

- f/( qs) a=1) y(s)dgs dd(t]} - th“’) /(t — qs}(“_”y{s) dgs
0

00

1 11
a—1 a—1
= [ajtlﬁ + fGl(t, qs)y(s) dgs + [a-—tlﬁ//(gl (t,qs)y(s)dgsdA(t)

(]
,thr 1 /
G(t,
["ft 1,—A 95y

The proof is complete.
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Lemma 2.

The function G (t, gs. has the following properties:

(i) Gi(t,gs) =0, Gy(t,gs) < G1(1,gs), 0 < t, 5 < 1:
(i) Gy(t,gs) = t°71Gy(1,gs), 0 < t,s < 1:
(iii) Gyi(t,gs) < (1 —gs)* 2t 1T (a) < 1/Ty(a), 0< t, s < L
Proof. The proof is similar to Lemma 3.0.7. of [7], we omit it.

Remark 4.

From Lemma 1 and (10) we have

tcr—] |:G(1.q5} . L] = G{f. qs) = G(qu) + C(S:l

[a—-1],—A [a—1], - A
And
L 1 ¢(s)
G(t.qs) <t 1 g)le—2)
R | e e

Next, we consider the following boundary value problem:

D? (@pe) (Dgu(t) — g(t))) +y(t) =0, 0<t<1,
u(0) =0, (Dgu)(0)=0, (Dgu)(1) — Alu] =v =0,

D?H{f”f:{} =10 12)

Lemma 3.

g = cu.1) be a given function with g(0) = 0. Then problem (12) bas a unique
solution

=

1
1
u(t)= [ G(t,qs)¢, (7 (s —qr) P~ Vy(r)d T)d
h[ pls) I‘q(j){}/

1
+ mt”_l — /G{t?qs)g{s) dgs
q 4 .
0

where G (1, qs) is defined as in (10).
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Proof. First, we deduce viv = oo = o -o.c= 0z Then

(D)o (t) +y(t) =0, te(0,1),

q
a(0) = ¢p(e)(s(0) — g(0)) =0
has the solution «o-= -« From the condition sz =omuo=o

which lmphes co = 0, we know () = —Iy(t). Noticing that Dyu(t) = ¢} (o(t) + (1), WE translate into
considering

Dgu(t) = ¢, 5 (—I7y(t)) +9(t), te(0,1),

u(0) = (Dgu)(0) = 0, (Dqu)(1l) — Alul =~ = 0,
D;‘u{t}h:(] = (.

Lemma 1 implies that problem (12) has a unique solution

1

~
i

=g =t - fff'(t-.q&)(f#‘;é;(—f?y(s}) +9(s)) dgs
0
1

R AR T L
= /G{t,gs};’:p{ls] (m /{3 —qr}[.ﬂ Yy(r) qu) dgs
0

0

1
- _cc—l . e -
Ta—1,- Al P/G(f,qs)g(s}dqs.
0

The proof is complete.

Moreover, we collect some notations that are already known in
literatures [20, 21].Let be a real Banach space and it is partially ordered by
aconex - = forany - < £ the nation x-y means that there existu > O and v >
0 such that ux <y < vx for fixed > viic.n>0min 0.0 denotes the zero element
of E. Define a set &u—{rck: o~h). Clarly. ki c K. Tec c Kwimd <c < b, we define

Ky, = {1‘ cEzrtec Kp}, thatis, K. = {& € E: thereexist p =pu(h,e,z) >0, v =v(h,e, ) > 0 such that ph <z + e < vh}
Definition 3.

(See [21].) Let T : Kj,. > E be a given operator. For anyx € Kj,,, 2 € (0,
1), there exists ¢(A) > A such that

T(Az+ (A =1)e) = ATz + (p(A) —1)e.

Then . is called » - (n.¢- -concave operator.
Now we consider problem (7) in Banach space E = C[0, 1] endowed
with the norm #U# = sup{|u(t)|: t € [0, 1]}. Set the standard cone K =
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{x € E:x(t) 20, minz . 1x(t) >z #x# ¢ € [0, 1]}. Obviously, K
# E is normal. Define th%[operator T:K-Eby

1 s
Tut) = [ Gt.a9)s,, (ﬁ [s=an®01(rur)) dqr) dys
0 o

1

~

N mfﬂ_l - f G(t,gs)g(s) dgs-
.
0

Further, let
1
e(t) = /G(t,qs)g(s} dgs, te[0,1], h(t) = Ht* 1,
0

where

1

1 a2) ¢(s)

H> [ —(1—gs) % + ]g(s}dqs.
.U/ Iq(a)

Lemma 4.

Let assumptions (HO)—(H2) hold. In addition, we assume that

(H3) 0 <A < [a—1]q, {(s) 2 0, where A, { are defined as in assumption
(HO). If g(t) 2 0 with g(t) = 0, g(0) =0 for r e [0, 1], then T . K}, > E is
a - (b, e).- concave operator.

Proof. Fort € [0, 1], we have

<(s) 1 g(s)dgs = 0.

(1—gs) @™ 4 ———
[ —1]g — -

1
1
h(t) = Ht*! f;tﬂ—lf{
s Ly(a)

Sinceg(t) 2 0,g(t) =0, thus h(t) = 0. Then we show that 0 < e(t) < .h(t).
By Lemma 2 and (H3) we have

1
o(t) = [ Clt.as)g(s)dgs >0, te(0,1]

0

And
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1

min e(t) > 72~ [ G(1,45)g(s)dys =72l
te|T,

that is, e € K. Further, from Remark 4 one has

1

1
f —_ X 1 (a—2 X L po—1
e(t) = ! G(t,gs)g(s)dgs < h/ [l"q{a}(l_qs) )+ m]g(s)dqs t

< Ht" ' = h(t),

hence, 0 < e(t) < h(t). Moreover, Kj,, = {u e C[0,1]: u+ ee Kb} .In
view of Lemma 3, the solution .(.) of problem (7) can be expressed as

1 =
ut) = [ Gitas)eyl, (—r 5 [ e = s i) qu) dys
0 0

-

1
- —thﬂ_l —fG[t,qs)g{s) dgs
0

[a—1]g — -

1 E]
= '[G(t..q,s};p;(; (% f{s — QT){ﬁ_lJf(T_, u(T)) dqr) dys
0 0
y

a—1 '

For any u € K, , we consider the operator T ., which can also be
written as

1 E
Tu(t) = /G(t,qs)ip;[; (ﬁ /{s - QT)fS—lJf[T,u{T}) qu) d,s
0 R

i a—1
S E— )
T, -4 e(®)

Evidently, u(t) is the solution of problem (7) if and only if . is the fixed
pointof T .

Now we show that T : Kj,, > E is a — (), ¢)-concave operator. Fory €
(0,1),u € Kj,, by condition (H2) we can obtain
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1 ]
B [ G(t,95)¢p 0, (ﬁ / (s = qr) PV £ (7. hu(T) + (A = )e(7)) d‘”) "
0 0
C

1 k-
> 0" [eanegt (gl [ -mo s ar) a

1 E

[ctase, (ﬁ [s= s ) C“f) e
0

0

v

+ mt“ - e(tJl + () " EVe(t) - e(t)

= () E I Tu(t) + [(#(N)EY —1]e().

Let.=wwre. Fory € (0, 1), because Invov > -1 In » in (H2), we have
Insey/my<p-1. and thus

11 g

E_llnp{k}_ﬁ_l o In A
1

}Fﬂ—llﬂ)\:lﬂh

Inp(A) =

So we have #0101 rrue ki, we get
T(Au+(A=1)e) =z p(MNTu+ [p(A) —1le, Ae(0,1).

According to Definition 3, we know that Tisa » - (.¢-concave operator.
The proof is complete.

Remark S.

If g(t) < 0 with g(0) = 0, (HO)-(H3) hold, it is clear that Tisa p - (b, 3)-

concave Operator.
Remark 6.

Note that the inequalities 4 > 0, ¢(s) > 0 of condition (H3) are general
satisfied provided that dA is positive. Consider the case when the measure
d. changes the sign, particularly, takeda) = @-#d,.ab>0 It changes sign
and one can see
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(b—a)(a—bg)(1—q)(qg" — q"”“lll_

1
A= [t at —b)d,t =
[ ( )dg (1—q)(1 —gott)

i

Let 0 < A4 < 1, then it requires that

(1—-¢g*)(1—qg**!)
(1 —gq)(g* —q>*1)
If o =5/2,q=1/2,then 0 < (b — a)(a — b/2) < (65V2 — 24).4, while if

a=3,q=12,then 0 < (b—a)(a— 6/2) < 105/4. Further, we know that
ifq>1,dA(t) = (ar - b) ds, 4, & > 0. Then

O0<(b—a)la—bg) <

1

A= /t“—lmt —b)d,t =

0

(a—b)a—1D
ala+1)

Similarly, let 0 < 4 < 1, it requires that b/z <a— b <o+ 1. Ifa=5/2,
then 26/S <a—b < 7.2, whileif « =3,thenb/4 <a—b < 4.

Lemma 5.

(See [21).) Let K be normal and T be an increasing ¢ — (b, e.-concave
operator with Th € K. Then T has a unique fixed point x. in Kj,,.
Moreover, for any w0. € Ky, constructing the sequence wn =Twn 1, n =
L,2,...,then ||lwn—x#>0asn > oo.

Remark 7.

If e =0, ie, T is an increasing «- (.- concave operator, the above result

is still holds.
3 Local unique solutions

In this section, we can formulate some results giving sufficient conditions
for the existence and uniqueness of solution to problem (7).

Theorem 1.

Assume that (H0)-(H3) hold, g(t) = 0 with ¢(t) 0, g(0) = 0. Then prob-
lem (7) has a unique solution u. in K. Further, for any given v. K,
constructing a sequence
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1

™%

0

1
i a—1
+ 1], = At_ / G(t,qs)g(s)dys,
0

one has vt~ asn— .

Proof. By means of Lemma 4 we know that . :7 : k.. ~ £isav - (ho-concave
operator. Now we prove that T : Kj,, » E is increasing. Foru € K, , we
haveu + e € Kb, and then there exists 7 > 0 such that u(t) + e(t) > mh(t).
We obtain

w(t) = mh(t) —e(t) = —e(t) = —€, te]0,1].

By using the condition (H1) we know T : K}, E is increasing,
As follows, we prove that 7b E Kj,, , so we have to prove 7b + ¢ E Kb.
From Lemma 2 and (H1) we get

Tht) + e(t)

1 E]

= /G(t-.qs)'»ﬂ_fiJ “' ]{3_‘IT)('S_”JF[T:HTG_I)CIQT dgs
. P Tg(B)
0 0
B a—1
Tac1,-4

1

é——i——tL+/[ - fm+—————]
p-1,-4 ) [R@' T e, -a

I.,‘—l IU" [S_L‘ . - a1
X Pp(s) (rq{ﬁ) [{3 — )PV f(r, H) qu) dgs-t
0

v R L o \(e-2) ¢(s)
a0+ 7 [ [t e
X Py (ﬁ '/(s - qﬂtﬁ—”f(r.,H)qu) dgs - h(t)
0

And
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1 s
Th(t) + e(t) > mza—l + / e (I‘;(L,S) /(5 — qr) BV f(r,0) qu)
[} 0

(1—gs)*? —(1—gs)*V {(s)
* { T, (@) T, -A

} dgs -t !

1 s
7 Lo [P e gy
= @h(ﬁ) + Eb/lpp(ls) (Pq(.ﬁ) .0/(5 qq-—)f l)f{'r, 0) dq?')

(1—gs)? —(1—gs)*" () .
X { T, @) + -1, _‘:J dgs - h(t).
Let
. (a—2}) L
13 [

S [(s_qr)(ﬁ—ﬂf(r H)d,r | dgs+ 1 :
Pp(s) T,(8). ’ q q H(1—g*1—A)
0

et ” s)@” ”q(&()l—wm_” o _Cl(]i}_ﬂ}

Yp{ls}(l" {:3 /{ _QT 3 l}f(T 0)d T)ds-l-ﬁ

1—gq

Sinces>ov0-e-1-4 from (H1) we can easily get

1
1
= [
0

qSJ(Q_zJ + C_"{S) :|

[@—1], - A

ry(
( f(s qr) BV f(r, H) dr)ds_'_H(l—qZ—l—A)

N ((s)
(=) + o = ;J

[

E a)

D%..____“H

Iy
10/ [ el (a-()l_mm_”*[a-—il(i)—fj

1 [N _ (B—1) !
X ©ois) (—Fq(,ﬁ) J(s qT) f(7,0) dqr) dgs + —H{ﬁ Yy

=ry >0,

/(s qT) '75 ”f{T 0) qu) dgs + —H(l{l—_qg)i )

hence we have r1 > r2 > 0 and r2h < 7/ + ¢ < rlh, which implies that
Th +e K,
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In view of Lemma 5, the operator . has a unique fixed point u* in Kj,,
,and

1

u'(t) = / G(t.qs)ey (ﬁ f (s — qr) =V f(r,u*(r)) dqr) dys
0

il

~

! a—1 f
S S
Ta-1,-A4 e(?)

Namely, u*(t) is the solution of problem (7). In addition, for any vo €
Kj,.,thesequence v, = Tv, -1,n=1,2,...,satisfies vz > u* asn > oo, that is,

vn(t) = [C{f qs)¢ prs) (ﬁ /(‘5 - ‘i’TJ('S_L)f{T-. L’n—l{T)}qu) dqs

1

(t,qs)g(s n=12,...,
o—1 —A /
[ ]q b

and Un(t) = u*(t) asn — o0,
Corollary 1.

tenplo) = (T (3) (s - D smoamvoo-. If the conditions of Theorem 1 hold and

p(s) —g(s) =0 withp(s) — g(s) #0, s<[0,1],

then problem (7) has a unique nontrivial positive solution in K. In
addition, we can also construct an iterative scheme

1 8
o / Cla)en (Tﬁ—tﬁ’) / (s = q) PV f (7, v01(7)) qu) dys

-

+m /CU QSQ{S}dS n=1,2

approximating the unique nontrivial positive solution u*(t).
Further, similar to the proof of Theorem 1, by using Remark 7 we have
the following result:

Theorem 2.
Assume that (HO), (H3) hold, ¢(t) < 0, g(0) = 0 and
(H4) f: Ro x R+ > R+ is increasing with respect to the second variable

with f (1, 0) /= 0
(HS) for any 2 g (0, 1), there exists y(x) (0, 1) with In w0 > @ -y .
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f(t,Az) = V(N f(t,z), tel0,1], zcR*.

Then problem (7) has a unique positive solution u*in K), where h(t) = ¢.

a -1 , L E [O, 1]. Further, makinga monotone iterative sequence

1 s 1/(p(s)—1)
. L o
w(t) = [ Glt.as) (ﬁ [e-mevsc, vn_lm}dqr) dgs
. g\F).
0 0

1

A ey /G’{tqs)g{s) dgs, n=1,2...,
q * .
0

Jforanyv, € Kj, we have vn(t) > u*(t) asn > oo.
Next, we consider a special case of problem (7) with homogeneous
boundary condi- tion

D (@piey (Dgu(t) — g(t))) + f(t,u(t) =0, 0<t<1,
u(0) = (Dgu)(0) =0,  (Dqu)(1) = Afu] =0,  Dgu(t)]e=o m3)-

Corollary 2.

Assume (H0)—(H3) hold and ¢g(t) = 0, g(t) 0, ¢(0) = 0. Then prob- lem (13)
has a unique solution u. in K, . Further, for any v, K, , making a monotone

iterative sequence

0

1 s 1/(p(s)—1)
. I ¢ (B—1
m(t) = [ G(t, qs —/ —qr) PV f (v, d d,s
U { ) b/ { qu(rq{ﬁ) {S qTJ f(?_ U I(TJ) q?—) q‘s
1

—/G{t.qs}g{s) dgs, n=12,...,
0

one has vy, (t) — u*(t) as n — oc. (14)
Corollary 3.
In Corollary ., if only requires p(s) - g(s) = 0, s [0, 1], then problem (13)
has a unique nontrivial solution in K, . In addition, we can also construct

an iterative scheme shown as (14) approximating the unique nontrivial
solution u*(t).
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Corollary 4.

Ife(t) <0, g(0) = 0 and assumptions (H3)-(HS5) hold, then problem (13)
has a unique nontrivial positive solution in K.. In addition, we can make
an iterative scheme shown as (14) approximating the unique nontrivial
solution u(t).

Remark 8.

(i) From Theorem 1 and Lemma 5 we can see that the unique solution u*
of prob- lem (1) is in a special set K, . That is, there exist g, » > 0 such
that u* [uh ¢, vh+.]. So we say u* is a local solution.

(ii) From Theorem 2 and Remark 7 the unique solution u* of problem
(1) is in a special set K, . That is, there exist g, v > 0 such that u* [¢h, vh],
and thus u* is a positive solution.

(iii) For fractional .-difference equations, our main results has not been
seen in previ- ous works. The method used here is relatively new, which
cannot only guarantee the existence of unique solution, but also can
approximate to the unique solution by making an iterative scheme.

4 Examples

Example 1. Consider the following boundary value problem:

D)2 (oo (DS Pult) — %)) + f(t,u(t)) =0, t<(0,1],

u(0) = (Dyu)(0) = 0, (Dgu)(1) — Aly] = 1, D;f’iu(r)h:(,ﬁg.

where, for. € (0, 1],

[ 128 64/2 322 45 AN e
flt,u) = [(mu+(538\;’§—353)1“q(%))( Tt — (4 =V2)t )} _

Let AM[u] =0, =5/2, ¢ =1/2,p(t) = 2,7 =1, g(t) = t, and

64/2t%/2 (16\/5—1 4122,

= - ——"t"), h(t)=Ht*"?,
(538v2 - 353)T (1) 4v2 V2 ) '

for = ©.1wina > (6v3-1/6svi 200~ Then we obtain that 4 =0 ¢ =0, ,
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_ _ 1/3
é =max{e(t): t € [0,1]} = (12? ;_3;2‘/5) :

Az 3/2
e(t) > 448./2t >0
(4304 — 1412/2)T (1)

512
(1076 — 353/2)T 4 (

e(t) < }t'ﬂf? < Ht*2 = h(t).

b2 =1

It is clear that 7:p.1x—027+1203)/336)13 +00) = [0,400) 1S continuous and

increasing with respect to the second variable,

. [ 6—1\/5 32 — \/5 3/2 o4 9/2 2/5
16,0 = | (538v2 — 353)&(%)( g -V ﬂ =
u - | (128 642 32—\@3;2_._ 9/2 ue
ft )= _(512“’ {538\/5—353)1"q(%))( g 1TV )]
B 64+/2¢%/2 32-v2 3
 L(538v2 - 353)T, (%) ( g - vyt )

52\ 8
_ ((1076 —353VLL(F), 1)2/5 [e(t)]°

_ 2/5
(5 ﬁf“—@—\/iﬁ“’g)]

512
B ({10?6 —353V2)T,(3)

2/5

=12 ue(t) + e(t))

Further, forrc@.z<ry=p0.a one has

f(t, Az +(A—=1)y)

) ((mm =38V o) fr+ (A = 1)) + em)m

— N5 f(t,2) = BN f(t, ),

here P(A) == N*/* X € (0,1). Hence. for A € (0,1), we have ,
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9
Inyw(A) = éln)x >(p—1)InA

we claim that condition (H2) holds. Therefore, Theorem 1 implies that
problem (15) has a unique solution < .. fru =£... we construct a sequence

2/5
iy (128 64v/2 )
/C t,qs)psy (/{S qr) (512Iﬂ 1(T) + (538\/5—353)1—‘ (z)

1 32 -2 a2 gm)zm .
—=s ! _4_\/5)7—“ d,7|d,s + ———*/
Fq{%)( 8 ( q q 5
64v/2t%/ (16\/5—1 42— t3) ne12
(538v2 — 353)T(3) ) =1.2,...,

X

14/2 V2

and we have tm wn®=w@.rcp1 ,
Example 2. Consider the following boundary value problem:

D;"@ (F?;Q(D?Qu(ﬂ + V1))

n [w(u?ﬂz +sin®t + 1)1 N =0, te(0.1],
u(0) = (Dg)(0) =0, (Du)()=2, D *u(t)le=o =,

where

2/5
flt,u) = [ln(2+£){ 2 4 sin t—|—1)] , te(0,1],

g=B=1/2a="5/2pt) =7/2.7 =2 Au] = 0. g(t) = —Vi <0 with
f: Ry x Bt - BT

and
g(0) = 0,1 € (0,1). Take (1) = £, it can be seen that

is con- tinuous and increasing with respect to u, and
£(8,0) = [(In(2+ 1)/t)(sin® £ = 172/ = 0 With . 7¢2.0) 2 0. then condition (H4) holds. For

» € (0, 1), we get

2
((Aw)*? 4 sin?t + 1)1

sl = [HEED

2/5
>

> l—ln‘ f”}({,x 1)/ 4 A3/ sin2t+)ﬁf“3)]

/5

. 2/
_)\3/5 lln—m;— ) (u:”z +sin?t + 1)] = V(A f(t, u)
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fOI‘ all t E [0, 1], u E R+, WhCI‘C Y(A) = X% s0o Inp(A) = 3/5InA > (p—1)In A HCnCC
condition (HS5) is satisfied. Considering Theorem 2, problem (16) has a
unique positive solution .u* € K. For v € K. making a sequence

1
8+2V2 .., 38— 2 —(8—22)t 1
() = -I—_!\/ 32 4 (8 —v ( v })+ o /G‘(f,qs
Ly }'c]

i (17— 6v2)T,(2) 1

2/5

X ( [{s —qr) =Y {M (ti_zl (7) +sin® 1 + 1}] . dq’r) dys

. [
0
forn=1,2,...,wehave i _.c.-ww.e [0, 1].
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