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Abstract: In this manuscript, we establish two Wardowski-Feng-Liu-type fixed point
theorems for orbitally lower semicontinuous functions defined in orbitally complete .-
metric spaces. The obtained results generalize and improve several existing theorems
in the literature. Moreover, the findings are justified by suitable nontrivial examples.
Further, we also discuss ordered version of the obtained results. Finally, an application
is presented by using the concept of fractal involving a certain kind of fractal integral
equations. An illustrative example is presented to substantiate the applicability of the
obtained result in reducing the energy of an antenna.

Keywords: -metric space,, orbitally lower semicontinuous, F -contraction, fixed point
of a multivalued mapping,

1 Introduction

Through the whole of the last century, mathematicians engrossed
themselves with touch- ing up the underlying metric framework of
the acclaimed Banach contraction principle. In their research articles,
Bakhtin [3] and afterwards Czerwik [6-8] put forward another natural
and impressive setting as an extension of metric spaces, .-metric spaces,
to work with. Since then, plenty of fixed point, common fixed point
and related results involving various classes of single-valued and multi-
valued operators defined in such kind of spaces or in allied structures are
published (see [1, 2, 5, 10, 11, 13-18, 20]). Here we recall some basic
definitions, notations and essential results, which will play crucial roles in
this manuscript. Throughout this article, R+ and R+/0 denote the set of
all positive, respectively, nonnegative real numbers, and N stands for the
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set of positive integers. First of all, we recollect the definition of .-metric
spaces.

Definition 1.

A b-metric on a nonempty set X is a functions:x«x & such that for a
constant & > 1 and allz,y,» « X. the following conditions hold:

(M1)a,s.p) =0 if and only if x = y;

(M2) ae.v) =ty

(M3) div) < bl (2. 2) + (2. ).

Thenx.4) is called a .-metric space.

One may note that each metric space is a .-metric space considering &
= 1. However, the converse does not hold. Furthermore, the topology on
a b-metric space, the concept of Cauchy sequences, convergent sequences
and the completeness of the setting are analo- gous to that of standard
metric spaces. However, in general, a b-metric is not a continuous
mapping in both variables (see, e.g., [13]).

On the other hand, Cosentino et al. in [S] introduced the set of
functions TF. in the line of Wardowski’s [19] approach to b-metric space
as follows:

Definition 2.
Let b > 1 be a real number. TF. denotes the family of all functions . : R+

> R with the following properties:
(F1) F is strictly increasing;

(F2) For each sequence ) of positive numbers, w.....-o if and only
if]imnﬁ._‘( F(a,) = —oo:
(F3) For each sequence ) of positive numbers withum. ..o, there

existskr « (0,1) such thatim, ..F@) =0
(F4) There existsr=2* such that for each sequencew. of positive
numbers,if - + Fom.) < r(e. ) for all forallner. .

Definition 3.

Let b > 1 be a real number. = denotes the family of all functions F': R+ »
R having the properties (F1)—(F4) and the following property:

(FS) F(inf A) = inf F(A) for all4<0.~) with inf A > 0.

It is easy to see that the function F (X) = ln x or .F(x) = x + [n x satisfies
properties (F1)—(F5) forx > 0.

We recall the following result from [5]. In this result,« denotes the .-
Hausdorff- Pompeiu metric.
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Theorem 1.

(See [5, Thm. 3.4).) Let . X, db. be a complete b-metric space, and ler T : X
> Py (X). Assume that there exists a continuous from the right function F
€ TF. and v € R+ such that

21 + F(bHy(Tz, Ty)) < F(dy(z,y))

for all=.v<x. 7227 Then has a fixed piont.

Moreover, Feng and Liu obtained the subsequent result (recall that a
function f: X » Ris said to be lower semicontinuous if for all sequences =)
in X withum,..x, —=<x. it satisfies ) <timint, .. £

Theorem 2.

Let (X, d) be a metric space, T : X > CL(X), and let the function f- X > R,
f(x) =d(x Tx) be lower semicontinuous. If there exist b, ¢ € (0, 1) with b
< csuch that for any x v X, there is y g Tx satisfying

cd(z,y) < f(x) and f(y) < bd(z,y),

then T has a fixed point.

Against this background, we obtain fixed point results for multivalued
mappings satis- fying Wardowski-Feng-Liu-type conditions for
orbitally lower semicontinuous functions in orbitally complete .-metric
spaces. These results generalize, complement and unify the findings
proposed in [2, 12]. Besides, we illustrate a couple of examples to validate
our obtained results, and also, we consider the ordered version of the
attained results. Finally, we dish out an interesting application concerning
our derived theorem and employing the notion of fractals to a certain
type of fractal integral equations. An illustrative example is presented to
show the applicability of the obtained result in reducing the energy of an
antenna.

2 Main results

Let CL(.) denotes the family of nonempty closed subsets of X. Ler T': X
> CL(X) be a multivalued map, F € =# and 7 : (0, ) > (0, 00). Forx €
X with dj, (x, Tx) >0, define a setr; cxa

Fy ={yeTz: F(dy(2,y)) < F(dy(z,Tx)) +n(ds(,y)) }.

Let7:x — x, and for somea = X, 0wo) = {a0, Tao, 20y} be the orbit of
A function /- x - = is called 7 -orbitally lower semicontinuous if f (x)
Sliminf, ... f(z,) for all sequences (z.} c 0] withlim, . 2, =2 € X.
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Cric’ defined the orbit and orbital completeness in case of multivalued
mappings in his paper [4]. In a similar fashion, we define these concepts

in case of b-metric spaces. For a set X, we use the notation 2* to denote
the set of all subsets of X.

Definition 4.

Let T : X > 2* be a multivalued mapping on a .-metric space (X, d; ).
An orbit for . at a point xg € X is denoted by O(x¢) and is defined as a

sequence

{zn: 2, €Txy 1}

Definition .

Let 7 x - 2¢ be a multivalued mapping on a .-metric space (X, 4}, ). A b-
metric space X is said to be 7"-orbitally complete if every Cauchy sequence
of the form (z.: =. = 7.1} converges in X.

It is obvious that an orbitally complete .-metric space may not be
complete. Now we present one of our main result.

Theorem 3.

Let (X, dy) be an orbitally complete b-metric space with b > 1, T : X. CL(X)
and F € <r;. . Assume that the following conditions hold:

(i) The mapping = — dy(x, Tx) is orbitally lower semicontinuous;
(ii) There exist functions 7,7 : (0,00) — (0, 00) such that for all t = 0,

T(t) > n(t), liminf7(s) > liminfn(s);
s—t+

5T

(iii) Forany x € X with dy(x,Tx) > 0, there exists y € Fy satisfying

T(dy(z,y)) + F(bdy(y,Ty)) < F(dp(z,y)).
Then T has a fixed point.
Proof. Suppose that . has no fixed points. Then forall x € X, we haved,
( x Tx) > 0. Sincer: = cux) for everyx € X and F € = then it is easy to

prove that the set#; is nonempty for every x € X (proof will follow in the
line of [12]). If xo € Xis any initial point, then there exists= < #* such that

T(db{i‘(],i‘-l}:] + F(bd&[i’L,TIl}) < F(d{j[:l’[), .1]_}}

and forx1 € X, there exists- < satisfying
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T(db{i"l _, ll‘-g):] - F[bda{:rg, T:r:g)) < F(da{:rl, Ig}}.

Continuing this process, we get an iterative sequence {x, }, wheres..c 7+
and

T{db('T'n'- TTH—I}) + F{bdb(:r?1+1 3 T-T'n—kljl) < F(db{:':ny -T'?H—l(%}
foralln € N U {0}. It follows by (1) and property (F4) that

T{db(mm Tn-I—J.}) + F[b?1+ldb[Tn+le Tffn-l—l)) < F{bndb(:cnymﬂ+1(%2

forall n € N. We verify that {x, } is a Cauchy sequence. Since=. =7,
then by the definition ofr; we have

F(db(:rﬂ-.- -T'n+1)) < F(db{In!T-Tn}) + '?]'(db(fi-‘m -T'n+1)).1
which implies that
F(b"dy(2n, Tn+1)) < F(0"dp(2n, T2s)) + ?I(da{rm:ﬂnﬂ}g)-

From (2) and (3) we have

F(b" " dy(2nt1, Trng1)) < F (0 dy(20, Tp)) +1(dy(2n, 2nt1))

— T{db(:’-"naxﬂ+1})’ (4)

i.e.,

F(bn+Ldb(31?1+le -T'n+2)) < F(bndb(ﬂ.‘-n, Tn+1}) + H(db{-rnsmn+]))

— 7(db(n Tns1)) ©)

Let on = difza.z..1) forn € Njthen o. > 0. and from (5) (e} is decreasing,
Therefore, there exists & > 0 such thatiim, ... 2. = 5 Now let § > 0. Let B(?)
=twini, . (1)~ mint,.. ) > 0. Then using (5), the following holds:
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.(bngﬂ.) - S{Qn}

F(bn+1Qn+L) “'5;_ F
< F(b" 'on-1) — Blon) — B(on-1)

< F(oo) — B(en) — B(@n-1) — -~ — B(oo).

Let p, be the greatest number in {0, 1,.. .., 7z — 1} such that

B(0p,) = min{B(00), B(o1),-- -, B(on)}

for all n € N. In this case,iz.) is a nondecreasing sequence. From (6)
we get

F(b"0,) < F(o0) — nfS(0p,)- )

In a similar way, from (4) we can obtain
F (0 dy (21, T2n 1) < F(dy(20,21)) — n(2p, ).

Now consider the sequences(.)). We distinguish two cases.
Cuase 1. For each n € N, there is 7 > # such thats..) > se... Then we
obtain a subsequencete.. o te,.} with e, ) > A, ) forank since s, 5. we deduce that

lim inf 5(ep., ) > 0.
Hence,
F(bm'.@nk) < F(po) — nk.'lj(gj‘?rt;_.)

for all k. Consequently, mmere.) = amavy @ imeime, =0, which
contradicts the fact thatlim. .o, >0asb>1

Cuase 2. There is ng € N such that .sw.)>60.) for all m > ny .
Then .. < Fle) - méte,,) for all m > ny . Hence,limm oo F(om) = —o0., and
by (F2) imn.wo. =0 which contradicts the fact that tm, ..o, >0
Thus, im,, .. o.. = 0,. From (F3) there exists k € (0, 1) such that

lim (b"0,)"F (b"0,) = —.

TL—+ 0

By (7) the following holds foralln € N:
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(b7 0,) “F (" 0n) — (b"00) “F(00)

< (b"0.)" (F(00) — nB(ep..)) — (00)* F(00)

k:
= —" b”’ n 3 o n 5; 0.
(b"e ) (0p..) o)

Passing to limit as n > oo in (9), we obtain

lim n(b",)*B(0,,) = 0.

TL—* 0

Since .¢ = liminf, .~ 3(s,.) > 0. then there existsno e N sueh hat (0,.) > ¢/2 for all n /

= ng. Thus,

ﬂ-(b“@n)k% < n(t"en)" Blep,)

for all n = np Letting n > oo in (10), we
haveo < tim. .o n(b70,)%¢/2 <lim, o n(b70.) (s,) =0, that is,

lim -n.(b”gn)k = 0.

n—F oo

From (11) there exits nl € N such that .n.) < 1frain > n.So, we
havee. <o) for all n > nl. Now, the last limit implies that the
series ©%ve. is convergent, and hence, {xn} is a Cauchy sequence in
X. Since X is a orbitally complete b-metric space, there exists = & 0(z)
such that xz > z as n > . On the other hand, from (8) and (F2)
we haveim, . dsa,, 7.) = 0. since » - (2 72) is orbitally lower semicontinuous, we
have

0<dp(2,T2) <liminfdp(rn, Ten) < lim dp(zn, Trns1)

< T}ﬂl}wb[dbifn-}:) + db{:f,.‘l‘-ﬂ+1}] = 0.

Therefore, z € Tz. Hence, . has a fixed point.

Next, we present an example in order to substantiate the above result.

Example 1. Let us consider the set X = [1/9, o) and define a mapping
dy: X x X > Rbydb.x, y) = |x—y|2. Then dj is a b-metric on X with b =
2. Next, we define a mapping T : X » CL(X) by

TTZ{III,J‘--I—QI}
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forall x € X. Let us take F(a) = ma forail @ € B and 7(t) = 14, n(5) =176 forall t €
(0, c0). Then, clearly, F = t ad r(t) > n(e). bmint, . 7(5) > lmint, . () for all £ > 0.

Forany x € X, we have d; ( % Tx) = ((3x — 1)/4)% So the mapping
x >>dj, ( x, Tx) is orbitally lower semicontinuous. Again, forany x € X,
we havey = (x + 1)/4 € r;, and for this y, we have

() w((5))

Thus, we see that all the conditions of Theorem 3 hold true. So by that
theorem . has a fixed point, and note that z = 1/3 is a fixed point of 7" .

Our second result is related to multivalued mappings 7" on the b-
metric space X, where T is compact for all x X. By taking into account
Case 1, we can take 7 2 0. Therefore, the proof of the following theorem
is obvious.

Let us denote £(X) as the set of all nonempty compact subsets of X .

T(dy(2,y)) + F (bdp(y, Ty))

1 3z —1)°
= — 2
44—111(_( T ))

= F(dy(z,y)).

A
I

Theorem 4.

Let (X, dy) be an orbitally complete b-metric space, b 21, T : X » K(X)
and F € <. Assume that the following conditions hold:

(i) The mapping x — dy(z, Tz) is orbitally lower semicontinuous;
(ii) There exist functions 7 : (0,00) — (0,00) and 1 : (0, 00) — [0, 0c) such that,
foralit = 0,

T(t) > (1), lislil}glfi*(s) > li;zigfn(s);

(iii) For any x € X with dy(x,Tz) > 0, there exists y € FJ satisfving

7(dy(z,y)) + F(bdy(y, Ty)) < F(ds(z,y)).

Then T has a fixed point.

Now we have the ordered version of the above results. To do this,
we recall the definition of ordered b-metric space. (X, dj, ©) is called an
ordered b-metric space if dj, is a b-metric space on X and(x.<) is a partially
ordered set. Further, if(x < is a partially ordered set, thenx, y € . are called
comparable if z < yory < holds.

Forx € Xwithd, ( x, Tx) >0, define a setr;. <X as

Frg= {y € Tx: F(db[a’.y)} < Fdy(z,Tx)) +n(dy(z,y)),
F(kdy(z,y)) < F(kdy(z,Tz)) +n(dp(2,y)), <y, k> 1}.

Theorem S.

Let x.a.~) be an ordered orbitally complete b-metric space withb > 1, T : X .
CL(X) and F € TF.. Assume that the following conditions hold:
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(i) The mapping x — dy(x, T'z) is orbitally lower semicontinuous;
(ii) There exist functions 7,1 : (0,00) — (0, 00) such that, forallt = 0,

T(t) > n(t), liminf7(s) > liminfn(s);

s—tt s—t+

(iii) For any x € X withdy(z,Tx) > 0, there exists y € F _ satisfving

T[db(zyj) +F(bdb(yTy)) < F(db{gf,y))

If the condition

(C) If{x,} C X is a nondecreasing sequence with x,, — z in X, then z,, < z for
alln

holds, then T has a fixed point.

Proof. Following the line of proof of Theorem 3 and definition of#:- <,
we can show thate. is a Cauchy sequence inw.i.«) withz, 1 < 2, forn € IV
for . N. From the orbital completeness of X there exists - <o) such
thats, - 2sn -~ By assumption (C) . < = for all 7. Rest is followed from

the proof of Theorem 3.

Theorem 6.

Let (X, d, ©) be an ordered orbitally complete b-metric space with b > 1, T :
X K(X) and F € < Assume that the following conditions hold:

(i) The mapping x — dy(x,Tz) is orbitally lower semicontinuous;
(ii) There exist functions T : (0,00) — (0,00) and 17 : (0,00) — [0, 00) such that,
forallt =0,

T(t) = n(t), liminf7(s) > liminfn(s);
s—tt s—t+

(iii) For any x € X with dy(z,Tz) > 0, there exists y € F&f-—s satisfying

7(dp(z,y)) + F (bds(y, Ty)) < F(do(2,y)).

Then T has a fixed point provided (C) holds.

Now we present an example to authenticate Theorem 5.

Example 2. Let us take X = NU {0} and consider a relation < on X by
defining x<y if and only if y divides .. Then it is easy to verify that (X, <)
is a partially ordered set. Now we define dj, : X x X > R by

0 ifr =1y;
dy(z,y) ={3(+ + 1) ifz

T e

n, y = m and n # m;
ifr=ny=0o0rx=0, y=n.

1
T

Then (X, dj) is a partially ordered 4-metric space with & = 3.
Now we define a mapping T : X » CL(X) by

Tr={2z 3z,4r} forallz e X.
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Let us choose F(a) =lna forall a# R+ and T (t) = 1/8, n(t) =
1.10 forall ## (0, o). Then itis obvious that F €srand T () > ()
o liminf, ;41 7(s) >liminf, ..+ 5(s) forall t = 0. Further, fOl‘ X & X, we have

0 ifz=0;
dy(z,T2) =14 15 .
. ifx=F0.

Therefore, x > dy(x, Tx) is orbitally lower semicontinuous. For x # X
, we haver=+<#;.. and for this y, we have

0 ifz=0;
dy(z,T2) =4 1. .
o ifrZ0.

Thus, we see that all conditions of Theorem 5 hold. So by the same
theorem 7 has a fixed point. Indeed z =0 is a fixed pointof 7 .

3 Application

Fredholm equations stand up obviously in the scheme of signal
processing, for instance, as the well-known spectral concentration issue.
The operators convoluted are the similar as linear filters. They besides
normally stand up in linear forward forming and inverse problems. In
physics, the result of such integral equations permits for investigation
spectra to be correlated to several fundamental disseminations, for
example, the mass supply of polymers in a polymeric melts, or the supply
of reduction times in the scheme. Moreover, Fredholm integral equations
indicate in fluid mechanics issues connecting hydrodynamic connections
near finite-sized elastic borders (see [9] for recent work). In antenna man-
ufacturing, side lobes are the lobes (local maxima with local minimum
energy) of the distant field radiation design of an antenna or other
radioactivity foundation, which are not the chief lobe. The problem
statement is that: is there a solution for which the side lobe energy is
minimum? The answer of this question is to find a solution for Fredholm
integral equation. In our discussion, we use a generalize fractal Fredholm
integral equation based on the fractal integral [21] as follows:

B8
5?—|-1 [11 t,¢,x(<)) (ds)¥ +a(t), t.ceJ:=]|a,pj],

wheres:7xsxx== is defined and continuous on a fractal set of fractal
dimensién .o € (0,1), and 7 : 7 — E is continuous function. Our aim is to show

that (12) has a solution by using Theorem 3.
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Theorem 7.

Let X=C[,R] , andlet o the operator defined by

B

(Qx) A(t,s, x(s)) (ds)? +o(t), t,seJ=]a,p] pec(01),

~T(p +1

where 1:5<1<v-% is defined and continuwous on a fractal set of fractal
dimension ¢ c (0,1),ando T = R | is continuous fumtion. Moreover, assume
the following conditions:

(i) There occurs a continuous function v : X — [0, o0 sarisfying
[A(t. 6, x(<) = A(t, 5, (Q0)(6)) | < v()|x(€) = (2)(<)]:
i) [74(c) (d)® € Ve T, T :==1(d(x, Qx)) > 0

Then the integral equation (12) admits a solution.
Proof. We have to prove that the operator Q achieves all the

assumptions of Theorem 3 in the single-valued type. Let X # X, then we
obtain

(Qx)(1) — Q(Qx(1)) [

B 2
< m(&[lﬂ(fmxk)) —fl{tﬂ:sgxis))l(dﬂf‘*)
;

2

. ;
= Fﬁ{p+1)(- OO =ty )
1 ;
= md{h@x}(.[ 1(<) fd‘?)p)
1 o= T
< m d(x, Qx)-

Thus, we get the following inequality:

T2(p +1)|(Qx)(t) — Q(Qx(1))|” < e ¥d(x, Q).

Since the natural logarithm indicates to be insr, employing it on above
inequality, we conclude that

T+In[I?(p+1)d(Qx, Q)] < In[d(x, Qx)].

Consequently, we obtain
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T (d(x, Qx)) +In[[*(p +1)d(Qx, @*x)] < In[d(x, Qx)]-
Now lets =r#(¢+ 1., thus, we indicate the following inequality:
(d(x, Qx)) + In[b,d(Qx, @*x)] < In[d(x. Qx)].

Hence, in view of Theorem 3 (single-valued) with #) - nv. the operator
admits at least one fixed point, which is corresponding to the solution of
Eq. (12). This completes the proof.

Example 3. Consider the following data: 7 = 0.1 a¢.c.0) = sx/a. < < . From
Fig. 1 we can say that the relation between . and . certainly minimize the
energy of the antenna. Obviously, thevvalue of ¢ = 04616 minimized the
energy. It is clear that /5 @) - 035 < Vo= — 0365 =1 = -0) > o Hence, in view of
Theorem 7, Eq. (12) has a solution, which minimize the energy.

Figure 1.

The relation between b = I2(# + 1) and # in the left, while the right graph is the
relation between In(b) = F with respect to #. The minimum value of b is at # = 0.4616.
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