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Finite-time stabilization of discontinuous
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networks with mixed time-varying delays.
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Abstract: This article aims to study a class of discontinuous fuzzy inertial Cohen—
Grossberg neural networks (DFICGNNS) with discrete and distributed time-delays.
First of all, in order to deal with the discontinuities by the differential inclusion theory,
based on a generalized variable transformation including two tunable variables, the
mixed time-varying delayed DFICGNN is transformed into a first-order differential
system. Then, by constructing a modified Lyapunov— Krasovskii functional concerning
with the mixed time-varying delays and designing a delayed feedback control law, delay-
dependent criteria formulated by algebraic inequalities are derived for guaranteeing the
finite-time stabilization (FTS) for the addressed system. Moreover, the settling time is
estimated. Some related stability results on inertial neural networks is extended. Finally,
two numerical examples are carried out to verify the effectiveness of the established
results.

Keywords: inertial Cohen—Grossberg neural networks, fuzzy logics, discrete
and distributed time- varying delays, Lyapunov-Krasovskii functional, finite-time
stabilization.

1 Introduction
1.1 Previous works

In 1986, Babcock et al. [3] proposed the inertial neural networks
(INNs) for the first time. Neural networks with inertial items have
been successfully applied to chaos and bifurcation control [23]. Since
the states of such inertial systems are of second-order derivatives, the
corresponding dynamic behaviors are more complicated to deal with
compared to systems with first-order derivative of states [15]. So, stability
analysis of the INNs is necessary. In recent years, stability of INNs model
and its generalizations have been widely considered; see [7, 13, 19-21].
The concept of finite-time stabilization (FTS) proposed by Haimo
[6] means that the solutions of the system reach the equilibrium point
in finite time. The time function indicating when the trajectories reach
the equilibrium point, variously known as the settling- time, has a great
importance in practice. FTS is of major interest to many applications
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such as secure communications [17] or finite-time attitude tracking for
spacecrafts [4]. Time delays, especially, the time-varying delays may turn
expected dynamics of the proposed neural network into some undesired
complex dynamical behaviors. So, the FTS analysis for the time-delayed
system will be difficult. This thanks to the pioneer work of Moulay et al.
[16]. After that, on the basis work of Moulay, during the past several years,
many efforts have been devoted to the delayed neural networks. See, to
name a few, [1, 27, 28].

Despite of many FTS results on the delayed neural networks, there
is few work on FTS of INNs with discontinuous activations though
the discontinuous phenomenon often occur in neural networks; see
[22]. Moreover, it is well known that time delays are often inevitable
and time-varying delays may turn expected dynamics of the proposed
neural network into some undesired complex dynamical behaviors.
In reality, discrete (time-varying) delay and distributed delay always
occur simultaneously. In general, the results of the stability analysis
and synchronization analysis for delayed neural networks contain delay-
dependent and delay-independent criteria. However, the former can
derive less conservativeness and take more advantages in the practical
applications. For more details, see [9]. But there are few delay-dependent
criteria derived for the delayed INNs and few delay-dependent criteria
ensuring the FTS of time-varying delayed INN's have been derived.

Hence, it is meaningful to further propose a new framework and study
the FTS of the discontinuous INNs with mixed time-varying delays
and derive some new delay- dependent criteria to ensure the FTS of
discontinuous INNs with mixed time-varying delays. This is the first key
purpose.

On the other hand, some inconveniences can inevitably be
encountered in the mathematical modeling of practical problems, for
example, the uncertainty, the approximation and the vagueness. Fuzzy
logic systems can approximate any nonlinear functions. During the past
several years, based on the pioneer work of Yang and Yang [25] in 1996,
stability analysis of fuzzy neural networks with delays were extensively
considered by researchers; see [10-12, 18] and the references therein.
However, the best of authors knowledge, there is only few research that
investigated the fuzzy INNs (see [8, 24]), not only that the fuzzy inertial
Cohen-Grossberg neural networks. Still, the results established in [8,24]
are based on the delay-dependent criteria.

Thus, how to take the fuzzy logics into account and further derive some
new delay- dependent criteria to guarantee the FTS of DFICGNNs with
mixed time delays is the second key purpose.

Based on the pioneer works and addressed two key purposes mentioned
above, in this paper, we aim to investigate the FTS of DFICGNN;
with mixed time delays via discontinuous state-feedback controllers. Our
works mainly aim to put forward to some new delay-dependent criteria
for the proposed DFICGNNSs and put forward a new approach to further
study the dynamic behaviors of fuzzy INNs.
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1.2 Major contributions

In contrast to the previous works on the INN, the major contributions
of this paper are reflected in the subsequent key aspects:

e Taking the inertial items, fuzzy logics, CG terms, discontinuous
activations and discrete and distributed time-varying delays into
consideration, the consider mixed time- vary delayed DFICGNN
is a more general case compared to the continuous INNs without
fuzzy logics [13, 14] and the fuzzy INNs without mixed time-
varying delays [8, 24]

e A mixed-time-varying delayed feedback control law is designed,
which can help achieve FTS effectively. Compared with the
previous designed delayed feedback control, which can only cope
with the discrete delays and discrete time-varying delays, it takes
more advantages.

e Some new delay-dependent criteria, which possess less
conservativeness, are derived, which can further illustrate that the
delays can affect the FT'S of the neural system.

2 System description and preliminaries

2.1 System description

Consider the following DFICGNNs with mixed time delays:

T T

() = —a;()z; (1) — b; [\f._.J?;(fJJ [ki(f.,;ﬁ;(ﬂ) - Z"L‘,H{j - Zf:i_jff]_{]— {;J:_,-{f.}}
Ji=1 =1

— > hig (1) (i (L= 735(1)) — N Ty — /\ g0 (s (£ — 735(0)))
=1 i=1

=1
L

AV [ Ji(zs(s)) ds — \/ By (01 (5 (£ — 735(1)))
i=1

f f?-s_l'“-] i=l1

L J:.

n
— \\/ w;; (1) / Jila;(s))ds — v Siv — Lit)], {
i=1 85 (1) =

where ijc12 02 m.n>2 is the number of neurons in the network,
() denotes the state of the ith unit at time t, the second derivative
is called an inertial term of system (1). «() >0 are damping coefficient;
n() denotes an amplification function; #( is the behaved function;
e is the elements of feedback templates; #: is the elements of feed-
forward templates; @ rs and w. 5 are elements of fuzzy feedback MIN
template, fuzzy feedback MAX template, respectively; 7, and s, are fuzzy
feed-forward MIN template and fuzzy feed-forward MAX template,
respectively; A and v denote the fuzzy AND and fuzzy OR operations,
respectively; » and 7 denote input and bias of the jth and ith neuron,
respectively; s are the activation functions, which are assumed to be
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discontinuous; ;1 and s;(correspond to the discrete time-varying delay
and the distributed time-varying delay at time # satisfying o <~ < - and
0 < 6,;(1) < 5, Where ==maxicijcosuipes ()] and s = masicij<nsen 550, 7 and s are
nonnegative constants. Let¢ = max{r.s}.

The initial conditions of system (1) are

xi(s) = o7 (s), @i(s) =17 (s), se€[-&0].

(3;(1)

Yi(t)

Throughout the paper, we always use i.j < 1, unless otherwise stated.

Remark 1. The proposed neural system includes the inertial items,
fuzzy logics, CG terms, discontinuous activations and discrete and
distributed time-varying delays. Thus, the presented results are obtained
in a more general framework and are more practical than the
aforementioned previous results cited in the references such as [8, 13, 14,
24].

Design the following generalized variable transformation:

yi(t) = (1) + wizy(t),

where 1 and «: are positive constants. Then system (1) can be rewritten

as

=i(t) + wit),

a; (8)yi (t) + wi; ()i (8) — pabit, zi(t)) [ki (8, 2: (1))
Z: 1 dijv; Zlﬁ cij ( f)fJ(TJ(r)
Z: B () f; (IJ (f' 7i5(t)))

:'L L Liv; if\: p @i (t) fJ("' (t Tt'j{”))

}L 1 Pij(t) .f:_au () fj( s)) ds Vf 1 SijVj
o B () fi (25 (t “'u(f )

}b Lf“'ij(f') .J[;r,ﬁ_a”[f,} fj( )) Ii(”]:

where @) = a.(t) i/
The initial conditions of system (3) are

ri(s) = 07(s), wils) = jatF(s) + widf () £ QU(s). s € [~£.0]

Remark 2. Two tunable variables u.«: are introduced instead of
one variable to express the transformation. Currently, lots of previous
results for INNs are obtained based on variable transformation with
ui = loru; = w; = 1, In order to further reduce the conservativeness, as
verified in [8], two free-weight coeflicients 4.« can be introduced to the

transformation.

762



Fanchao Kong, et al. Finite-time stabilization of discontinnous fuzzy inertial Coben—Grossberg neural networks with mixed time-varying delay...

yi(t)

(3;(t)

Next, the controlled DFICGNNs are obtained as

Liri(t) + -uilt),
a; (B)yi(t) + wia; ()i (t) — pabi (¢, 2i(t)) [ki (8, 2:(2))

Z;t 1 iV ZTL L€ (8) £ (5 ))

Z;h ‘i?'-i;a'(i]fﬂ'('”:i(' Tu (t)))

i}\; iy "'\: p it fJ(r’ (f' 7ij(1)))
"z\j 1P3(t) ff.— (L) fi(zi(s)) ds V: 1 S
Vi1 Bii () fi (25 (¢ — 735(1)))

Vi wij(t) J“ 8:5(1) fJ(TJ(*’ )rls f)} ui(t),

where w() are the feedback control laws to be designed later.
Throughout this paper, we assume that the activation functions satisfy the
following conditions:

(A1) For each icLs:rr is piecewise continuous.

(A2) For each i €1, there exist nonnegative constants 4. 5 such that

SUP exin) (o) [vil < Aglwg| + B; forall z; € R.

Here x5t 2 0,0y o swarmwm denotes the closure of the convex hull
of set £ 4N denotes the Lebesgue measure of set n, and zw.0 is the open
ball with the center at « <R and the radius s ¢ k.

2.2 Basic definitions and lemmas

Notations. Let = be the space of real number, =, be the set of all
nonnegative real numbers and r-denote the z-dimensional Euclidean
space. Consider the column vectors « = (@y.2s...2)7 e B and ol = vaTs,
where the superscript 7 represents the transpose operator. A continuous
function »: R — r belongs to the class K if it is strictly increasing and
v0) = 0. (.2 denotes the space of all continuous functions « : [a.t] - & with
uniform norm ll¢l = sw.<.s 201, sgn (.) denote the sign function.

Define s+ = supien 7)1 5~ = ez 170, Where 7@ is a bounded and continuous
function. Let A be an open subset of c(-<.0.x") containing 0.

Definition 1. (See [16].) The origin of system (4) is finite-time stable,
where w0, if

(i) The origin of system (4) is stable;

(ii) The origin of system (4) is finite-time convergent, i.c., for any initial
state «() < 4, there exists o< 7(») < +~ such that every solution of system (1)
satisfies «(t.¢) =0 for all +>7¢).

The functional 7() = mi{7() > 0: #(.) = 0 v > 7)) s called the settling- time of
system.

Lemma 1. (See [16].) Let there exist a continuous function v: .+~ -,
and two functz'om v r of class K for the controlled system (4) such that

(1) V.00 = 0. v(llel) < Vt.2), £ € [0, +00);

(i) DV (t.2) < —r(V(t,2)) with [} dz/r(z) < +oo forall= > 0.z € A.
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Then system (4) is finite-time stable with a settling time satisfying the
inequﬂ[i;ty To(p) < ¥ ax/r(2) In pan‘imlﬂr, ifr(V) = A\VP, where A > 0, p € (0.1) then the
settling time satisfies the inequality.

V(0,9) | V1=p(0, )

dz /2P0,

To(p) < — =
r(z) Al —0p)

Lemma2. (See[S, Chain Rule].) Assume that v is C-regular (regular,
positive definite and radially unbounded) and ) is absolutely continnons
on any compact sub- interval of v.+x). Then vw) and () are differentiable
Sfor almost everywhere < (0.1), and avawya = i) for all < € ov(a(),

0

, where oV(x) = wlimg V) ox 0o ¢ N o ¢ 0. Here o crvxr s the set
ofpoints, V is not differentiable, and wcw <w is an arbitrary set with
measure zero.

Lemma 3. (See [26].) Suppose x and y are two states of system (1), then
the following inequalities hold:

i T T

N @ijgi(a;) = N @i ()| < laisl|gi (@) — g5(u5)].
j=1 j=1 j=1

i T T

V Bijgi(es) =\ Bizai(wi)| < D 1Bijllgi(x5) — 95(wi)|-
i=1 j=1 g=1

For the sake of convenience, we provide the following basic
assumptions:

(A3) For any i €1, there exists positive constant 5 such that »e.«.) <.

(A4) For each rcrk(.») is continuous, rwo-o and there exists a
continuous function A,() > 0 such that [k, (t, 2)| < Au(t)]], « € R.

(AS) The discrete time-varying delays -« are continuously
differentiable function and satisfy #;() # 1 forijer

(A6) The distributed time-varying delays s, are continuously
differentiable function for i.j e1.

3 Finite-time stabilization analysis

In this section, we will consider the finite-time stabilization for the

proposed DFICGNN:Es.
Design the following delayed feedback control law:

u;i(t) = sgn(yi(t)) (—)\,; — 0|z ()| — iz (t — 756 ()| =

t8;4(t)

o),
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where <10, and » are gain coeflicients to be determined.
Theorem 1. Suppose that assumptions (A1).(A6) are satisfied and the
Sfollowing assumption hold.

1 : Wi
lim sup{ p ?it-(t)} <0, ai(t) = a;(t) — —,
Ay

t—+o0 Hi

A-g liminf{ z\-,; | _H;EL‘J-&(T)‘ | ,uﬁz-z [B_}(|‘1‘I-j(t)‘ | ‘hz_j(f)‘

b e (0] + |Big (8)] + |wss (0)][8:5(2)] + [ i (8)][|0:5(2)])

E vl (i | + [155] 4 I%I)]} 0,

J

]imsup{ o; i I w-;lﬁ-a(t” b pib; Ay (1)

t—+o00 Hi

w. - oo (it
53 {”.jbj,cu|cﬁ(x)| . JJL_(?}') } |5j,-(x)|H <0,

Tji(@jz‘ (t)

t—+oo

]imsup{ | |hij (£)] + pabiA; (|hij (2] + e (2)] + |p’u(f)|)]} <0

t—+o0

Vi Z[
j=1

]imsup{ i + Z (130 A (| pji (0] + |wsi(D)]) + Sﬁ(i)]} < 0.
j=1

Then the closed-loop system (4) is FTS, and the settling-time satisfies
Ty = V(0)/4, A=minjer{A;}, Wh(iI'C

" ™ TL

VO = 3 (5O + O] + 303 / v (LS

i=1 i=1j=1_ ‘]'-""J("':'J ('

)3 [ / ) .

T.l_jlé[

Proof- Due to the presence of discontinuities in system (4), by using
set-valued map and differential inclusion theory, we have the following
differential inclusion system corresponding to systems (4):
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(#:(1) € “ri(t) + o-wilt),
Y (t) € —a;(t ):-;.i( )+ wid; ()ai (t) — pabi (8, 2:(8)) [k (2, 2:(2))
1 dijv Zn "%J(f)K[fJ](TJ( ))

L hij (OKf] (25t — 735(1)))

i'uf{a /\f Lo (O K] (5 (¢ — 7i5(1)))
L Pij L, 8ij R[fJ( i(s)) ds
1 S5V Vn Bii(t) K [fj](%( 'Tz'j(t)))
w0 S, o KL (5)) ds — L] + (o).

3w 28 2 :mg’] -

< << ==

i3

By the measurable selection lemma stated in [2], if oo is the
Filippov solutions of system (6), then there exists a measurable function
5 = () 5 [6roo) B, Where 50 € K70 such that

Bilt) = () + L),
¥i(t) a; ()i () + wias (8); (1) — pabi (8, 2:(8)) (ki (t, 2:(t))
Z; dijv; Z; 1 G5 ()5 (E)
Zn h!J( )'}j (t th{f))
1"\; 1 Lijv; AT p @i (8)7 ( Ti;(t))
f.\; 1 P (1) .1[‘:_5!.3 (f) i (s) ds V: 1 SV
V 1 Big (t)y ( TtJ(ﬂ)
\ V;L Vwig (8) [,y 13 (5) ds — Li(6)] + 7i(2)

hold for almost all ¢ € [&, +00), where uz(?‘) € Ku;(t)], Ku:(t)] = K[sgn(y:(t))]
(X — oai(t) — yala(t — 75:())] — m [,5 ) |va(5)| ds) and

{1}, x:(t) = 0,
K [sgn(yi(t))] [ 1,1], x;(t) = 0,
{—1}, =(t) < 0.

Consider the following Lyapunov-Krasovskii candidate functional:

TE T n hijfl_‘? .
VO = 3 ()] + ) + 303 / sy ()

)| ds
1— 755" (‘?))| o)
i=1j=1,_ () I g
T T
f ZZ / _/|TJ U |(lude
i=1g=1 ¢ ) t+s
where . is the inverse function of ¢ =+ -7
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It is easy to verify that vi #s C-regular. Calculating the time derivative
of vi along the trajectory of system (7), it follows from Lemma 2 and
assumption (AS) that

T

Vi) = ngn(;r:.;(.t)) [—Ear;{[} + %'Ui("):l

i=l1

+qun (i(1)) {—u!( Jyilt) + wiai(t)xi(t) — pibi (¢, z:(1))

=1

. {fw RRDED SRS WRUHORD SRS
/\ v — J\ (B (- /\ pij(t / vi(s)ds — \/ Sijv;
=1 j

L—di5(t) 7=l
L
- v -'-j'“ T” V U-’:u f (ﬂ) ds — II(“I}] +Ea(")}
L—dgi(t)
nwooon |h“ (:L'“ ) noon
- h;. £ —
P e S ol

L

Y0 / 0 1+zz[ 5(5) s

=1 j=I Lé[!] 1]_,:[5(}

T T

—ZZ / (t+ 8)| ds,

==l 4 (1)

which, together with (7), assumptions (A2)-(A4), Lemma 3, gives

V() < Z {i _Hi('t:]] |ya(1)] + Z{—fﬂ: - % + i@ (8)] + puabi Ai(1)

L
;‘l‘f‘

|Frji ‘:qe, (’)H
b Az e (1) | iy Pl (D) + |da( r}{”p.ﬁ(m

+ Z [
+ Z{—‘}'i + Z[—|f;.;j(£}| + pibi A ([hii (0)] + |ag; ()] + |Bi (0)])] }
:J'I;(.I'. — TJ#{!}”

B

+i{—)\;+;1ihi}ﬂ ()] + ,ul-hii[ﬁ_.,-( cij (O] + [hig (D] + | (B)] + |85 (1))
+ |wii (]85 (1) + | i (D] 055 (8)]) + 1wl (Idiz] + [ Tiz] + |Sz'_j|}]}
+ Z{_”f + Z [1ib; (0] + Jws(2)]) + r'ii_,-i(#,)]} f ;::.;(s)‘ ds.
i=1 J=1

L—d;;(t)

According to assumption (A6), we can have vo < -, where 4= wu.) and

767



A;

= A; —

— IH.;EJ,;Z [Hx(lr”ff” + |1irLH{|f}| + |f.tI'_-J;I:’|f,)| +

i=1

+ |wiz (£)]]0:5()| + |piz (1]
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jliEf}Iﬁ U:I‘

TL

Bi(t)]

8:5 (1)) + w1 (1dij| + T3] + [S:51)]-

Then there exists a constant 7" 7, - v(0)/a such that vy =o for all 1>z .
Therefore, according to Definition 1, system (1) is finite-time stabilizable
under the designed control law (5).

Remark 3. During the past several years, some delayed control laws
have been designed to help achieve FTS for the delayed neural networks
and INNs. But, compared with the previous delayed control laws, which
can only help achieve FTS for neural networks with discrete delays (see
[11]), the designed mixed time-varying delayed control law cannot only
cope with the discrete delays, but also the distributed delays. From this
point of view, the proposed control strategy is more generalized.

Remark 4. From Theorem 1 one can see that the FTS can achieve is
based on the derived delay-dependent criteria. This fact can further show
that the delays can affect the FT'S of INNSs. Thus, the established result in
this paper can include and extend the previous works on the INNs based
on the delay-independent criteria such as [20, 21].

Let 5,0 = 0.1, e 1 and consider the following DFICGNNs with discrete
time delays:

as (t)is(t) — bt 2(8)) {k( (1)) Zdw .:

T

> e (61 25(0) Zh—u(ﬂf.ﬁ(%(f 200))

J=1

T

/\ Tijv; /\ o () f (x5 (t = 735(2)))

j=1

v-*'g'ij(ﬂfj(mj(i Tij(t))) V*qij”j Iﬁ(t}]'
j=1 j=1

By using the variable transformation (2), set-valued map, differential
inclusion theory and measurable selection lemma, we can have the
following loop-closed system:
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(t) — —a(t) + ),

¥i (1) a; () (t) + wia; (t)z; () _t,[.ibz:(t,:x:i(t})[Fi:.;(t,:xzi(t})

4 Z L iy Z;‘ L € (8)4(2) Z;‘ lhz-j(t)‘}'j(t T,-j(t))
/\:L 1 Lijv; /\:L p @i ()7 (f Tij (f))

\ VJ 1 SijVj V;l L Bi(t) f.f( Tij(i)) fi(t)] b (t),

Where w.0) are the feedback control laws to be designed later.
Corollary 1. Suppose that assumptions (A1)—-(AS) are satisfied, and the
Sfollowing assumption hold:

1 .
lim sup {— Er..t-(t)} < 0,

t—+too Hi

ﬁ.i ]iminf{ jt,.' } .“.'.Bf,lff,(f)‘ | ‘UJ:'EI'Z [|Uj|(|di_j| } |S.5j| } "iiJl)

t——oo -
=1

B (Jess (0] + s (0)] + Joss (1) I.ff:-;s(f)\ﬂ} Y

t—+4o00 i

T ht "
Ry ))I)}g”’

j=1 1 TJ1 9’3:1(?)

limsup{ o; i | wg|6,'.;(t)| b eib; A (1) 4 Z;.ﬂjgﬂcﬁ(tﬂ.&
j=1

limsup{ ¥i Z[ |hj,-(t)| f }J,ijAgﬂhji(i” f |n;j,(f)| i |,i?jz-(t)|)]} < 0.

t—4oo F=1

Then the closed-loop system (9) is FTS via the following designed control

laws:
ui(t) = sgn(-yi(t))( — N\ — Et{qi(f){ — |:;:@-_ (f. — Tﬁ(t)) |)

Where i <13 5.7 are gain coefficients to be determined. Moreover, the
settling-time is estimated as follows: 7, -v0)/3 3 - wna(3) where

_ n R S N e
V(0) Z(|3:1‘((])| by (0)]) ZZ / %hj(eﬂde

i=1 1j=1__°
! ==l o

Proof. Consider the following Lyapunov—Krasovskii candidate
functional:

TL T

N n hij (M (s
V(1) Z(|Tl(f}| Flyi()]) 4 ZZ / | ) |z;(s)| ds

i=1 j=1 Ti5( %J ())

t—7y(L)
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where «' is the inverse function of ;) = ¢ - ;) Calculating the time
derivative of v along the trajectory of system (9), we can have

V(t) = isgn(.’rs(!) [——1‘ (t) _"h ] +qun (st {_Fii("}j"i("}

+ wiag ()x; (L) — g:b(!?(}}[ki(i,ﬁ:;(” Zd“y, Z(‘u )y; (1

=1

—Zhu(ih‘.i(f —73i(t)) — _/\Ts.:'fh /\ agj ()i (t — 7i;(1))
— \/ Vi \/ Bii Wy (t — 75(t)) — I r}l +u()}

i=1

T L

Ry (g i
ZZ |14 (:"; ) |_ZZ f.‘r” ||J . I}

al'JIl_TUE""Ulr} i=1 j=1

By using a similar method with that in Theorem 1, we get

T

f%{x}sézi—u }lm |+Z{_”__+w|” ()] + pabidi(t)

Jbi
Rl (1) .
+Z;;,E;J|;” )| A; +Z e ()}}|.,,(:,)|
2 2 AT b A (0] + |eg ()] + [85:(1)]) — [Rsa(8)]}
= Jt(f.—Tn[’f:]:]‘

+ Z{_)‘: + F‘i5i|-'~r } +J“théz |! |(|dtj| + |c-'u|+ |TH|)
i=1

a=l

Bj (e (1) + [Ri; (1)] +

t’ﬁt’ij“}| + |f“{r')|}:| }

From Assumption (A8) it follows that i s, where i- .3y and

J:i-.e_- = liminf{—j; + ,r[I-EI- Itl:lfj| -+ .HEE:' Z [|MI| “J”| + lc;ijl + |T”|}

+ Bj(Jeii (O] + [hij (0] + ais (D] + |8i5(1)])] }

Then there exists a constante 7 -voyz such that v-o for all />7.
Therefore, according to Definition 1, system (8) is finite-time stabilizable
under the designed control law (10).

The proof is completed.
For ijer, let =0 =0 and 50 =9, and further consider the following
DFICGNN:s:
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.'}::I'(III,} — —fLI'(l",};f:iI:ﬂjl — :!]1' [:i, .’i'.‘;{”} [Lt (ﬂ,.‘]:-;l[i:lj} — fo;_ﬂ/j
— Zrﬁij[ijj}- ) — /\ iV — A ;i (E) f; (:1:_.J-(|',})

=1 Ji=l J=1

—{/152_“ V () — Lt ‘

By using the variable transformation (2),set-valued map, differential
inclusion theory and measurable selection lemma, we can have the
following loop-closed system:

(@3(t) = —ix;(t) + —:;,(f

),
yi(l) = —ai(t)yi(t) + wiai(t)z:(1)
S i) [l (0) — S ds
- Z’J_I { )y J{} - !ﬁlll THVJ - a"'ll\fﬁ—l ¥ U}"" (£)
\ - V_” SijVi — V_:'tzl f E_:("I*]"-"_u'("'} — L1 ]] u; (1),

where w0 are the feedback control laws to be designed later.
Corollary 2. Suppose that assumptions (A1)-(A4) are satisfied and the
Sfollowing assumption hold:

1
limsup{— — ai(ﬂ}} < (),
oo | Hi

o

A = 1;,111,1333{_2" -+ ;11-5.;{[ } +4- Z,u fJ'T

"H ]|

I} =0

cji(t)] + |aga ()] + |_.-3¢_.J-I.(r-,}|}} <0

J.q-!j

+ g ()] +

Bi;(O]) + vl (i | + | T3] +

lim *-,lm{—ﬂr; - ;i + wi|a: ()] + pabi As(t)
A

L—r o 1

+ puibi Ay (

Then the closed-loop system (13) is FTS via the following designed control

laws:

i (t) = sgn(yi(1)) (— X — las(t)])
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Where icis.aas are gain coefficients to be determined. Moreover, the
settling-time is estimated as follows:

. '}- . n N TL
Ty I’g_), A= min{A}, V() > (i (0)| + |w:(0)])

i

Proof. Consider the following Lyapunov—Krasovskii candidate

functional:
V()= (|z:(t)| + |u:(0)])
i=1

Calculating the time derivative of v along the trajectory of system
(13), we can have

T T

V(o) = 3 senas(0) |- 250 + i) |_ngn(yf-.(r>){ (i1

L

7=1 i=1
i=1

J=1 =1 J=1

Fsgn(y: (1)) ( i oizi(t)) } )
By using a similar method with that in Theorem 1, we have

Vi) < {i ﬁz'(i)]hﬁ(fﬂ I Z{ 5 ;% b w;

1
f.lh i=1

a;(t)|

| }.Léﬁélﬂi(ij f “JEJ‘A’!UPJf(tH { |ﬂ‘ﬂ(f)| | |.’“(?j|)}|r¢(tj|

| Z{ :{;_ | ;,{-;_Ez'“i(i” } Z;J.-;B;_ [Bj{lr?.;j(t” | |(.'l:-;j(f)| } |ﬁij(?§)|)
i=1 i=1

| |”j|(|'fz'j| 2550 4 |St'j|):|}'

Then there exists a constant 7-v@a such that -0 for all >4
. 'Therefore, according to Definition 1, system (12) is finite-time
stabilizable under the designed control law (14).

Up to now, the proof is completed.

Remark S. From Theorem 1 and Corollaries 1-2 one can see that
the results on FTS of DFICGNNSs with mixed time-varying delays, with
discrete time delays and without time delays are established. If we make
some comparisons between Theorem 1 and Corollaries 1-2, there exist at
least three points need to be pointed.
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First, from the criteria derived in assumptions (A7), (A8) and (A9)
it follows that time-varying delays can affect the FTS of the considered
DFICGNN:S. That is to say, the delay-dependent criteria derived in
this paper can better illustrate the FTS of time- varying delayed INNs.
Thus, the delay-independent criteria derived in [8, 13, 19-21, 24] can be
extended. Second, compared with Theorem 1 and Corollary 1, we can
see that discrete time-varying delays can affect FTS of the considered
DFICGNN:S, but the distributed time-varying delays can also affect FT'S
of the considered DFICGNNSs. From this point of view, the result
established in Theorem 1 can extend some previous related works on
INNs and fuzzy neural networks without distributed time-varying delays
such as [20,21] and [8,11,24]. Lastly, the activation functions considered
in this paper are discontinuous, which are different from the continuous
activation functions studied in the previous INNs. Moreover, it is clear
to see that assumption (A2) can still hold when the activation functions
are continuous.

Remark 6. In contrast to the asymptotic convergence results in
[13], global exponential convergence results in [7,19,20] and Lagrange
exponential stability convergence results in [21], the finite time
convergence obtained in this paper can provide faster convergence speed.

4 Numerical examples and simulations

In this section, two numerical examples are given to verify the correctness
of the obtained results.

Example 1 [Example used to verify Theorem 1]. Consider the following
two-dimensional DFICGNN with discrete and distributed time-delays:

#i(t) ai(t)d;(t) — bi(t, zi(t)) \‘Ezq-(t,;r.;(t)) Z(‘I‘“'-J'UJ

T

1

=1

> e (z;(1)) Z i (£) f5 (25 (¢ — 735 (1))

i

T

N Tigvi = N\ s ()5 (25 (t — 735(2))
i=1

j

TL

1

=1
t

A pis(t) / fi(wj(s)) ds _\/""}fjﬁf)fj(?rj{* 7ij(1)))

t—d,;(t)
[

\/ wis (1) / f(zi()) ds = \] Siw; — Li(1)
i1 j=1

'r'_‘;ru (t)

Where ay(t) = 5.9+ L5cost, as(t) = 5.3 + 2.7cost, by(t,x) = 2+ 1/(2(1 + 22)),

bo(t, ) =24+ 1/(2(1+22)), k1 (t,z) = (1.5+0.3sint)x, ka(t,x) = (1.5+0.5cos t)z,
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[:f:‘:-f[:'r'})iEXE o
(h'i.:":"'})zx:z =

({‘1;_:- U'}):axﬁ -

0.7+ 0.2cost 0.9+ 0.6sin !
—2+05smt —1.854+0.5c0ost

—04+0.1sinf 0.7+ 0.3cost
—164+03cost 0.340.1sint

—24+0.6sinf —1.4+0.Tecost
—1.2+0).Bcost —1+0.3sint

—1+0.1sint —.o +0.2¢c0sl
(i (1)) 30 = ( )

('HE.I' ("'}]2}(2 o

(wi.f ("'}]2}(2 o

D8 +02¢e0sf —1.7+0.3sint

+03cost —1.9+0.2sint
?-I—IJZ’FU'-,J’ —1.5+0.5=nf

2+U£rm-,f —1.6+0.2sinf
A4+ O03cost —1.5+0.3sint

(di)axz = (Tij)axz = (Sij)axz = (% %), v1 = va = L Ii(t) = 5 + 3.5sint,
I(t) = 6.6— l4cosf 7ij(t ) = 0.5sint, 7 5(t N #1, 0i(t) = 0.4cost. t >0,i,j =1, 2.’1_hCn we haVC that

by = by = 5/2, 7 = 0.5, 7j(t) = 0.5cost # 1,5 = 04 and Ay(t) = 1.5 + 0.4sint, As(t) = 1+ 09cost.
Then assumptions (A3)—(A6) are all satlsﬁcd.
Define

05tanh>e — 0.1, x = (;
0.5 tanh = + 0.1, < (.

hHi(x) = fo(z) = {

It is easy to see that the activation function s are discontinuous and
nonmonotonic. The activation function s has a discontinuous point

=0, and @lLO)] = [0, £ (0)=[-01,0.1i=1,2. Thus assumptions (Al) and
(A2) all hold if 41 = 4= =0.5and 5 -5- = 0.1.
Furthermore, let = ps = 04w =wy =050 =9, do = 52,0, = 943,05 =

923,91 = 0.95. 75 = 08, m = 25, = 295 then it follows from straightforward
computation that assumption (A7) holds and 4, ~0.79 > 0. 4, ~ 1.59 > 0.

By using the generalized variable transformation v (t) = 04axi(t)/at + 0.52,(1),
system (15) can be rewritten as

dl..jirm = —g4zi(t) + gau(0),

At — G (0)ys(t) + 0.5a: (L) () — 0.4b; (b, 2 () [ka (£, 2:(1))
_Z_:'tzl d;jv; _Z:t IPH{”JFJ'( it )J
=i (O (5 (0 — 75 f))} A [
_A_:'tzl ‘:"ij{i}fj(”‘ ( TH )) ; l.nu ”ﬁ 85 (1) f:{ i(s )} ds
_VT ]{’HVJ —V L B (L {T (f 735 (1 })
_VJ L wij(E IIF i (f‘,wr-‘(“r }} ds — Li(t ]
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i} 0s
' — ¥y
B
1 05
If
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time: fime
Figure 1.

State trajectories of variables x;(2), x2(z) and y;(2), y2(2) of system (16)
with the initial condition (1,-2), (=2,1.5) and without controllers.

where ) = at) —w/m . Under the initial condition (i (s).ex(5) = (1. -2) and
(Wi02) = (-2.15). s < [-05.0], the state trajectories of variables «() = (:.().2:()” and
¥ o0 = ). of system (16) are shown in Fig, 1.

Design the following controlled DFICGNNSs:

(1) = —ghwa(t) + 5wt
3i (1) = —ai(L)yi(t) + 0.5a:(8)z: (L) — 0.4b; (L, 24(2)) [Fa (£, 2:(2))
=i dijvy = 300 e () fi(xi (L))
—Z;f:l h;_,-(t),f'j(:r ( Tu(f))) A 1 Tijv;
_lf\_:'t— “ff( i '(JLJ( TH }} -"\; 1:”1_;(” L fsu(,)f:( ( )) ds
- VT— SHUJ - V 3 ( )Jr:[: ( TIJ'U)))
— Vi wij(t L Seall) J'IJ(J (s)) ds — L()] + wi(t),

where delayed feedback control laws are designed as follows:

uy(t) = sgn(y (1)) [ —9 — 9.43|x,(1)|

:xl(f,—[l.ﬁsintﬂ — 2.5 / |;1:|[s]|cl.~;

L f].:'l cos L

— .95

ug(t) = sgn(yz(t)) [ —5.2 — 9.23|xo (1)
L

— 0.8]a2(t — 0.5sint)| — 2.95 / |w2(s)| ds

L T].:i cos L

Thus, the closed-loop system (16) is FT'S via delayed feedback control
laws (17) and the settling-time 7 ~13.035(+). This fact is shown by Fig. 2.
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u,fil
(43 —I'. i ar

3
—
0. 2

f ®
a3
1+ ll’lll
/ a4
15 -I|" a
I|
* 05 1 15 2 o8 s 1 15 2
time time:
Figure 2.

States trajectories x(2) and y(z) of system (17) via delayed feedback control laws (18).

Example 2 [Example used to verify Corollary 1]. Let 5,0 =0.1; <1, and
consider the following DFICGNNs with discrete time delays

Ei(t) = —ai(t)ii(t) — bi(t, (1 ){ (t,z;( Zd”u,

i=1

_Z(‘H () f5 (5(1)) — Zh” (1fi (5 (t = 755(1)))

i=1 =1
T T
— N\ Tijvi — N\ i () fi (25 (1 — 73;(1)))
=1 j=1
mn
=\ B (1) f (5 (1 — 735t V Sijvi — Ll ]
g=1 J=l1
WhCl‘C ay(t) = 5.6+ 2.Lcost, as(t) = 4.7+ 2.5sint, by(t,x) = 1+ 1/(3(1 + 22)),

bo(t,x) = 2+1/(2(1+22)), ky(t,2) = (L.5+0.3sint)z, ky(t, ) = (L.5+0.5cost)x ,

(ci.f I:"*})zxz -

1+0.2c0st .85+ 068t
—13+04sinf —044+02c0s!

—1+02sint  0.4+0.1cos r,)

(h-':-f“))zx:z - ( L.L1+0.5c0sf 0.240.1sint

—1.3+0.5s8int —L5+0.6cost
—1.9+04cosf —0.7+0.3sint

—2.4 + cost —1.8+0.3 sinr.)

(Bi5(1) 50 =

—1.8+03cosf —0.6+0.5sint

(dij)ax2 = (Tij)axa = (Sij)axz = (%' o%), 11 = va = L, I1(t) = 2 — L1sint,

I(t) = 6.6—Ldcost, 7;j(t) = 0.5sint, 73;(t) # 1. 855(t) = 0.4 cost.t > 0.7,j = 1,2, and the
discontinuous activation functions (). /%) are the same as those in
Example 1. Then
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Figure 3.

State trajectories of variables x;(2), x2() and y,(¢), y2(t) of system (20)
with the initial condition (1,-2), (=2,1.5) and without controllers.

we have that by =Dy = 4/3,7 = 05, 74;(t) = 0.5cost # 1, Ay(t) = 1.9+ 0.7sint. , Aa(t) = 2.5+ cost,
Then assumptions (A1)-(A2), (A3)-(AS) are all satisfied.

Furthermore, let = pp = 0.6, wy = wy = L8 A = 0.1, \y = 0.2, 5, = 7.58,
5> =96.% = 096.% = 0.s6. Then it follows from straightforward computation
that Assumption (A8) holds and 4, ~ 33> 0.4, ~ 4550,

By wusing the following generalized variable transformation
vi(t) = 0.6dz(t)dt + 1sr,(1, system (19) can be rewritten as

doot) L8, 4y 4 a=yi(l),

die T 0.6
Wt = (1) (1) + 18 (1) () — 0.6b (¢, x4(0)) [ (¢, 7:(0))
— i iy — 3 eii(t) fi(x4(L))

4
=i hi () fi (5 (1 — T:'.:'(U)}
— N1 Tijvg — Ny cai(0) i (2 (t —735(1)))
\ - Il‘!.l’,_?zt Sijvj — V;—] Bij (1) fi (i (t — mi5(t))) — Ii{"*)]-
where @) = wt) - v/ . Under the initial condition (). ¢:65)) = (-05,1 and
(U1 t) = (-2.15). s € [-0.5,0], the state trajectories of variables «() = (n().+.()" and
u(t) = (0.5:0))" of system (20) are shown in Fig. 3.
Design the following controlled DFICGNN:Ss:
(1) = —38a:(t) + e wi(t),

Gi(t) = —ai()yi(t) + 1.8ai()xi(t) — 0.6bi (1, 2i (1)) [K:i (£, z:(1))

) — i ffiji-'.f =i cij(t) fi(w5 (1))

=30 (O fi (5 (t — 735(8)))

- A_r Tijvj — -"\_?:1 i (1) [; [:'T'.r' {;’_ - Tij“]}}

— Vi Sivy — Vi By (0 (25 (t — 7:5(1))) — L(1)] + (),
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Figure 4.
States trajectories x(2) and y(z) of system (21) via delayed feedback control laws (22).

where delayed feedback control laws are designed as follows:

(1) = sgn(y () ( — 0.1 — 7.58}x, (£)] — 0.96|x, (1 — 0.5sint)]|),
(1) = sgn(y2(t)) ( — 0.2 — 9.6|x2(t)| — 0.86[2a(t — 0.5sint)|).

Thus, the closed-loop system (21) is FT'S via delayed feedback control
laws (22) and the settling-time 7 ~356(5). This fact is shown by Fig. 4.

Remark 7. Since the INNs considered in [7,13,20,21] or fuzzy INNs
considered in [8,24] are the special case of ours, so, the finite time
stability of their considered DFICGNNs can be obtained directly by
using Theorem 1 and Corollaries 1-2. Therefore, the established FTS
results in the paper are more inclusive and generalized.

Remark 8. Theorem 1 and Corollary 1 provide the delay-dependent
criteria ensuring the FTS of the considered DFICGNNs with discrete
and distributed time-delays. In sharp contrast to the delay-independent
criteria derived in the previous works concerning delayed INNS, the
delay-dependent criteria derived in the paper take more advantages.
Moreover, Examples 1 and 2 can illustrate the influence of time-varying
delays.

S Conclusion

In this paper, we have investigated the finite-time stabilization for a class
of discontinuous fuzzy inertial Cohen—Grossberg neural networks with
discrete and distributed time- delays. Based on a generalized variable
transformation including two tunable variables, differential inclusion
theory and by constructing a modified Lyapunov—Krasovskii candidate
functional concerning with the mixed delays, delay-dependent criteria
formulated by algebraic inequalities are derived to ensure the finite-time
stabilization for the addressed system via the designed delayed feedback
control law. Moreover, the settling time is estimated. Some related works
on inertial neural networks can be extended. Finally, two numerical
examples are carried out to verify the effectiveness of the established
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results. The results established derive less conservativeness and are more
inclusive.
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