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Abstract: In this paper, we study a system of Hadamard fractional multi-point boundary
value problems. We first obtain triple positive solutions when the nonlinearities
satisfy some bounded conditions. Next, we also obtain a nontrivial solution when
the nonlinearities can be asymptotically linear growth. Furthermore, we provide two
examples to illustrate our main results.

Keywords: Hadamard fractional differential equations, multi-point boundary value
problems, multiple solutions, asymptotically linear growth.

1 Introduction

In this paper, we use some fixed point theorems to study the existence of
solutions for the system of Hadamard fractional multi-point boundary
value problems

Du(t) + fi(t,u(t),v(t)) =0, 1<t<e,
v .

D%u(t) + fo(t, u(t),v(t)) = 1<t<e,
m—1

u(1) = du(1l) =0, u(e) = Z a;u(&;),
i=1

n—1
v(1) = dv(l) =0, v(e) = Z biv(n;),
J=1 (1)

502


https://doi.org/10.15388/namc.2021
https://doi.org/10.15388/namc.2021
https://www.redalyc.org/articulo.oa?id=694172973007
https://www.redalyc.org/articulo.oa?id=694172973007
https://orcid.org/0000-0001-6537-4167
https://orcid.org/0000-0001-6537-4167
https://orcid.org/0000-0001-8541-1017
https://orcid.org/0000-0001-8541-1017
https://orcid.org/0000-0003-0469-2545
https://orcid.org/0000-0003-0469-2545
https://orcid.org/0000-0003-1028-1785
https://orcid.org/0000-0003-1028-1785

Xu Jiafa, et al. Solvability for a system of Hadamard fractionalmulti-point boundary value problems

where . (2,3] is a real number, D. is the .-order Hadamard fractional
derivatives, and . means the delta derivative, i.e., 0x(1) = (. du/d.). -1, dv(1)
= (.dv/d.). 1. The constants a., b, &, 7. (=1,2,...,m1,.=1,2,...,
n., m,n>2)and .., .. satisfy the conditions:

(HO) a;,b; 2 0, &,7; € (1,¢) with .7 " a;(log&)9~ ! € [0,1), and
3771 bi(logn;)a~t € [0,1);
(H1) f; € C([1,¢] x Rf x RT, R+),R* = [0, +00),i=1,2.

Fractional-order equations, as a generalization of the case of integer
order, can accu- rately characterize some complex phenomena in nature.
It has been proved that there are many special advantages in some fields,
such as physics, chemistry, acrodynam- ics, electrodynamics of complex
medium, polymer rheology, economics, control theory, signal and image
processing, biophysics, blood flow phenomena, which has become a hot
research topic of common concern in the world. For example, in [5], the
authors investigated the following fractional-order advection—diffusion—
reaction boundary value problem:

Doz + vz’ + f(2) = S(t), te[0,1], z(0) =z, =xz(1)=xg,

where 1 <2<2,0<¢<1,.R,.D. is the fractional derivative of Caputo
sense, and .(.) is a spatially dependent source term.

It has been observed that most of papers in the literature on
the fractional-order equations involves either Riemann-Liouville- or
Caputo-type fractional derivative. Apart from the two derivatives,
Hadamard derivative is another kind of fractional derivative that was
introduced by Hadamard [9]. This fractional derivative differs from the
other ones in the sense that the kernel of the integral contains logarithmic
function of arbitrary exponent. For detailed materials of Hadamard
fractional derivative and integral, we refer to the papers [1-4, 8, 10,
11, 13-23, 25-29] and references therein. In [14], the authors studied
the Riemann-Liouville fractional differential inclusion with Hadamard
fractional integral boundary conditions

reDiz(t) € F(t,z(t)), 0<t<T, 1<qg<2,

x(0) =0, z(T) = Z aig [P x(n;),

i=1

where 1 < ¢ <2, g.D. is the Riemann-Liouville fractional derivative,
.Li is the Hadamard fractional integral, . € (0, T') with Zn a.y. (. -

1).i /= T. 7' In [29], Zhang et al. utilized the Guo—Krasnosel’skii fixed
point theorem to obtain the multiple positive solutions for the Hadamard
fractional integral boundary value problems
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DP(pp(Du(t))) = f(t,u(t)), 1<t<e,
uw(l) =u'(1) = v'(e) = D*u(1) = 0,

=

eo(D™u(e) =t [ ¢o(D"u(t) T

1

df

where. (2,3],.(1,2],.[0, 8], ¢. is the .-Laplacian, and the nonlinearity .
grows (. 1)-superlinearly and (. 1)-sublinearly.
On the other hand, we note that coupled systems of fractional-order

equations have also been investigated by many authors, we refer to [2, 4,
8,11, 13, 17-21, 23, 25-27]. Ah- mad and Ntouyas in [2] investigated
some results for the system of Hadamard fractional differential equations

D*u(t) = f(t,u(t),v(t)), 1<t<e l<a<?2,
DPu(t) = g(t,u(t),v(t)), 1<t<e 1<B<2
u(l) =0, wule)=1"u(c1),

v(1) =0, v(e) = INv(os),

where I is the Hadamard fractional integral with y > 0. By using Leray—
Schauder’s alternative and Banach’s contraction principle the authors
obtained the existence and uniqueness of solutions, respectively. In [11],
Jiang et al. adopted the fixed point index to study the existence of positive
solutions for the system of nonlinear Hadamard fractional differential
equations involving coupled integral boundary conditions

Put) + fi(t,u®),v(t)) =0, 1<t<e,
DPu(t) + fa(t,u(t),v(t)) =0, 1<t<e,
u(l) =v(l) =u'(1) =2v'(1) =0,

e
[ b T vl = [oue) T,
1
where the nonlinearities £ (. = 1, 2) can grow supertlinearly and

sublinearly.

Inspired by the works above, in this paper, we use some fixed
point methods to study the existence of solutions for (1). We first
obtain triple positive solutions when the nonlinearities satisty some
bounded conditions. Next, we also obtain a nontrivial solution when the
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nonlinearities can be asymptotically linear growth. Finally, we offer two
examples to illustrate our main results.

The outline of the paper is organized as follows. In Section 2, we give
revelent defini- tions and lemmas, and some important properties of the
corresponding Green’s function are also obtained. In Section 3, we give
the detailed proofs for the existence theorems. In Section 4, we present
two examples to illustrate our main results.

2 Preliminaries

In this section, we only provide the definition of the Hadamard fractional
derivative, for more details we refer the reader to [1].

Definition 1.

(See [1].) The Hadamard derivative of fractional order . for a function . :
[1, %) > Ris defined as

d

D50 = e (s

n—1<g<n,

5

t
) [oogt—togorrtgo)
1

where . = [.] + 1, [.] denotes the integer part of the real number ., and

log(") = loge(").
Lemma 1.

Lety C[1, ¢]. Then the Hadamard fractional multi-point boundary value
problems

Diu(t)+y(t) =0, 1<t<e,
m—1

u(1l) = du(l) =0, ufe) = Z aiu(&i)

i=1

has a solution, which can take the form u(.) = [ e. (¢, 5).(.)(ds/s., where

(logt)a—t m—1 | |
aiGo(&i, ), t,s € [l,e],
I_Z?;_Llai{]og.fi)q—L ; o(&, s) sel,e]

GL{"C. S} = G(){"C.S} +

Golt, s) = 1 (logt)?1(1 —logs)? ! — (logt —logs)?™!, 1<s<t<e,
o ['(q) | (logt)?='(1 —logs)71, l<t<s<e.

Proof. Using Lemmas 2-3 of [27], we have
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u(t) = ey(logt)¥ 1 + ea(log )72 + e5(log )42
t
1 . P E
~ L [(togt —log sty %,
I / s
(a) J

where c. R (. =1, 2, 3). Note that from .(1) = d«(1) = 0 we have .. =
= 0. Consequently, we obtain

i
1 ds
u(t) = c1(logt)?™ ' — —— [ (logt — log 5)? ty(s)—.
(} 1{«:) F{q}'(c «:) y(}s
1 )
From .(e) = 2.—1 a.u.£.) we obtain
ds
. —loo g)9—1
1 — F(q) /1 logs)? y(s)— .
m—1 1 m—1 £
=0 ; a4 ]-Og‘ft)q L_F_ — azl {IDUQ lOgS - ly{‘s)_
This, together with (HO), implies that
1 [ . ds
- 1-1 g-1 -
e T T T aiozé) Q) /{ og ) y(s)—
£

1 m—1

- (1— Zzn 11 a; {log@z)q_ )T'(q) im1

ai [ Qo6 —logs) y(5)5-

1

Therefore, by (2) we have

506



Xu Jiafa, et al. Solvability for a system of Hadamard fractionalmulti-point boundary value problems

u(t) = logt)q (1 —logs)* y(s)

v ae(logw r(a)
&

>a [ oz, ~1og 97 1y(s)
1

§

_ (logt)?~*
(11— a(log&)s NI(g) <

1 a ds
- m‘[(lﬂgf —logs)? 19(5)?

e

— 1 —179 _ -1 E
T (-2 aloz&)r () 1[ (oe 00 —lozs) (e

1 T - a ds
—m&[(logt)q 1= Togs)? ()

£
- e 1 log 5)? y(s)—
(1= as(log &)1 1) (q) = Z @ 1/( og&; —logs) y(s)

1 ods 1 fo o
—@H[(logtflogs)q 1y(s>;+@i[(1ogt)q 11 Tog )T u(s)

= [enttome T

Ed
1
S ag(log )0t

f -1 -1 ds
+ T2 wllog )T (o) J (log )7~ (1 log s)1~"y(s) —

&

(log#)?! Z o /(log& log 5)1 1y(s)—

(- N ailog &)t (g) <

e

= [ et s

k)
1

(logt)s* 1w /c -1 1
e | § log )71 (1 = log )7 Ly(s) =%
1- Z: ; a;(log &)7 Tig i=1 os&)” oee) y(S)

—1

_ ﬁ Z HI/(IDgEl 710g5)q—1y(5)¥:|

i=1 1

1

T ds (log £)a—" e
_[Gg(t,s)y(s)?+ W ; a; !GD(& 5)&'(3)
This completes the proof.

Lemma 2.

(See [24).) The function G. has the following inequalities:
(i) (logt)9~1(1 —logt)logs(l —logs)?~?

< T(q)Go(t, s) < (¢~ 1)logs(1 —logs)?™",
(i) (logt)?'(1 —logt)logs(l —logs)?*

< T(q)Go(t,s) < (g —1)(logt)?*(1 —logt),

Lemma 3.

Gr(t5) > w()Ga(r.s), w(t) = ——(logt)?* (1~ logt), .57 €[L,c].
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Proof. From Lemma 2(i) we have

' q—1 -1
Gi(t,s) € = logs(l —logs)?
q—]. m—1
+ - I'(q)a;Go(&;, s)
(1 -7 asllog&)~1)I(g) g
and
Gi(t,s) = ﬁ(logt}q_l(l —logt)logs(1 —logs)?!
(logt)?! — »
+ — I'(q)a;Go(&i, 5)
(1- 20 a(log&s)a—1)T(g) 2 )
= ﬁ{l@gt)q_l{l —logt)logs(1l —logs)™?
(log )7~ 1(1 — log ) el
I(q)a;Go(&;,
(1- X7 ay(log&)e—1)T(g) Z (Gl
= qil[logt}‘?_l[l—logt) qlr"aq) log s(1 —log s)?~*
q_ 1 m—1
+ r iGol(&;,
(1 _ Z?l_ll ﬂi(loﬂ'fj )q 1 Z {Q,}ﬂi 0 g :]
= Ljr11(10,13;3]‘;'_1(1 —logt)Gy(r,s), t,s7e]l,el.
This completes the proof.
Let.:=.[l,e], #.# = max. l.()}and.:={. € :.(.) 2 0#. € [1,¢]}.

Then (E, #-#) becomes a real lianach space, and . isa cone on .. Moreover, .
X . is a Banach space with the norm #(u, v)# = #.# + #.#,and . X . isa cone
on.x.. Let

n—1

(logt)9~
b;Gol
Zn lb (og 7;)11 Z o(7;,

Go(t,s) :Gg{t,s)+ t,se[l,e.

Then from Lemma 1 we obtain that (1) is equivalent to the following
system of Hammersteintype integral equations:

(um) _ ( ffG’L(ﬂ-.S)fl(S-.'U{S}-.t’{S}]%)
o(t)) = 2 Gatt, ) fals, u(s), v(s)) 42
‘= (i;g:gig) u,v € P, t € [1,e].
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Therefore, we can define an operator.:. x . >. x . as follows:
A(u, v)(t) = (A1, Ag)(u,v)(t), uw,ve P, tell,e.
Note that G. and £ (. = 1, 2) are nonnegative continuous functions,
so the operators 4.. PP P (. =1,2) and .: P P P P are three completely
continuous operators. Moreover, if (4, v) (P P ) . is a fixed point of ., then
(, v) is a positive solution for (1). Therefore, in what follows, we turn to

study the existence of
fixed points of the operator ..

Lemma 4.

Let y = min. 5 4 50 4] (). Then A.P,P)#..(.=1,2), where

P, = {y eP:  min y(t)= nllyll}-

te[5,/4,3e/4]
Proof. From Lemma 3 we have

ds
8

Ay (u,v)(t /Qfﬁflﬁu(b')t‘()

> w(t) f G1(r,8) f1(s, u(s), v(s)) d—
1

z w(t)Ar(u,v)(1), uw,velP t,7e[l,e.
This implies that
Ai(u,v)(t) 2 w(t) |41 (u,v)|, te[l, e

Consequently, if . € [5.4, 3e.4], we obtain

w(t)|| A1 (u, L-j” > min  w(t) |A1{u,-v}|| = ?,‘r”ﬂ](ﬂ,t’)“v

tE[5/4,3e/4]

and then

min Ay (u,v)(t) =7

Ay(u,v | :
te[5,/4,3e/4] 1t )|
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On the other hand, using the method of Lemma 3, we also have ..(% s)
>.().(zs) for 4, 5, 7 € [1, ¢}, and thus ..(2, P) # ... This completes the
proof.

Let 3, B, 3 be nonnegative continuous convex functionals on ., and
let 2, ¥ be nonnegative continuous concave functionals on . ; then for
nonnegative numbers .., .., .., . and .., convex sets are defined:

o= lrep o <)

Pl ) = {y e Pr < ) 2(0) <

Q(v,8,d,d) = {y e P: *() 1Y)
()

'},
}

!

<
P(v.0,a,d’, b’c)—{yepar:a )I‘Jy < v(y) <}
Q[ -"3-'-*3'1.1"'~h"-d{.~0) = {y € P: h < (L )1 S(y) 3 d’ ﬁ{y} < 0;}'

Lemma S.

(See [6].) Let P be a cone in the real Banach space E. Suppose that o and y are
nonnegative continuous concave functionals on P andy, B, ¥ are nonnegative
continuous convex functionals on P such_that, for some positive numbers c.
ande,..) < .()andy<e.() forallyP.y, c' ). Suppose further that T : .
(e ). (') is completely continuous and there exist constants h., d.,
a, and b. 2 0 with . < d. < a.such that each of the following is satisfied:

(B1) {y € P(v.0,a,a" V. c): aly) > a'} # 0 and o(Ty) > a fory
P(v,8,a,a' b, ¢);

B2) {y € Q(v,8,v,h.d',c): Bly) > d'} # Oand B(Ty) > d fory <
Q(y, 8,0, W', d', &):;

(B3) a(Ty) > a' provided that y € P(v,a.a’, ') with 8(Ty) > V';

(B4) B(Ty) < d' provided that y € Q(y, 5,¢, 1, d', e") with w(Ty) < h".

Then T has at least three fixed points y.,, y, y.. (y, ¢! ) such that §(..) <
d,a.<a(.)andd. < B(..) with a(..) < a..

Lemma 6.

(See [12].) Let E be a Banach space, and A: > E be a completely continnons
operator. Assume that T : . > E is a bounded linear operator such that . is not
an eigenvalue of T and lim.. 450 #Au . Tu# #.# = 0. Then A has a fixed point

Remark 1.

(i) If we use , 5 to replace log ., log . in .. of Lemma 1, respectively, we can
obtain a function

-1 -1 -1
Bultos) = - {r.q (1—s)9~! — (£ — 5)77 1,

o o
AN
Lo ] ]

AN
7] o
AN
—_— =

T(g) |71 (1 —s)77,
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This function happens to be the Green’s function for the Riemann—
Liouville fractional boundary value problem

Di u(t)+y(t)=0, 0<t<l,
u(0) =u'(0) = u(l) =0,

where . € (2, 3], and D. is the Riemann-Liouville fractional
derivative, . € .[0, 1].

For details, please refer to Lemma 3.1 in [24].

(ii) Note that for multi-point boundary value problems, the Green’s
functions may be complicated. For example, in [7], Bai studied the
fractional three-point boundary value problem

Dg x(z) + f(z,x(x)) =0, 0<z<1,
x(0)=0,  Bx(n) =x(1),

3)
where . € (1,2], 8. ~1. € (0, 1). The Green’s function is
G(z,y)
[.‘C{l—y)-“_1—;'3120_1(?]‘—5‘]0_lt:r—y','“_llil—_.'jﬁrd_l;l 0 < { 1 <
(1—An—1)T(a) : SR y=m,
F1—ayye—1_ g ne—1pq_ g a—1
[x(1—y) (z—y)*~ 1{(1-Py ) D<np<y<z<l,
_ (1-Bn=-1)T(a)
[e(1—y)]* ! —Fz*m—y)® 1-. l<r<y<n<l,

1=y~ 1)I'(a)

-:I'f].—y) x—1 - = -
A b Osrsysl sy

Note that if . = 0, then (3) reduces to the problema.

bex(x) + f(z, x(2) =0, 0<z<1,
x(0) = x(1) =0. s

The Green’s function is

N B B F G A ) e et /) R |
9= Ty {[x(l — ), 0

Now, if the three-point problem (3) is considered as a perturbation of
the two-point problem (5), we can use (6) to obtain (4), i.c.,
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3 —1

This simple idea motivates our study in Lemma 1.

Combining the above, we do not need to construct new Green’s
functions to obtain the equivalent Hammerstein-type integral equations
for our problem (1).

3 Main results
Now, we state our main theorems, and provide their proofs.

Theorem 1.

Let. <a.<b.<b./y<c,(HO0).(H1) and the following conditions hold

(H2) fi(t,u(t),v(t)) < a'Ly, folt,u(t),v(t)) < a'Ly, t € [l,e] and u + v €
[na’,a'];

(H3) fi(t,u(t),v(t)) > b'My, fat,u(t),v(t)) > ¥ Mo t € [ and u+v € [V, V' /n]:

(H4) fi(t,u(t),v(t)) < 'Ly, fa(t,u(t),v(t)) < ¢Lo, t € [lelandu+v € [0,c],

Where
[ r m—1 -1
L, = ]-—'{:Q—FEJ 1 Zi:l g
TPIE Y m—1 _ evg1|
-1 L 1-31 ai(log &)
- n—1 _
Lo — F(@"’ 2;] 14 Zj:l bj ] !
C =00 1= b(logy)et]
M, = 1 [, 2 alog&) ™ (1 -log&)] ™
w o kel 1= aillogg)a?

VL — 1 '1 N Z:’:—f bi(logn;)? (1 —logn;)] "
A A O 1— 3" b;(logn;)e |
And

—1
k(s) = 1 logs(1—logs)?™ ! sell,eq.

I'(q)

Then (1) has at least triple positive solutions.
Proof. From Lemma 4 we have
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min  {A;(u,v)(t) + Aa(u,v)(t)}

te[5/4,3e/4]

> n([|A1(w,v)|| + [[A2(w,v)|]) = nl[ Az, )]

Therefore, for our conclusions, we need to define the nonnegative
continuous concave functionals #, ¥ and the nonnegative continuous
convex functionals 3, 3, y on .. by

a(u, v) = min {|u(t)| + |v(t)|},
¥(u,v) = min {|u(t)| + |v()]},
Y(wv) = max {Ju(t)] + [v(t)]},
B(u,v) = max {|u(t)] + [v(1)]},
0(u, v) = max { |u(t)| + [v(t)]},
where . = [54, 3¢4], .. = [3.2, 2]. For any (# v) € .., we have

a(u,v) = 1}2}1 {u(t)] + o(t)]} < lgé%i{“u(t” +|v(t)|} = Blu,v),

1 _ 1 ol
(vl < o min {Ju(®)] + lv(@®)|} <  nax {[u@®)] +[v®)]} = ()

We show that.:. (¢’ ) >. (% ¢’ .Indeed, if (,v) € .(p ¢’ ),

then we have 0 < .(.) +.(.) < .. for. € [1, ¢]. Consequently, (H4) is used
to obtain

Y(A( ) (1) = max {41(w.0)(0) + Aa(w 1))}

< [k{s) ll + 5 Lz G ‘|f1(s,u(s},-v(s})§

™' a;(log&)a-! s

1
h Z}l:_jl b; _ ron ds
+ 1[ k(s) ll + T Z_];:_ll b (log ;)7 ] fa(s, U(SL’L{S})?

Z?-?i_ll a; !
e /Ly
I'(qg+2) 1-37 ai(logé;)at
n—1
S b
1+ TEJ‘I d c'Ly
I'(g+2) 1— 370" bi(lognm;)e!

Now, (B1) and (B2) of Lemma 5 are to be verified. Note that
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P e fww e Pt e ) atuo) >0 | 20

il ;—a e {(u,v) € Q(v, B,¢,ma’,d’,¢'): B(u,v) < a'} #0.

Therefore, if (4, v) .(3, 3 & b, b./7, ¢.), then .. < .(.) +.(.) < ./yfor ¢ I
if (u, v) .(% B W% ya. a, c.), then ya. < .(.) + .(.) < .. for # L. As a resul,
(H3) enables us to find

a(A(u,v))(t)
= min {|A1(u, v)(t)| + |A2(u, v)(t)]}

> m}l{[ G (t,5) (5, u(s). () + ] Calt, s)fz(s,u(s),-v(s))d;}
1 1

i g1 _
2%}1(10gt) (1 —logt)

X [e 1+ Y ai(log )71 — log &) | log s(1 — log s)3~!
1- Z::ll a;(log&;)a—1 L(q)

< fuou(s),v()

N /L 14 Z;:Ll b;(logn;)? ' (1 —logn;) | log s(1 — log s)7
1— Y0 bj(logn; ) I'(q)

x fz(s_.-u(s).v{s))d—j}

Z:;_ll a.i(logfi]*?—l(l —logé&;) | logs(l —log s)q—l . ds
! ! - B M, —
o )??{'/{ ’ 1-37 ai(log )7 I'(q) Vs

o B _

" bi(log )1 —log 1) | log s(1 — log 5)9—1 d
+/ 1+Z_jl—l J(ng_:l?JJ ( _313”3] og s( - 0g $) VM=

5 g @ ;

T
_b’

Moreover, (H2) implies that

B(A(w, v)) (1) = max { A1 (u, v)(1) + A2 (w,)(0)}

e

) Z:;_l a; . . ds
< /MS) {1 N -y alf(log 5:‘)?-1] Fi(s,u(s) t(s})?

1

e n_—l b d
+/k(s]l1+ HEJ—I j 1 fz(g,u(s},t-‘(s})—s

f 1=25-1 bj(logm;)a~ $

m—1
< Q—l. mZ_:zl':-L - a’Ly
Fa+2) | 1-%75 ai(logl)i!
n—1
_ b

n 4q 1 14 HEFL J o'L

I'lg+2) 1 _ijl bj(logn;)a—1

!

=il.
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Next, (B3) of Lemma 5 is satisfied. Let (#, v) € . (3, &, b., ¢.) with .(.(,
v))(.) > b./y. Therefore, forall . € [1, ¢], we have

a(A(u,v))(t)
= min {|A1(u,0)(1)] + |Az(u, v)()] }

> mlnbo {/Cl (7,5) f1(s,u(s),v(s)) ——|— /CQ{T s) fa(s, u(s), v(s))— }
= ﬁ'{ /Gl (T'-' S)fl (S_.H-{S)_.TJ{S)); + /G2{T? S)fﬂ (8,1!—{8),3{5’))%}.
1 1

Note that the last line of the above is independent of the variable ., and
thus we obtain

a(A(u,v)) (1)
r ds r ds
> ngg[g;a]{ [ G, s)fL(s,u(s>,-v(s));+_1[ Gar, s)ﬁ(s,u(s),v(s));}

=n max { ij{T, s)f1 (s, u(s), -v['s))% + ng{T, s)fa(s, u(s), -v(s))%}
1 1
= n(A(u,v)) (1) > b
Finally, we prove that (B4) holds. Let (, v) € .(3, 5, 4. .) with .(.(%, v))

(-) <7a..Notethat min... G..5, 5) 2 7G..5; s) for 5, s € [1,¢], and thus min...

G..t, s) > . max. - G.7, s) for. € [1,e],. =1, 2. Therefore, we have
, €

B(A(u, -1:)}{??)
= max {A1(u,v)(t) + A2(u,v)(2) }

:1}};})1\:{/01 t s f1 s, u(s ( —+ [Gg{t s)fa(s u(s), U{S))d?

< max Gi(t,s)f1(s,u(s),v(s [Gz{r s)f2 (s, u(s), t{s])

te[1.g]

1

=

M

—
ﬂ—"“—\ ——,

=

fG‘L (t,8) f1(s,u(s), 1{5) i) /G’q[f s)fa(s,u(s), v{s))d?}
/G’Ltsﬁsu(}v —+/62{t5f23u{s)t{s)) }

P(A(u,v))(t) < a'.

Up to now, we have proved that all the assumptions of Lemma 5 are
satisfied. There- fore, (1) has at least triple positive solutions, ( x.), (w0 7.),

and (.., z.) such that .(., x.) < 4., .. < (¥, y.), and .. < 8(., z.) with .(.,, z.)
< b.. This completes the proof.
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Theorem 2.

Suppose that (HO) and the following conditions hold: (H1.) £ € .([1, ¢] x
RxR,R),i=1,2;

(H1') fieC([L,e] xRxR,R),i=1,2;

(H5) lim, o0 fi(t, w,v) /(u+v) = o; uniformly fort € [1, ], where |o;| < 2L;,
i=1,2;
(H6) fi(t,0,0)Z0fort < [le],i=12

Then (1) has at least one nontrivial solution.
Proof. Define operators 7. : . X . > . as follows:

Ti(u,v)(t) = o; /Gi{t,sj{u(s) + -v(s))%. uw,vek telle],i=12
1

Now, we prove that 1 is not an eigenvalue of 7. (. = 1, 2), and we only
need to consider the case . = 1 (the case . = 2 can be dealt with a similar
method). Argument by contrary. Iflet. + . = ., then we have

o1 [Gl{f-.. s}w{s}% = w(t),
! )

and by Lemma 1 we obtain

Diw(t) +o1w(t) =0, 1<t <e,
m—1

w(l) =dw(l) =0, w(e) = Z a;w(&;),
i=1

whereq, 0, 4., & ((=1,2,..., m — 1) satisty (HO). We distinguish two
cases.
Case 1...=0.From (8) and Lemma 1 of [23] we have
Dw(t)=0 and w(t)=ci(logt)? ' +ca(logt)? 2 + ea(logt)? 2,

wherec. R (.= 1,2, 3). By the boundary conditions in (8) we have .. = ..
= 0. Therefore, we find
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and (HO) indicates that .. = 0. Consequently, we have .(.) 0 for . [1, ¢].
This contradicts to the definition of eigenvalue and eigenfunction.
Case 2...=/ 0. From (7) we have

r . ds

Jull = o mse [ Gt $)u(s)
ds
|01| 111&1 /Cl{t s)|w(s) ‘ |G’1|||1L|| rna_x [G t,s)?

m—1
< ool [0 [1 e ]d—_s
4 -2y ailog&)et| ¢

1
= | w||— < [|w]|.
olllwllg < el

This has a contradiction.
Above all, 1 is not an eigenvalue of 7. (. = 1, 2) as required. Hence, if
we let the operator . :. x . > . x . as follows:

T(u,v)(t) = (T4, To)(u,v)(t), uw,ve Kk te][l e,

we know . := (1, 1) is not an eigenvalue of . .
From (HS), for all ¢ > 0, there exist M. > 0 (. = 1, 2) such that

|fi(t,u,v) — o1 (u Selu+v|, |u+v| =M, te(le,

| fa(t,u,v) — o2 (u |s;su+1' lu+v| = M,, t € [1, 6.

Consequently, there are .. >., {. > 0 such that

|f1{t,u,-v} —o1(u+ 1-‘)| <cslut+ovl+6G, uvelk tele,
|_f2{t,u,-11} — oau + 1-‘)| Selut+v|+G, uw,velR telle.

As a result, we have
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[ A(u, v) = T(u, v)|

l| ()| =00 [| (e, 0) |
[ A1 (u,v) = Ti(u, v)|| + [|A2(u,v) — To(u,v)|
T ull+Hil oo [[wl + o]l
< maxeiel | [} Gi(t, s)(fi(s,u(s),v(s)) — o1 (u(s) + v(s))) 2|
= Jull o] oo llull + [l
N ! maXee| o | I1 Ga(t, 8)(f2(s,u(s),v(s)) — aa(u(s) + -1:{3)))d—:|
lfufl + vl o0 l[ull + [|v|
- maxee1.q J; G1(t, )| f1(s,u(s), v(s)) — o1(u(s) + v(s))[42
= Jull+lof+oo l[ull + [|v|
Vg el 5 Ga(t, s)|fa(s, u(s), v(s)) — o2(u(s) + v(s))|%
fufl + vl -0 [[ull + 1]l
< m %l J7 Gi(t, s)(elu(s) + v(s)| + ()%
el o0 [[ull + o]l
4+ lim max,e1 o 1 Galt, s)(e|u(s) + v(s)| + ()%
Jufl + vl =0 [l + [|o]|
- maxe(1q [, Gi(t, $) = (ellu+v| + &)
" v oo llull + II’LII
+ lim D%l Ji Galt,s)%(ellu+v]| + &)
lfull+ ]l wl| o0 llull + IIUII
- m 2L1{E||”+t|| + (1) im gig(flluﬂ-‘ll +(2)
" lullHlv | oo [l + [l flull+ vl o0 ] + |

<s 1+1
T o\Ly Ly )

For the arbitrariness of ., we have limy( ,, Joseo (1, v) (%, v) . (1, v) = 0.
Note from (H6) that. = (0,0) is not a fixed point of .. Hence, from Lemma
6 we have that . has a fixed point in ., and this fixed point is nontrivial, i.c.,
(1) has at least one nontrivial solution. This completes the proof.

4 Examples

n(l),let.=25,.=.=2,..=..=2,..=..= 1.5, and then we obtain the
system of Hadamard fractional three-point boundary value problems

D*Pu(t) + fi(t,u(t), v(t)) =
D*%u(t) + fo(t, ult), v(t)) =

u(l) =du(l) =0, u(e) = 2u(1.5),
v(l) =dv(l) =0, v(e) = 2v(1.5).

1<t <e,

!:-:l

0,
0, 1<t<e, 1]

By direct calculation we obtain
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1 = 0.055, ai(log&y)? ! =by(logn)? ! = 0.516,

a1(log )71 (1 —log 1) = by(logmy)? (1 —logmy) = 0.307,
de/4

.d
/ logs(1 — logs}L'“'?S = 0.081.
5/4

Therefore, we obtain

L, =L,=0755 M,; =M, =60.86.

Example 1. If we choose .. = 1, .. = 10, .. = 900, then 0 < 2. < b. < b./
7 < c.. Moreover, let

fi(tu) A (”aﬂ'} , 0<u+v<10,t€(l,e,
1L, v) =
ﬁ+650+%, u+v>10, te[l,¢,

and

T+ | cos {;.Et)—i—t}l + 63(u+1.) , 0<u+v<10,tel,e,

+630+W; w+v>10,t € [l,e.

f?(t?u!'y} = { o

Then we obtain

i fu(t,ult),v(t) < @+ﬁ+065<aL1_0?55
1 ’
f2(t,u(t),v(t)) < ?D+80+0'63<QL2:D'?555 te[l,e],

u+ v e [0.055,1];
(i)  fi(t,u(t),v(t)) = 650 > b'M; = 608.6,

5 3e
f2(t,u(t),v(t)) = 630 > b'M; =608.6, te |-, —|,
4’4
u+tve [10,181.82]'
1
tu(t),v(t)) < — + — 4+ 650 < ¢L; = 679.5,
(i) fi(t,u(t),v(t)) < 6{} + = + <Ly
1
f2(t u(t),v(t)) < ﬁ + g +630< dLy =679.5, t<]l,e],

u+ v < [0,900].

Then all the assumptions of Theorem 1 are satisfied. So, (9) has at least
triple positive

solutions.

Example 2. Let
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filt,u,v) = oy (u+v) + pt + vy,
fa(t,u,v) = oa(u +v) + pat + va,

where oo < 1.51, . = 0,7 =0 for», v R, . [1, ¢], . = 1, 2. Then all
the conditions of Theorem 2 hold. Hence, (9) has at least one nontrivial
solution.
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