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Abstract: In the paper, a joint discrete universality theorem for periodic zeta-functions
with multiplicative coeflicients on the approximation of analytic functions by shifts
involving the sequence {.} . of imaginary parts of nontrivial zeros of the Riemann zeta-
function is obtained. For its proof, a weak form of the Montgomery pair correlation
conjecture is used. The paper is a continuation of [A. Laurinc”ikas, M. Tekore’, Joint
universality of periodic zeta-functions with multiplicative coeflicients, Nonlinear Anal.
Model. Control, 25(5):860-883, 2020] using nonlinear shifts for approximation of
analytic functions.

Keywords: joint universality, nontrivial zeros of the Riemann zeta-function, periodic
zeta-function, space of analytic functions, weak convergence.

1 Introduction

It is well known that some zeta- and .-functions, and even some classes
of Dirichlet series, for example, the Selberg-Steuding class, see [29,
32], are universal in the Voronin sense, i.c., a wide class of analytic
functions can be approximated by one and the same zeta-function. For
example, in the case of the Riemann zeta-function¢(s). s = « + it., analytic
nonvanishing functions on the stripo = (s < ¢: 12 < 7 < 1} are approx- imated
by shiftsce+in.7 <2 (continuous case), or shiftscs+in. k= 1o =nu o5 >0
(discrete case); see [1, 6, 13, 24, 32].

The above shifts are very simple, 7" and kb occur in them linearly. It
turned out that the approximation remains valid also with more general
shifts. A significant progress in this direction was made by Pan 'kowski
[31] using the shifts .cts+ipr) and g+ i) with .e(r) = 10~ and a wide class of
reals 2 and B. The papers [22] and [35] are also devoted to approximation
of analytic functions by generalized shifts of zeta-functions. In [5], the
shifts .<+ i) were applied, wheretw ke =m0 <y << <<y s
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the sequence of imaginary parts of nontrivial zeros of the Riemann zeta-
function.

Universality in the Voronin sense also has its joint version. In
the joint case, a col- lection of analytic functions is approximated
simultaneously by a collection of shifts of zeta- or .-functions. The
first joint universality theorem belongs to Voronin who proved [36]
the joint universality of Dirichlet .-functionsze.).j=1..... Ob- viously,
in joint universality theorems, the approximating shifts must be in
some sense independent. Voronin required [36] for this the pairwise
nonequivalence of Dirichlet characters, i.c., in fact, he considered joint
universality of different Dirichlet .-functions. On the other hand, as it
was observed by Pan 'kowski [31], the independence of approxi- mating
shifts of Dirichlet .-functions can be ensured by different functions«
in shiftsie +ie(r). x) or Lis e, x) even with the same characters y; . This
obser- vation extends significantly classes of jointly universal functions.
For example, the joint universality with generalized shifts was obtained
in [16] and [20].

In general, joint universality of zeta-functions was widely studied, and
many results are known; see, for example, general results obtained in
[7-11,14,26,30] and other papers by authors of the mentioned works.
In this note, we focus on joint universality of so- called periodic zeta-
functions with generalized shifts involving the sequencetw #=m. N of
imaginary parts of nontrivial zeros of the functioncs. We will mention
some joint universality results involving the latter sequence. Note that
the behaviour of the sequence(..}, as of nontrivial zeros of ¢ is very
complicated, and at the moment, its known properties are not sufficient
for the proof of universality. Therefore, in [5], the conjecture that, for ¢
>0,

Z 1< TlogT
Ten<T

Te—vi|<c/logT (1)

was introduced. This conjecture is inspired by the Montgomery pair
correlation conjecture

(28] that
a2 N2
Z 1~ /(1— (bli:u))du+d[al.a‘2} élogT.
Tem =T . ' B

) ! i ) o
2meey [ log TSy —nis2men/ log T

wherea: < a.. are arbitrary real numbers, and

1 if0 € |a;, asl,
Sar,az) = ) '
0 otherwise.
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Now we will state a joint universality theorem for Dirichlet .-
functions involving the sequence..} obtained in [18]. Denote by the
class of compact subsets of the strip . with connected complements, and
by .m,x) win & < & the class of continuous nonva- nishing functions on . that
are analytic in the interior of K.

Theorem 1.

Suppose thaty., . . ., y. are pairwise nonequivalent Dirichlet characters, and
estimate (1) is true. forj=1....nter K, < Kand 1) € (i), Then, for every ¢ > 0 and
bh >0,

#.{1 <k<N: sup sup |L(s+ihy,x;) — fi(s)| < :} = 0.

—oo | 1< <r sk
Moreover lim inf” can be replaced by “lim” for all but at most countably
many ¢ > 0.
Here #A denotes the cardinality of the set ., and . runs over the set N.
Now we recall the definition of the periodic zeta-function, which
is an object of in- vestigation of the present note.leta=(o.:m=1} be a
periodic sequence of complex numbers with minimal period ¢<r Then
the periodic zeta-function .¢(so) is defined, for & > 1, by the Dirichlet series

= a

7T
S0 = —
C(s;a) -

and has an analytic continuation to the whole complex plane, except
for a simple pole at the point s = 1 with residue

—Z“f

I_l

The sequence . is called multiplicative ife = 1and ap = ana. for all
coprimes 72, 7 € N.If 0 < 2 < 1 is a fixed number, then the function

and its meromorphic continuation are called the periodic Hurwitz
zeta-function. In [15] and [3], under hypothesis (1), joint universality
theorems involving sequence 7. for the pair consisting from the Riemann
and Hurwitz zeta-functions and their periodic ana- logues, respectively,
were obtained, while in [23], such theorems were proved for Hurwitz
zeta-functions.
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Forj = t...onteta; = {0.: m e N} be a periodic sequences of complex
numbers with minimal periods mandiicis:a) be the corresponding zeta-
function. The main result of the paper is the following theorem.

Theorem 2.

Suppose that the sequences ai,. .., o, are multiplicative, h....1. are positive
algebraic numbers linearly independent over the field of rational numbers,
and estimate (1) is true. rori=1....riax, e caa s = mx,. Then, for every ¢ > 0,

11111 lnf—i:{l < k< N: sup sup |[{(s+ihyeia;) — fi(s)] < E} = 0.

N—oo | 1€j<r seK,

Moreover lim inf” can be replaced by “lim” for all but at most countably
many ¢ > 0.

In [21], joint continuous universality theorems for periodic zeta-
functions with shifts defined by means of certain differentiable functions
were obtained.

2 The sequence { YK}

Fromt
he functional equation for the Riemann zeta-function

—s5ff & - —(1—3s)/° ].— 5
™ -%‘5 ((s) =a~U==)/2r 5— )<(1—9)

it follows thatc(2m =ofraim v and the zeros .s=-2morce) are called
trivial. Moreover, it is known that ¢« has infinitely many of so-called
complex nontrivial zeros n = s +m lying in the stripis < ¢ 0 < <13, The
famous Riemann hypothesis, one of seven Millennium problems, asserts
that 8. = 1/2, i.e,, all nontrivial zeros lie on the critical line s = 1/2. There
exists a conjecture that all nontrivial zeros ofcc).are simple.

We recall some properties of the sequence

i keN={m:0<m<- <M%< <}

By the definition, a sequence {xk: K # N} # R is called uniformly
distributed modulo 1, if, for every subinterval (2, 6] # (0, 1/,

lim — EILGH{IQ}_b_a

n—oo T

where I(,;; is the indicator function of (4, 4], and {#} denotes
the fractional part of # # R . Though the sequence {y.} is distributed
irregularly, the following statement is true for it.
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Lemma 1

The sequence (nakevy . N with every a ==\w) is uniformly distributed
modulo 1

Proof. Proof of the lemma is given in [33], and in the above form, was
applied in [5].

For convenience, we recall the Weyl criterion on the uniform
distribution modulo 1; see, for example, [12].

Lemma 2.
A sequence {u.: kel cR s um'form[y distributed modulo . ifﬂnd Oi’lly lfﬁ?’

every meZ\{0}.,

n—oo T

1 i
lim — Z piTimIE _ (),
e

Obviously, the uniform distribution modulo 1 of the sequence shows
its nonlinear character.
The following statement is well known; see, for example, [34].

Lemma 3.

Fork > oo,

3 Limit theorems

Denote by H(D) the space of analytic functions on D endowed with the
topology of uniform convergence on compacta. We will derive Theorem
2 from a limit theorem on the weak convergence of probability measures
in the space

Therefore, we start with a certain probability model.
Let B (X) be the Borel .-field of the space X, and P denote the set

of all prime numbers. Define
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Q:HE‘:E,

pelP

wherex, = (< ¢ 1 =1) for all »=» Then . is a compact topological Abelian
group. Moreover, let

"= x---x {2,

whereo,=2mrj=1..» Then again Q" is a compact topological Abelian
group.

Therefore, on (2, B(Q2" )), the probability Haar measure=; can
be defined. This gives the probability spacew.s@).mi. Denote by w(p)
the .th component, »<® of an element « = @, =1,....r. For brevity,
letw = (wi..w) € @ wi e,.w, € 2.a = (ar,....a). and on the probability

space(.58(2).m;,), define the H'(D)- valued random element

((s,wig) = (Csswisar),.... C(s,wriay)),

Where

oo I

a;pw;(p) .

{{s.wj:ajjzn 1—|—Z‘?—Ei ., J=1...,r
PEP' =1 p

Note that the latter products, for almost all w., are uniformly
convergent on compact subsets of the strip D. Since the periodic
sequencess,. j =1, .~ are bounded, the proofs of the above assertions
completely coincides with those of Lemma 5.1.6 and The- orem 5.1.7
from [13]. More general results are given in [1]. Denote by » the
distribution of the random element¢is.wa.ic..,

Pe(A) =my{we 27 {(s,w;a) € A}, A< B(H"(D)).

Put .b= (... .k and for 4 € 807(D))., define

1

Py(A) = N

#(1 < k< N: {(s+ihw;a) € A),
where

{(s;a) = (C(s1a1)s--. . ((s3ap)).

In this section, we will prove the following limit theorem.
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Theorem 3.

Suppose that the sequences a,, . . . , a . are multiplicative, by, . . ., b, are
positive algebraic numbers linearly independent over , and estimate (1) is
valid. Then PN converges weakly to resn -

We start the proof of Theorem 3, as usual, with a limit lemma in
the space Q" . In this lemma, the uniform distribution modulo 1 of
the sequence xal,a = 2\ (0}, and the property of the numbersh 4, ..., b,
essentially are applied.

For A #B(Q), define

Qn(A) = <k<N: ((p"*:peP),...,(p "™ peP)) e A}.
Before the statement of a limit theorem for Qy , we recall one result
of Diophantine type.
Lemma 4.

Suppose that X | , ..., A,. are algebraic numbers such that the logarithms
logh,... g\ are linearly independent over o . Then, for any algebraic
numbers #.. 5., not all zero, we have

|Bo + Bilog Ay + - -+ Brlog M| > HC,

where H is the maximum of the heights of B o, Bp, . . ., By and C is an
effectively com- putable number depending on r and the maximum of the

degrees of B, B . . ., B..

The lemma is the well-known Baker theorem on logarithm forms; see,
for example [2].

Lemma S.

Supposethat by, .. ., b,are real algebraic numbers linearly independent over
o. Then Qnconverges weakly to the Haar measure miyasy o

Proof. As usual, we apply the Fourier transform method. The characters
of the group "

are of the form

II :
X
‘-4 =
LY
o
"-::j
p

wx»

where the star shows that only a finite number of integers kjp are

distinct from zero. Therefore, the Fourier transform of Qy is
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on(lyye k) = [ TTIT <) dax,

o j=1pcP

where. &= 5, czpe?.i-1...» Thus, by the definition of Qy,

N r
Q.""-"{E“ ce aﬁr} = p ik
k=1j=1 peP
1
SO D S I At
= =t 2)
Obviously,
gn(0,...,0)=1. (3)
Now, suppose that. i« (0.....0. Then there existsj € {1, ..., r} such

thats, # 0. Thus, there exists a prime number . such that £, /= 0. Define

.
ap = E hik;p.
j=1

Then, in view of a property of the numbers .i:.....%.., we have 4, = 0.
The numbers 4, are algebraic, and the set (1ozr: » < #) is linearly independent
overe. Therefore, by Lemma 4,

Hence, in virtue of Lemma 1, the sequence

1
— "L - JEL' N
{Qﬂ— 'Lﬂil.‘"-:ir € }

is uniformly distributed modulo 1. This, together with (2) and Lemma
2, shows that, in the case,. . k)= 0. 0.

11111 gn(ky, ..., k) =0.

N—=oo
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Thus, in view of (3),

if (ky,...,k.)=1(0,...,0),
lim gy (k... k)= if (ky,...,k.)=1(0,...,0)
N—aoo —

0 1f(£i!&r) # {g1g}'

and the lemma is proved because the right-hand side of the latter
equality is the Fourier transform of the Haar measure ..

Lemma 5 implies a limit lemma in the space H'(D) for absolutely
convergent Dirich- let series. Let, for a fixed 3 > 1.2,

(2]
vp(m) = cxp{— (Z—L) }, m,n & [,

and
N dimt {m}
. g S\ T :
s5.04) = E e i=1,..., r.

Then the latter series are absolutely convergent for o > 1.2. Actually,
sincer.om «m+ with every L > 0, the latter series are absolutely
convergent even in the whole

complex plane. For B(H" (D)), define

. 1 , .
1‘_.-.‘..-_11(‘4:] = w_#{]. = k < N- gﬂ{S + lﬂ”;‘klﬂ) = ‘4.}._.

|
4

where

En{SLE) - (qﬂ{S; ﬂ[), =ty Cﬂ(SZ_ ﬂr))-

Moreover, let

Cols,wpiay) = 3 Lamer(m)tn(m)

J ms

, J=1,...,r

m=1

¢ (s,wia) = (Cals,wiia1),- .. Culs,wriar)),
and let w.: 2 — 7 (0) be given by the formula

(W) = € (s,w;0).

—Tn
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Lemma 6.

Supposethat b, . .., by arereal algebraic numbers linearly independent over
o. Then Vi, as N » oo, converges weakly to a measure v.== miu. where

myu, (A) =my(u,'A), AecB(H"(D)).

Proof. Since the series for (5, w;. 4; ) are absolutely convergent for o >
1.2, the function «. is continuous, hence (B(Q'),B(H'(D)))- measurable.
Therefore, the mea- sure V), is defined correctly. The definitions of Qy
, Vn,» and u, imply the equalityvs. = evu.* Therefore, the lemma follows
from Lemma 5 and a preservation of weak convergence under continuous
mappings; see [4, Thm. 5.1].

The limit measure /, in Lemma 6 is independent on » and¢. and has
a good convergence property, which is the next lemma.

Lemma 7.

Suppose that the sequencesa |, . .., a, are multiplicative. Then V,, converges
weaklyto P ¢ asn-> oo.
Proof. In [17], the weak convergence for

Pr(A) = %meas {re0, T ((s+ir;a) € A}, AecB(H"(D)),

was considered, and it was obtained its weak convergence tor.s7 - ~.and
that V), also converges weakly tor ssn - . In other words, V, and P*T have
the same limit measure P, .

In view of Lemma 7, to prove Theorem 3, it suffices to show that Py
,as N> oo, and V,, as # > oo, have a common limit measure. For this, a
certain closeness of:«o and . ¢ o is needed.

There exists a sequencex: 1<% = 0 of compact subsets such that

D= G K,
I=1

kicki. forall/ € N,and if K#D is acompact set, then K# KI for
some /. Then, putting, for g, g2 # H(D),

1 SUP.ek, |g1(8) — g2(5)

Plo1: 2) = ; L+ Sup, e, 191(5) — ga(5)|

]

T

we have a metric in H(D) inducing its topology of uniform
convergence on compacta.
Hence,
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p(g,-9,) = hax p(9175925)

] =T

9, = (G115 gir)s 9y = (921 ..., 92r) € H'(D),

is a metric in (D) inducing its product topology. Note that, in the
proof of the next lemma, the multiplicativity of the sequencess.i=1..» is
not used.

Lemma 8.

Suppose that estimate (1) is true. Then, for every positive b 1, . . ., h, and
A 1560 p

N
1 1 P f 3 P P
lim Jl}qﬂj}cp i ; p(L(s +ihvi;a),¢ (s +ihye;a)) —(g.

Proof. By the definitions of the metrics p and p, it is sufficient to show

that, for every compact set K#D,

lim limsup — Z sUp ‘C 8+ ihvk; a5) — Cul(s + ihjv; aj_)| — 0,

n—+oo Naoo 4 S‘—P\ (5)

j=1,..., 7 The equality of type (5) was already used in [3], therefore,
only for fullness, we give remarks on its proof.

Thus, let » > 0 and . be arbitrary. We consider .+ o and ¢ +ima.,

Let 0 be as in the definition of v,(72). Then the representation

where

. z z .
ER{Z} = Er(a) n-,

is valid. Hence, foré <o,
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—B1+ico
. 1 . dz .
Ca(sia) —((s:a) = 5 f C(s+2; ﬂ}fn(f}?? + R, (s;a),
— By —ioo ©)

where

al,(1 — s)

R(s;q) = 2L =%
1—s5

and  is the residue of ¢(s:a) at the point s = 1. Let K # D be an arbitrary

compact set, and ¢ > 0 be such thati/2+2: <o <1-cnrs < . Then, in view of

(6), fors:chril'EK. s

mda@_q@mﬂgz/ﬂqs_&+ﬂ |Eﬂ7?$¥%dbﬂRdaML

Hence, taking ¢ in place of # + v andé=o-=-1/2, we have

Zbup |C (s +ihy;a) — Culs + by a)| < I + Z,

s‘—K
(7)
where
T 1n(1/2 +¢— s +it)
hoyg + it up |22 T Tlat
t= [ (R fe(+esvmsia)|) smp | imns?)
and
n ihvy; u)|

SE.F'L

Estimate (1) isapplied for estimation of the first factor of the integrated
function in the integral 1. It is well known that, for € R,

t/‘ ( + & 4 i7 + it; )‘dt¢;111+|ﬂy
(®)

The same estimate is also true for the derivative oftea). Lets = cnaoerw+ and
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Ns(hyr)= ) L.

Y Ns(hm) = Z > 1< vy logyy < N.

Yi *-H.’}."‘\.

|’}'k—’¥'.!|‘=i*’—"-rlﬂg i) 1

This, (6) and an application of the Gallagher lemma connecting
discrete and continuous
mean squares for some function, see Lemma 1.4 of [27], give

N
| 71 . ]
Z ;C(E + & +ihy +it; u) ‘

k=1

) 2 1/2
VL. C(3+s+ih'~g;\.+it:a)j)
&« N2 (l / ‘{(E +—’—|—i*+it'a):2d”
= 4 (5 B = T . | T

h

1
.

hvyn 5 YN 5 1/241/2
1 | (1 _
+( / ‘Q(;—I—S—i—i?—l—it;a) dT/ ;§f(§+:’+ir+it:a):dr) )

hy1 hy1

Len N(1+1t]).

Therefore, the classical estimate for the gamma-function and the
definition oft.» show that

- . i ]G J-ﬂ*."
I« . hngn® and Z < nt/?2% i_ _

This, together with (7), proves (5), thus (4).

Proof of Theorem 3. We will use the random element language. Denote
byx, - x. the H'(D)- valued random element having the distribution 7,
, where /, is the limit measure in Lemma 6. Then, by Lemma 7,

X _} Pg:,
n—300 -

©)

where = means the convergence in distribution. Now, let the random
variable 7 be defined on a certain probability space with a measure #, and
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1

o
LY
4

AN =Y} =

Define the H'(D) -valued random element
i:"‘-'-_ﬂ. — i_'"'-'-.ﬂ. [‘5} — i‘]’l I:‘S + iﬂn."‘-’- '- Ej v

Then, in virtue of Lemma 7,

l_-"«-" T _D} X

N—osoo
Let
Yy =Yx(s)=((s+ihnn;a).
Then Lemma 8 implies that, for every ¢ > 0,

lim limsup p{p(Y,.(s), Xy, (5)) =<}

n—+o0 N oo

N
| d
< lim limsup — Z;_J[gs +ihvyea), Qn{s +ihvyi;a)) = 0.

n—00 N_yog IVE

Therefore, this, (9), (10) and Theorem 4.2 of [4] show thatx 2 » and

the theorem is proved.
4 Proof of Theorem 2

We start with the explicit form of the support of the measure P _, . Recall
that the support of a probability measure P is a minimal closed set S. such

that? (Sp)=1.
LetS={ge H(D): g(s) #0org(s) =0}.

Lemma 9.

The support of the measure P is the set §'.
Proof- The space H'(D) is separable. Therefore [4],

B(H'(D)) = B(H(D)) x --- x B(H(D)) .

From this it follows that it suffices to consider the measurez on the
rectangular sets
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A=A x---x A, 441.....“4.,-EB{H{D}]I.

Denote by 7z the Haar measure on Q;,j=1,..., . Then the Haar
measurer is the product of the measures 72,1 ..., 7,z . These remarks
imply the equality

P(A) =my{we 27 ((s,wia) € A}
=mig{wi € 21: ((s,wi;01) € Ay }
: 'm-rH{Wr e (2 ((s,wra,.) € AT}. )

It is known [19] that the support of
PQJ{AJ-} =m;g{w; € 12;: {(s,w;;a;) € A;}, j=1,...7

is the set S. Therefore, (11) and the minimality of the support prove
the lemma.

Proof of Theorem 2. The theorem is corollary of Theorem 3, the
Mergelyan theorem on the approximation of analytic functions by
polynomials [25], and Lemma 9, and it is standard. By the Mergelyan
theorem, there exist polynomialsp:(s).....p.(s) such that

sup sup |f;(s) — P19 <

1<j<r seK

Bo|

(12)

In view of Lemma 9, the set

(13

[

Y = {(gl,....gT) € H'(D): sup sup |g;(s) —eP¥)| < —}

1<j<r=ck;

is an open neighbourhood of an element of the support of the measure
Hence,

Pl*{fr_} > (0. 13)

Therefore, by Theorem 3 and the equivalent of weak convergence of
probability measures in terms of open sets,

liminf Py (G:) > P(G:) > 0.
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This, the definitions of P. and G., together with inequality (12), prove
the first part of the theorem.
For the proof of the second part of the theorem, we define one more set

G.= {(gl, ...,gr) € HT(D): sup sup |g;(s) — fi(s)| < h}

l1€j<rsek,

Then ¢. is a continuity set of the measure: for all but at most countably
many ¢ > 0, moreover, in view of (12), the inclusion ¢. c ¢. is valid.
Therefore, Theorem 3, the equivalent of weak convergence of probability
measures in terms of continuity sets and (13) lead the inequality.

w_li;u P:\r{C?E} = Pﬁ[éf} >0

for all but at most countably many ¢ > 0. This, the definitions of Py
and ¢. prove the second part of the theorem.
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