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Abstract:
							                           
In this paper, we establish some point of [image: 694173115002_gi5.png]-coincidence and common [image: 694173115002_gi6.png]-fixed point results for two self-mappings defined on a metric space via extended [image: 694173115002_gi7.png]-simulation functions. By giving an example we show that the obtained results are a proper extension of several well-known results in the existing literature. As applications of our results, we deduce some results in partial metric spaces besides proving an existence and uniqueness result on the solution of system of integral equations.
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1 Introduction


In 2015, Khojasteh et al. [16] introduced the notion of simulation functions and employ it to unify several fixed point results in the existence literature including Banach contraction principle. Thereafter, several authors studied and extended this notion enlarging such class of auxiliary functions. In this regard, in 2017, Roldán and Samet [10] bring in the concept of an extended simulation function and proved some fixed point results utilizing there extended notion. One year later, Liu et al. [19] obtained a new generalization of simulation functions using the class of C-function (the class of C-functions initiated by Ansari [2] in 2014) called [image: 694173115002_gi8.png]
-simulation functions. In [31], the author successively extended the fixed point results from the metric setting to the partial metric setting. In [29], the ordered approach was involved to fixed point results. In [30], the author used the fixed point result to solve a first-order periodic differential problem.

Very recently, Chanda et al. [6] bring in the notion of extended [image: 694173115002_gi9.png]-simulation functions, which generalized several notions such as simulation functions, extended simula-tion functions and [image: 694173115002_gi10.png]-simulation functions. 

On the other hand, the notion of [image: 694173115002_gi11.png]fixed point (a fixed point that belongs to the zero set of a given function [image: 694173115002_gi12.png] was introduced by Jleli and Samet [12] to establish some φ-fixed point theorems on a metric space [image: 694173115002_gi13.png], which has been used to deduce some fixed point results on partial metric space
[image: 694173115002_gi14.png].

For more details, we refer the reader to [3, 7, 8, 11, 13–15, 17, 18, 20, 25–28] and references cited therein.

Motivated by the above research work, in this paper, we use the idea of extended [image: 694173115002_gi15.png]-simulation functions to study the existence and uniqueness of point of [image: 694173115002_gi16.png]coincidence and common [image: 694173115002_gi17.png]ﬁxed point for two self-mappings deﬁned on complete metric and partial metric spaces. The obtained results extend and generalize several results as shown in the following diagram:




[image: 694173115002_gf2.png]



Diagram















2 Preliminaries


With a view to have a self-contained presentation, we collect the relevant background material (basic notions, deﬁnitions, and fundamental results) starting with the deﬁnition of simulation functions, which runs as follows.


Deﬁnition 1. (See [16].) A simulation function is a mapping [image: 694173115002_gi18.png] satisfying the following conditions:




[image: 694173115002_gf3.png]











Roldan et al. [9] modiﬁed Deﬁnition 1 in order to enlarge the class of simulation functions by sharping the condition [image: 694173115002_gi19.png] as follows:


[image: 694173115002_gi20.png] are sequences in [image: 694173115002_gi21.png] such that [image: 694173115002_gi22.png] and [image: 694173115002_gi23.png], then [image: 694173115002_gi24.png].

Several examples of simulation functions can be found in [16]. Let us denote by [image: 694173115002_gi25.png] the class of all simulation functions.


Roldán and Samet [10] extended the notion of simulation functions as under.


Deﬁnition 2. (See [10].) Afunction [image: 694173115002_gi26.png] is said to be an extended simulation function if the following conditions hold:




[image: 694173115002_gf4.png]











Proposition 1. (See [10, Ex. 2.6].) Every simulation function is an extended simulation function, but the converse is not true in general.


For basic examples and more details about extended simulation functions, we refer the reader to [10]. The family of all extended simulation functions will be denoted by [image: 694173115002_gi27.png]. Ansari [2] introduced the family of C-class functions as below.


Deﬁnition 3. (See [2].) A continuous function [image: 694173115002_gi28.png] is said to be a C-class function if it satisﬁes the following conditions (for all [image: 694173115002_gi29.png]
):





	

[image: 694173115002_gi30.png]
,




	

[image: 694173115002_gi31.png]
implies that either [image: 694173115002_gi32.png]
 or 
[image: 694173115002_gi33.png]
.








The family of all C-class functions will be denoted by C.



Deﬁnition 4.
(See [19].) A function [image: 694173115002_gi34.png] has a property [image: 694173115002_gi35.png]
if there exists a constant [image: 694173115002_gi36.png] such that



(G1)

[image: 694173115002_gi37.png]
 implies 
[image: 694173115002_gi39.png]
,




(G2)

[image: 694173115002_gi38.png]
 for all 
[image: 694173115002_gi40.png]
.



Liu et al. [19] deﬁned [image: 694173115002_gi41.png]-simulation functions as follows.


Deﬁnition 5. (See [19].) A function
[image: 694173115002_gi42.png]
is said to be a [image: 694173115002_gi43.png]-simulation function if the following conditions are satisﬁed:




[image: 694173115002_gf5.png]










For basic examples of [image: 694173115002_gi44.png]-simulation functions, we refer the reader to [19]. Let us denote by [image: 694173115002_gi45.png] the family of all [image: 694173115002_gi46.png]-simulation functions.


Chanda et al. [6] extended the notion of [image: 694173115002_gi47.png]-simulation functions as under.


Deﬁnition 6. (See [6].) A function [image: 694173115002_gi48.png] is said to be an extended [image: 694173115002_gi49.png]-simulation function if the following conditions are hold:




[image: 694173115002_gf6.png]










Let us denote by [image: 694173115002_gi50.png] the family of all extended [image: 694173115002_gi51.png]-simulation functions.


Remark 1. Every simulation function, [image: 694173115002_gi52.png]-simulation function, an extended simulation function is an extended [image: 694173115002_gi53.png]
-simulation function (see [6, Props. 3.3, 3.4 and 3.5]). The converse is not true in general (see Example 1).

In support of Remark 1, the following example is given in [6].


Example 1. Let [image: 694173115002_gi54.png] be a function deﬁned by




[image: 694173115002_gf7.png]










For all [image: 694173115002_gi55.png]
, 
[image: 694173115002_gi56.png]
, and let [image: 694173115002_gi57.png]
with [image: 694173115002_gi58.png]. Then [image: 694173115002_gi59.png], but θ does not belong to [image: 694173115002_gi60.png], and [image: 694173115002_gi61.png].

In the present paper, [image: 694173115002_gi62.png] is a nonempty set, and the following notions are used:




	
Fix [image: 694173115002_gi63.png]
,




	

Pcoin 
[image: 694173115002_gi64.png],



	

Com 
[image: 694173115002_gi65.png]
,




	

[image: 694173115002_gi66.png]
, where 
[image: 694173115002_gi67.png]
 is a given function}.








Now, we present the notion of [image: 694173115002_gi68.png]ﬁxed point, which runs as follows.


Deﬁnition 7. (See [12].) Let T be a self-mapping on [image: 694173115002_gi69.png] and [image: 694173115002_gi70.png] a given function. An element [image: 694173115002_gi71.png]
is said to be [image: 694173115002_gi72.png]ﬁxed point of T if and only if it is a ﬁxed point of T and [image: 694173115002_gi73.png]
, that is, [image: 694173115002_gi74.png]
.


Let T and S be two self-mappings deﬁned on [image: 694173115002_gi75.png].




	

A sequence 
[image: 694173115002_gi76.png]
 is called a Picard–Jungck sequence of T and S based on 
[image: 694173115002_gi79.png]
 if  
[image: 694173115002_gi77.png]
 for all 
[image: 694173115002_gi78.png]
.




	

T and S are said to be weakly compatible if they are commute at their coincidence points, that is, 
[image: 694173115002_gi80.png]
 for all 
[image: 694173115002_gi81.png]
 such that 
[image: 694173115002_gi82.png]
.









Proposition 2. (See [1].) Let T and S be two weakly compatible self-mappings deﬁned on 
[image: 694173115002_gi83.png]
 If T and S have a unique point of coincidence u, then u is a unique common ﬁxed point of T and S.


Let [image: 694173115002_gi84.png]  be the set of all functions [image: 694173115002_gi85.png] satisfying the following conditions for all [image: 694173115002_gi86.png]:




	

(F1)
[image: 694173115002_gi87.png]
,




	

(F2)
[image: 694173115002_gi88.png],



	

(F3)
[image: 694173115002_gi89.png]
 is continuous.








The following functions [image: 694173115002_gi90.png] belong to
[image: 694173115002_gi91.png]
:





	1. 
						
[image: 694173115002_gi92.png]
,


	2. 
						
[image: 694173115002_gi93.png]
,


	3. 
						
[image: 694173115002_gi94.png]










3 Main results


At the beginning of this section, we deﬁne the notions of point of [image: 694173115002_gi96.png]coincidence and common [image: 694173115002_gi101.png]ﬁxed point of the self-mappings T and S deﬁned on a nonempty set [image: 694173115002_gi102.png].


Deﬁnition 8. Let S and T be two self-mapping on [image: 694173115002_gi103.png], and let [image: 694173115002_gi104.png] be a given function. An element z in [image: 694173115002_gi105.png] is said to be




	
point of [image: 694173115002_gi106.png]coincidence of T and S if and only if it is a point of coincidence of T and S and [image: 694173115002_gi108.png], that is, [image: 694173115002_gi109.png];



	
common [image: 694173115002_gi110.png]ﬁxed point of T and S if and only if it is a common ﬁxed point of T and S such that [image: 694173115002_gi112.png]that is, [image: 694173115002_gi113.png].







Now, we prove the following proposition.



Proposition 3

. Let T and S be two weakly compatible self-mappings deﬁned on 
[image: 694173115002_gi114.png]
. Suppose that T and S have unique point of 
[image: 694173115002_gi115.png]
coincidence u, then u is a unique common 
[image: 694173115002_gi116.png]
ﬁxed point of T and S.



Proof. Suppose that u is a unique point of [image: 694173115002_gi117.png]coincidence of the mappings T and S, that is, u is a unique point of coincidence of T and S with [image: 694173115002_gi118.png]. Then it follows from Proposition 2 that u is a unique common ﬁxed point of the mappings T and S and hence a unique common [image: 694173115002_gi119.png]ﬁxed point (as [image: 694173115002_gi120.png]).

Let [image: 694173115002_gi121.png] be a metric space. For a given three functions [image: 694173115002_gi122.png], and [image: 694173115002_gi123.png], we consider the self-mappings [image: 694173115002_gi124.png] that satisfy the following contractive condition:




[image: 694173115002_gf8.png]










for all [image: 694173115002_gi125.png] such that [image: 694173115002_gi126.png], where




[image: 694173115002_gf9.png]










Before formulating our main results, we prove some auxiliary results as under.



Lemma 1

. Let T and S be two self-mappings deﬁned on a metric space 
[image: 694173115002_gi127.png]
. Assume that there exist three functions 
[image: 694173115002_gi128.png]
, and 
[image: 694173115002_gi129.png]
 such that (1) holds. If  
[image: 694173115002_gi130.png]
 is aPicard–Jungck sequence of the pair 
[image: 694173115002_gi131.png]
 based on 
[image: 694173115002_gi132.png]
 such that  
[image: 694173115002_gi133.png]
 for all 
[image: 694173115002_gi134.png]
, then





	

[image: 694173115002_gi135.png],



	

[image: 694173115002_gi136.png]
 is a Cauchy sequence.









Proof. Let [image: 694173115002_gi137.png] be an arbitrary point and [image: 694173115002_gi138.png] be the Picard–Jungck sequence of the pair [image: 694173115002_gi139.png] based on [image: 694173115002_gi140.png], that is, [image: 694173115002_gi141.png] for all [image: 694173115002_gi142.png]. Assume that [image: 694173115002_gi143.png] for all [image: 694173115002_gi144.png].

(i) In view of (F1), we have




[image: 694173115002_gf10.png]










Now, we show that
[image: 694173115002_gi145.png]
. For simplicity, let [image: 694173115002_gi146.png]
, 
[image: 694173115002_gi147.png] for all [image: 694173115002_gi148.png]. Then




[image: 694173115002_gf11.png]










Setting [image: 694173115002_gi149.png] and [image: 694173115002_gi150.png] for all [image: 694173115002_gi151.png] in (1) and utilizing (θ1), we get




[image: 694173115002_gf12.png]










which follows from (G1) that [image: 694173115002_gi152.png], that is, [image: 694173115002_gi153.png]
. for all [image: 694173115002_gi154.png]. This implies that the sequence of real numbers [image: 694173115002_gi155.png] is decreasing and bounded below by zero. Therefore, there exists [image: 694173115002_gi156.png] such that




[image: 694173115002_gf13.png]










Our claim is [image: 694173115002_gi157.png]. On the contrary, suppose that [image: 694173115002_gi158.png] and consider two sequences




[image: 694173115002_gf14.png]










and




[image: 694173115002_gf15.png]










for all [image: 694173115002_gi159.png]
. Then [image: 694173115002_gi160.png]. As [image: 694173115002_gi161.png] is strictly decreasing, then [image: 694173115002_gi162.png] for all [image: 694173115002_gi163.png], and hence, condition (θ2) implies that




[image: 694173115002_gf16.png]










which is a contradiction. So, we conclude that




[image: 694173115002_gf17.png]










Using condition (F1), we have




[image: 694173115002_gf18.png]










and




[image: 694173115002_gf19.png]










Letting
[image: 694173115002_gi164.png]
in the above two inequalities and using (2), we deduce that




[image: 694173115002_gf20.png]










(ii) Let us assume that the sequence [image: 694173115002_gi165.png]is not Cauchy. Then (due to Lemma 13 of [5]) there exist [image: 694173115002_gi166.png] and two subsequences [image: 694173115002_gi167.png] and [image: 694173115002_gi168.png] of [image: 694173115002_gi169.png] with [image: 694173115002_gi170.png] for all [image: 694173115002_gi171.png] such that




[image: 694173115002_gf21.png]










with 




[image: 694173115002_gf22.png]










Let[image: 694173115002_gi2.png] for all [image: 694173115002_gi172.png]
. Using (3),(4),(F2),part (i) of Lemma 1 and the continuity of [image: 694173115002_gi173.png], one easily can show that




[image: 694173115002_gf23.png]










Making use of (F1), we have




[image: 694173115002_gf24.png]










for all [image: 694173115002_gi174.png]. Applying (θ2), we obtain




[image: 694173115002_gf25.png]










which is a contradiction. Hence, we must have that [image: 694173115002_gi175.png] is a Cauchy sequence.


Lemma 2. Let T and S be two self-mappings deﬁned on a metric space 
[image: 694173115002_gi176.png]
. Assume that there exist three functions 
[image: 694173115002_gi177.png]
, and 
[image: 694173115002_gi178.png]
such that (1) holds. Then the point of 
[image: 694173115002_gi179.png]
coincidence of T and S is unique, provided it exists.



Proof. For the seek of contradiction, we suppose that T and S have two distinct points of [image: 694173115002_gi180.png]coincidence u and v, that is, [image: 694173115002_gi181.png] for some [image: 694173115002_gi182.png] and [image: 694173115002_gi183.png]
. In view of (F2), we have




[image: 694173115002_gf26.png]










Again, in view of (F2), we also have [image: 694173115002_gi184.png] in, fact.




[image: 694173115002_gf27.png]










Setting [image: 694173115002_gi185.png] and [image: 694173115002_gi186.png] in (1) and utilizing (θ1) and (G2), we get




[image: 694173115002_gf28.png]










which is a contradiction. Hence, the point of
[image: 694173115002_gi187.png]coincidence of T and S is unique.

Now, we are equipped to state and prove our main results starting with the following one.


Theorem 1.
 Let T and S bet wo self-mappings deﬁned on a metric space 
[image: 694173115002_gi189.png]
. Suppose that there exists a Picard–Jungck sequence 
[image: 694173115002_gi190.png]
 of T and S, and the following conditions are satisﬁed:





	

there exist 
[image: 694173115002_gi191.png]
 and a lower semicontinuous function 
[image: 694173115002_gi192.png]
 such that (1) holds,




	

[image: 694173115002_gi193.png]
 (or 
[image: 694173115002_gi194.png]
) is complete.









Then





	

Pcoin 
[image: 694173115002_gi195.png]
, and the pair 
[image: 694173115002_gi197.png]
 has a unique point of 
[image: 694173115002_gi198.png]
coincidence.




	

Com 
[image: 694173115002_gi196.png]
. Moreover, if 
[image: 694173115002_gi199.png]
 is weakly compatible pair, then it has a unique common 
[image: 694173115002_gi200.png]
ﬁxed point.









Proof. (a) Firstly, we show that Pcoin 
[image: 694173115002_gi201.png]
. To do so, let 
[image: 694173115002_gi202.png]
 Pcoin 
[image: 694173115002_gi203.png]
, that is, 
[image: 694173115002_gi204.png]
 for some 
[image: 694173115002_gi205.png]
. Since





[image: 694173115002_gf29.png]










therefore, on using (1) with [image: 694173115002_gi206.png]
, we get




[image: 694173115002_gf30.png]










Now, we claim that [image: 694173115002_gi207.png]
. On contrary, let [image: 694173115002_gi208.png]. In view of (5), (θ1), and (G2), we have




[image: 694173115002_gf31.png]










a contradiction. Therefore, we must have [image: 694173115002_gi209.png]. Now, employing (F1), we obtain




[image: 694173115002_gf32.png]










which implies that [image: 694173115002_gi210.png], and hence, Pcoin 
[image: 694173115002_gi211.png]
.


Secondly, we show that T and S have a point of [image: 694173115002_gi212.png]coincidence. Let [image: 694173115002_gi213.png]
be an arbitrary point, and let [image: 694173115002_gi214.png] be the Picard–Jungck sequence of T and S based at [image: 694173115002_gi216.png], that is, [image: 694173115002_gi217.png] for all [image: 694173115002_gi218.png]. If [image: 694173115002_gi219.png]
for some [image: 694173115002_gi220.png], then [image: 694173115002_gi221.png]
is a coincidence point of T and S. Therefore, T and S have a point of coincidence and hence a point of [image: 694173115002_gi222.png]coincidence (as Pcoin 
[image: 694173115002_gi223.png]
), which is unique (due to Lemma 2). Now, suppose that [image: 694173115002_gi224.png] for all [image: 694173115002_gi225.png]. Then by Lemma 1, the sequence [image: 694173115002_gi226.png] is Cauchy. Assume that [image: 694173115002_gi227.png] is complete, then there exists
[image: 694173115002_gi228.png]
[image: 694173115002_gi229.png] (for some [image: 694173115002_gi230.png]) such that




[image: 694173115002_gf33.png]










Since [image: 694173115002_gi231.png] is lower semicontinuous, therefore, in view of (6) and part (i) of Lemma 1, we have




[image: 694173115002_gf34.png]










which implies that




[image: 694173115002_gf35.png]










Now we prove that u is appoint of [image: 694173115002_gi232.png]coincidence. On contrary, assume that u is not a point of [image: 694173115002_gi233.png]coincidence for [image: 694173115002_gi234.png]. We distinguish the following two cases:


Case 1. Assume that [image: 694173115002_gi235.png]
 for all 
[image: 694173115002_gi236.png]
. Let 
[image: 694173115002_gi237.png]
 and 
[image: 694173115002_gi238.png]
 for all 
[image: 694173115002_gi243.png]
. Then, in view of (F1), we have




[image: 694173115002_gf36.png]










Using the continuity of [image: 694173115002_gi240.png], (6), and part (i) of Lemma 1, we have




[image: 694173115002_gf37.png]










Observe that




[image: 694173115002_gf38.png]










Owing to the continuity of
[image: 694173115002_gi241.png], we get




[image: 694173115002_gf39.png]










As a consequence, we can ﬁnd [image: 694173115002_gi242.png] such that




[image: 694173115002_gf40.png]










Therefore, using (1), (9), and ( θ3), we obtain (for all [image: 694173115002_gi244.png] with [image: 694173115002_gi245.png]





[image: 694173115002_gf41.png]










which contradicts (8). Therefore, u must be a point of [image: 694173115002_gi246.png]coincidence of the pair [image: 694173115002_gi247.png].


Case 2. Assume that [image: 694173115002_gi248.png]
. This assumption contradicts Eq. (7). Therefore,again u must be a point of [image: 694173115002_gi250.png]coincidence of the pair [image: 694173115002_gi251.png].

Similarly, if we assume that [image: 694173115002_gi252.png] is complete, then we again reach to a contradiction. Therefore, these contradictions in all cases show that u is a point of [image: 694173115002_gi253.png]coincidence of T and S, which is unique (due to Lemma 2).

(b) Following a similar argument used in part (a), one can easily prove that Com [image: 694173115002_gi254.png]
. Now, as T and S are weakly compatible mappings, in view of Lemma 2 and Proposition 3, the mappings T and S have a unique common [image: 694173115002_gi255.png]ﬁxed point. This completes the proof.

For a given three functions [image: 694173115002_gi256.png], and [image: 694173115002_gi257.png]
, let the contractive condition (1) in Theorem 1 be replaced by the following one:




[image: 694173115002_gf42.png]










for all [image: 694173115002_gi258.png]
such that [image: 694173115002_gi259.png]
. Then the proof of the following theorem is similar and much easier than that in the proof of Theorem 1, so the proof is omitted. Notice that there is no direct relation between these theorems as the extended [image: 694173115002_gi260.png]-simulation function need not be monotone in its second argument.


Theorem 2. Let T and S be two self-mappings deﬁned on a metric space 
[image: 694173115002_gi261.png]
. Assume that there exists a Picard–Jungck sequence 
[image: 694173115002_gi262.png]
 of T and S, and the following conditions are satisﬁed:





	

there exist 
[image: 694173115002_gi263.png]
 and a lower semicontinuous function 
[image: 694173115002_gi264.png]
 such that (10) holds,




	

[image: 694173115002_gi265.png] (or [image: 694173115002_gi266.png]) is complete.








Then





	

Pcoin 
[image: 694173115002_gi267.png]
, and the pair 
[image: 694173115002_gi268.png]
 has a unique point of 
[image: 694173115002_gi269.png]
coincidence.




	

Com 
[image: 694173115002_gi270.png]
. Moreover, if 
[image: 694173115002_gi271.png]
 is weakly compatible pair, then it has a unique common 
[image: 694173115002_gi272.png]
ﬁxed point.









The following example shows that Theorem 1 is a genuine extension of [24,Thm.2.2] and [10, Thm. 3.1].



Example 2. Consider the metric space [image: 694173115002_gi273.png], where [image: 694173115002_gi274.png] is the space of all bounded sequences of complex numbers, and d is deﬁned by




[image: 694173115002_gf43.png]










Let [image: 694173115002_gi275.png]
,where [image: 694173115002_gi276.png] is the zero sequence, and [image: 694173115002_gi277.png] is the sequence whose ith term equals to 4 and all other terms are zeros. It is clear that the pair [image: 694173115002_gi278.png] is a complete metric space. Deﬁne two mappings [image: 694173115002_gi279.png] by




[image: 694173115002_gf44.png]










First, we show that [24, Thm. 2.3] is not applicable in this example. In fact, on contrary, assume that there exists [image: 694173115002_gi280.png]
. such that [image: 694173115002_gi281.png]
for all [image: 694173115002_gi282.png] such that [image: 694173115002_gi283.png] with [image: 694173115002_gi284.png]
. Then, taking [image: 694173115002_gi285.png] and using [image: 694173115002_gi286.png] and (G2), we obtain




[image: 694173115002_gf45.png]










which is a contradiction. This contradiction ensures that there is no [image: 694173115002_gi287.png] such that [image: 694173115002_gi288.png]. Therefore, [24, Thm. 2.3] is not applicable. Now, to show the applicability of Theorem 1, we deﬁne two essential functions[image: 694173115002_gi289.png]
: 
[image: 694173115002_gi290.png]
 and 
[image: 694173115002_gi291.png] by




[image: 694173115002_gf46.png]










It is easy to see that [image: 694173115002_gi292.png], and φ is a lower semicontinuous function. Now, consider the extended [image: 694173115002_gi294.png]-simulation function [image: 694173115002_gi293.png] given by




[image: 694173115002_gf47.png]










We have to prove that the contractive condition (1) holds for all [image: 694173115002_gi295.png] such that [image: 694173115002_gi296.png]. For this purpose, we consider three cases:


Case 1. If [image: 694173115002_gi297.png] and [image: 694173115002_gi298.png], then [image: 694173115002_gi299.png] and [image: 694173115002_gi300.png], and hence, we have




[image: 694173115002_gf48.png]











Case 2. If [image: 694173115002_gi301.png] and [image: 694173115002_gi302.png]
, then [image: 694173115002_gi303.png]
[image: 694173115002_gi304.png] and [image: 694173115002_gi305.png], and hence, we have




[image: 694173115002_gf49.png]











Case 3. If [image: 694173115002_gi306.png]
, then [image: 694173115002_gi307.png] and [image: 694173115002_gi308.png]
, and hence, we have




[image: 694173115002_gf50.png]










Therefore, in all cases, the contractive condition (1) is satisfied. Also, observe that T and S are weakly compatible and TX is complete subspace of [image: 694173115002_gi309.png]. Hence, all the hypotheses of Theorem 1 are satisfied, and consequently, the mappings . and . have a unique common fixed point (namely, [image: 694173115002_gi310.png]).

As consequences of our newly proved results, we deduce several corollaries, which can be viewed as generalizations of various results in the existing literature. Putting [image: 694173115002_gi311.png]
, the identity mapping on
[image: 694173115002_gi312.png], in Theorems 1 and 2 and taking to the account that every [image: 694173115002_gi313.png]-simulation function is an extended [image: 694173115002_gi314.png]-simulation function, we deduce the following two corollaries, which seem to be new to the existing literature.


Corollary 1.
Let T be a self-mapping deﬁned on a metric space 
[image: 694173115002_gi315.png]
. Suppose that there exist 
[image: 694173115002_gi316.png]
, and a lower semicontinuous function 
[image: 694173115002_gi317.png]
 such that
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where




[image: 694173115002_gf52.png]











Then 
[image: 694173115002_gi318.png]
 and T has a unique 
[image: 694173115002_gi319.png]
ﬁxed point.



Corollary 2.
Let T be a self-mapping on a metric space 
[image: 694173115002_gi320.png]
. Suppose that there exist 
[image: 694173115002_gi321.png]
, and a lower semicontinuous function 
[image: 694173115002_gi322.png]
 such that





[image: 694173115002_gf53.png]











Then 
[image: 694173115002_gi323.png]
, and T has a unique 
[image: 694173115002_gi324.png]
ﬁxed point.


Since every simulation function (also, extended simulation function) is an extended [image: 694173115002_gi325.png]-simulation function, then from Theorems 1 and 2 we deduce the following two corollaries, which also seem to be new to the existing literature.


Corollary 3.
Let T and S be two self-mappings deﬁned on a metric space 
[image: 694173115002_gi326.png]
. Assume that there exists a Picard–Jungck sequence 
[image: 694173115002_gi327.png]
of T and S, and the following conditions are satisﬁed:




 (i) there exist 
[image: 694173115002_gi328.png]
 and a lower semicontinuous function 
[image: 694173115002_gi329.png]
 such that 
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where




[image: 694173115002_gf55.png]











(ii)
[image: 694173115002_gi330.png]
 (or 
[image: 694173115002_gi331.png]
 is complete.


Then




	
Pcoin [image: 694173115002_gi332.png], and the pair [image: 694173115002_gi333.png] has a unique point of [image: 694173115002_gi335.png]coincidence.



	
Com [image: 694173115002_gi336.png]. Moreover, if
[image: 694173115002_gi337.png] is weakly compatible pair, then it has a unique common [image: 694173115002_gi338.png]ﬁxed point.








Corollary 4. Let T and S be two self-mappings deﬁned on a metrics pace 
[image: 694173115002_gi340.png]
. Assume that there exists a Picard–Jungck sequence 
[image: 694173115002_gi341.png]
 of T and S, and the following conditions are satisﬁed:



(i)
there exist 
[image: 694173115002_gi342.png]
, and a lower semicontinuous function 
[image: 694173115002_gi343.png]
such that





[image: 694173115002_gf56.png]











(ii)
[image: 694173115002_gi344.png]
 (or 
[image: 694173115002_gi345.png]
) is complete.


Then




	

Pcoin 
[image: 694173115002_gi346.png]
, and the pair 
[image: 694173115002_gi348.png]
 has a unique point of  
[image: 694173115002_gi350.png]
coincidence.




	

Com 
[image: 694173115002_gi347.png]
. Moreover, if  
[image: 694173115002_gi349.png]
 is weakly compatible pair, then it has a unique common 
[image: 694173115002_gi351.png]
ﬁxed point.












4 Applications


In this section, we employ our main results obtained in metric spaces (Theorems1 and 2) to deduce some related results in partial metric spaces besides proving an existence and uniqueness result on the solution of system of functional equations.



4.1 Application to partial metric spaces


In 1994, Matthews [21] introduced the notion of partial metric spaces as below.


Deﬁnition 9. (See [21].) Let [image: 694173115002_gi352.png] be a nonempty set. A partial metric is a mapping [image: 694173115002_gi353.png]
[image: 694173115002_gi354.png] satisfying the following conditions:


(P1)
[image: 694173115002_gi355.png]



(P2)
[image: 694173115002_gi356.png]



(P3)
[image: 694173115002_gi357.png]



(P4)
[image: 694173115002_gi358.png]


for all [image: 694173115002_gi359.png]. The pair [image: 694173115002_gi360.png] is called a partial metric space.

Observe that, in the setting of partial metric spaces, the distance from a point to itself need not to be zero.

In the following deﬁnition, we present some well-known basic notions related to partial metric spaces.


Deﬁnition10. (See [21].) Let [image: 694173115002_gi361.png] be a partial metric space.




	

A sequence 
[image: 694173115002_gi362.png]
 in X is called convergent and converges to x in 
[image: 694173115002_gi363.png]
 if 
[image: 694173115002_gi364.png]

[image: 694173115002_gi365.png]
.




	

A sequence {
[image: 694173115002_gi366.png]
 is said to be a Cauchy sequence if  
[image: 694173115002_gi367.png]
 exists and is ﬁnite.




	

A partial metric space 
[image: 694173115002_gi368.png]
 is called a complete partial metric space if every Cauchy sequence in 
[image: 694173115002_gi369.png]
 converges to appoint x in 
[image: 694173115002_gi370.png]
 such that 
[image: 694173115002_gi371.png]
.








For a partial metric p on a nonempty set [image: 694173115002_gi372.png], the function [image: 694173115002_gi373.png] given by




[image: 694173115002_gf57.png]










remains a standard metric on [image: 694173115002_gi374.png].


Lemma 3. (see [21,23].) Let 
[image: 694173115002_gi375.png]
 be a partial metric space. Then





	

[image: 694173115002_gi376.png] is a Cauchy sequence in [image: 694173115002_gi377.png] if and only if
[image: 694173115002_gi378.png] is a Cauchy sequence in the metric space [image: 694173115002_gi379.png].



	
If the metric space [image: 694173115002_gi380.png] is complete, then the partial metric space [image: 694173115002_gi381.png] is also complete and vice versa. Furthermore, [image: 694173115002_gi382.png] if and only if [image: 694173115002_gi383.png].









Lemma 4.

 (see [22].) Let 
[image: 694173115002_gi384.png]
 be a partial metric space, and let 
[image: 694173115002_gi385.png]
 a function deﬁned by 
[image: 694173115002_gi386.png]
 for all 
[image: 694173115002_gi387.png]
. Then 
[image: 694173115002_gi388.png]
 is lower semicontinuous in 
[image: 694173115002_gi389.png]
.


From Theorem 1 we deduce the following ﬁxed point result in the setting of partial metric spaces.


Theorem 3. Let T and S be two self-mappings deﬁned on a partial metric space 
[image: 694173115002_gi390.png]
. Assume that there exists a Picard–Jungck sequence 
[image: 694173115002_gi391.png]
 of T and S, and the following conditions are satisﬁed:





	

there exists a function 
[image: 694173115002_gi392.png]
 such that




	

[image: 694173115002_gi393.png]
 (or 
[image: 694173115002_gi394.png]
) is complete.











[image: 694173115002_gf81.png]











Then T and S have a unique point of coincidence u. Moreover, if T and S are weakly compatible, then u is a unique common ﬁxed point with 
[image: 694173115002_gi395.png]
.



Proof. Consider the metric
[image: 694173115002_gi396.png] on
[image: 694173115002_gi397.png] deﬁned as




[image: 694173115002_gf60.png]










where [image: 694173115002_gi398.png] is given in (11). Due to Lemma 3, [image: 694173115002_gi399.png] forms a complete metric space. Deﬁne two functions [image: 694173115002_gi400.png] and [image: 694173115002_gi401.png] by




[image: 694173115002_gf61.png]










Observe that [image: 694173115002_gi402.png] is lower semicontinuous (due to Lemma 4) and [image: 694173115002_gi403.png]. Now, using (13) and (14) in (12), we get




[image: 694173115002_gf62.png]










where




[image: 694173115002_gf63.png]










Therefore, all the hypotheses of Theorem 1 are satisﬁed, and hence, the result follows, which completes the proof.

Similarly, from Theorem 2 we deduce the following related result in partial metric spaces.


Theorem 4.
Let T and S be two self-mappings deﬁned on partial metric space 
[image: 694173115002_gi404.png]
. Assume that there exists a Picard–Jungck sequence 
[image: 694173115002_gi405.png]
 of T and S, and the following conditions are satisﬁed:





	

there exists a function 
[image: 694173115002_gi406.png]
 such that




	

[image: 694173115002_gi407.png]
 (or 
[image: 694173115002_gi408.png]
) is complete.











[image: 694173115002_gf80.png]











Then T and S have a unique point of coincidence u. Moreover, if T and S are weakly compatible, then u is a unique common ﬁxed point with 
[image: 694173115002_gi409.png]
.



Proof. The proof follows on the similar lines of proof of Theorem 3.


Taking 
[image: 694173115002_gi410.png], the identity mapping on [image: 694173115002_gi411.png], in Theorems 3 and 4 and taking to the account that every [image: 694173115002_gi412.png]-simulation function is an extended [image: 694173115002_gi413.png]-simulation function, we deduce the following two corollaries, which seem to be new to the existing literature.


Corollary 5. Let T be a self-mapping deﬁned on a partial metric space 
[image: 694173115002_gi414.png]
. Suppose that there exists 
[image: 694173115002_gi415.png]
 such that





[image: 694173115002_gf65.png]










Then T has a unique ﬁxed point u with [image: 694173115002_gi416.png].


Corollary 6.
Let T be a self-mapping deﬁned on a partial metric space 
[image: 694173115002_gi417.png]
. Suppose that there exists 
[image: 694173115002_gi418.png]
 such that





[image: 694173115002_gf66.png]










Then T has a unique ﬁxed point u with [image: 694173115002_gi419.png].





4.2 Application to system of integral equations


In this section, to highlight the applicability of Theorem 2, we investigated the existence and uniqueness of a common solution of the following system of integral equations:




[image: 694173115002_gf67.png]










where [image: 694173115002_gi420.png] are given functions. Let [image: 694173115002_gi421.png] denotes the set of all real valued continuous functions deﬁned on [0,1].

For any arbitrary [image: 694173115002_gi422.png], deﬁne a norm [image: 694173115002_gi3.png]. Let [image: 694173115002_gi423.png] be endowed with the metric




[image: 694173115002_gf68.png]










Then [image: 694173115002_gi4.png] is a Banach space.

Now, we are equipped to state and prove our result in this section as under.


Theorem 5. Consider the system of Eqs.(15) and (16). Assume that the following conditions are satisﬁed:





	

[image: 694173115002_gi424.png]
 and g are continuous functions,




	

[image: 694173115002_gi425.png]
 are two mappings deﬁned by











[image: 694173115002_gf69.png]











with the property that 
[image: 694173115002_gi426.png]
 for all 
[image: 694173115002_gi427.png]
 such that 
[image: 694173115002_gi428.png]
, 





	

for all 
[image: 694173115002_gi429.png]
 and 
[image: 694173115002_gi430.png]
, we have











[image: 694173115002_gf70.png]











Then the system of the integral equations (15) and (16) have a unique common solution.



Proof. For all [image: 694173115002_gi431.png], we have
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which on taking supremum leads to
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or




[image: 694173115002_gf73.png]










Now, we deﬁne two essential functions [image: 694173115002_gi432.png] and [image: 694173115002_gi433.png] as
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and




[image: 694173115002_gf75.png]










Hence, the above inequality can be written as




[image: 694173115002_gf76.png]










Thus, the contractive condition (10) is satisﬁed with [image: 694173115002_gi434.png] and [image: 694173115002_gi435.png]. Therefore, all the hypotheses of Theorem 2 are satisﬁed. Hence, the result is established.
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