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Abstract: In this paper, we establish some point of ¢-coincidence and common «-fixed
point results for two self-mappings defined on a metric space via extended ce-simulation
functions. By giving an example we show that the obtained results are a proper extension
of several well-known results in the existing literature. As applications of our results, we
deduce some results in partial metric spaces besides proving an existence and uniqueness
result on the solution of system of integral equations.

Keywords: point of ¢-coincidence, common ¢-fixed point, extended C¢ —simulation

functions, metric space, partial metric space.
1 Introduction

In 2015, Khojasteh et al. [16] introduced the notion of simulation
functions and employ it to unify several fixed point results in the existence
literature including Banach contraction principle. Thereafter, several
authors studied and extended this notion enlarging such class of auxiliary
functions. In this regard, in 2017, Rold4n and Samet [10] bring in the
concept of an extended simulation function and proved some fixed point
results utilizing there extended notion. One year later, Liu et al. [19]
obtained a new generalization of simulation functions using the class of
C-function (the class of C-functions initiated by Ansari [2] in 2014)
called ¢ -simulation functions. In [31], the author successively extended
the fixed point results from the metric setting to the partial metric setting,
In [29], the ordered approach was involved to fixed point results. In
[30], the author used the fixed point result to solve a first-order periodic
differential problem.

Very recently, Chanda et al. [6] bring in the notion of extended
c-simulation functions, which generalized several notions such as
simulation functions, extended simula-tion functions and c:-simulation
functions.

On the other hand, the notion of +fixed point (a fixed point that
belongs to the zero set of a given function »: x - .) was introduced by Jleli
and Samet [12] to establish some ¢-fixed point theorems on a metric space
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(x.a, which has been used to deduce some fixed point results on partial
metric space (x.»).

For more details, we refer the reader to [3,7, 8, 11, 13-15, 17, 18, 20,
25-28] and references cited therein.

Motivated by the above research work, in this paper, we use the idea of
extended c-simulation functions to study the existence and uniqueness
of point of »coincidence and common «fixed point for two self-mappings
defined on complete metric and partial metric spaces. The obtained
results extend and generalize several results as shown in the following
diagram:

reduce - rediuce ;
Our Result - ‘ Radenovié ct al. |24] ‘ — ‘ Khojastch ct al. [16] l

reduce

Banach |4]
reduce reduce
rediuce - redice —
Rolden ct al. [ 10] — ‘ Karapinar ct al. | 14] — Jileli et al. [12]
Diagram

2 Preliminaries

With a view to have a self-contained presentation, we collect the relevant
background material (basic notions, definitions, and fundamental
results) starting with the definition of simulation functions, which runs
as follows.

Definition 1. (See [16].) A simulation function is a mapping ¢:o.«¢ &
satisfying the following conditions:

(C1) €(0,0) =0,

(C2) ((t,8) < s—tforallt,s >0,

((3) if {t,}. {s,} are sequences in (0, c0) such that lim,, . ¢, = lim, . s, > 0,
then limsup,, , . ((t,, $n) < 0.

Roldan et al. [9] modified Definition 1 in order to enlarge the class of
simulation functions by sharping the condition ) as follows:

@ if {6} =) are sequences in (.« such that tm, .t =tm, s >0 and # <,
then s, (1.5, <0,

Several examples of simulation functions can be found in [16]. Let us
denote by = the class of all simulation functions.

Rold4n and Samet [10] extended the notion of simulation functions
as under.

Definition 2. (See [10].) Afunction ¢: . -k is said to be an extended
simulation function if the following conditions hold:
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(€1) £(t,s) < s—tforallt,s > 0,

(£2) if {t,}, {sn} are sequences in (0, 00) such that lim,, ;o0 £, =limy, 00 8, =110
and s, > [, n € Ny, then imsup,, , . &(tn, $0) < 0,

(£3) for any sequence {t,} in (0,00), if lim,, o, ¢, =1 = 0and £(%,,,1) = 0, n € N,
then [ = ().

Proposition 1. (See [10, Ex. 2.6].) Every simulation function is an
extended simulation function, but the converse is not true in general.

For basic examples and more details about extended simulation
functions, we refer the reader to [10]. The family of all extended
simulation functions will be denoted by <=. Ansari [2] introduced the
family of C-class functions as below.

Definition 3. (See [2].) A continuous function ¢ : [0.«)* - ® is said to be
a C-class function if it satisfies the following conditions (for all «.s € 0.) ):

G(s,) <55

6(s.t) = s implies that either t=0 o7 s=0.
1%

The family of all C-class functions will be denoted by C.

Definition 4. (See [19].) A function g : p.)* - » hasa property ¢ if there
exists a constant ¢ >o such that

(G1) ot >co implies s>,

(G2) ctn>co forall tcp.).

Liu et al. [19] defined e-simulation functions as follows.

Definition S. (See [19].) A function ¢ : 0.2 - & is said to be a c-
simulation function if the following conditions are satisfied:

(€D ¢*(0,0) =0,

(C*2) C*(t,s) < G(s,t) forall ¢, s > 0, where G € C with the property Cg,

(¢*3) if {t,,}, {s.} are sequences in (0, 0o) such that lim,, ., £, = lim,, ;. s, > 0 and
Ly << Sy, then limsup,, , o (L, 8,) < Cg-

For basic examples of c-simulation functions, we refer the reader to
[19]. Let us denote by 2 the family of all ¢:-simulation functions.

Chanda et al. [6] extended the notion of ¢-simulation functions as
under.

Definition 6. (See [6].) A function ¢: .~ = is said to be an extended
ce-simulation function if the following conditions are hold:

(A1) A(t,s) < G(s,t) forall £, s > 0, where G € C with the property Cg,

(02) if {t,}. {sn} are sequences in (0, 00) such that lim, oo £ =limy soe 5 =10
and s, >1, n € Ny, then limsup,,_, . 0(t,, sn) < Cg,

(#3) forany sequence {t,,} in (0, 0c), if lity, 4o t, =1 = 0and B(,,,1) = Cg,n € Ny,
then [ = (.

Let us denote by o the family of all extended ¢:-simulation functions.

Remark 1. Every simulation function, c-simulation function, an
extended simulation function is an extended ¢ -simulation function (see
(6, Props. 3.3, 3.4 and 3.5]). The converse is not true in general (see
Example 1).

In support of Remark 1, the following example is given in [6].
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Example 1. Let o:p.¢ & be a function defined by

1L ifs=0,
B(t,s) = -
| ks if 5 >0
1+t o
Forall t,se0.00), kefo,1), and let 660 =500 with cg =1. Then ve-.., but

& does not belong to z.z, and <.
In the present paper, x is a nonempty set, and the following notions
are used:

o Fixw-pexire=a,

o Pcoin (1,8)=1{zcX: z=Tv=Suvforsomevc X},

o Com 1.9={gcX:ia=Tr=5z},

oz -{rexipw -0, where o:X »0.0) isa given function).

Now, we present the notion of ~fixed point, which runs as follows.

Definition 7. (See [12].) Let 7"be a self-mapping on x and ¢: x - [0.00)
a given function. An element = € X is said to be ~fixed point of 7"if and
only if it is a fixed point of 7"and +) =0, thatis, serxmnz, .

Let 7"and § be two self-mappings defined on x.

o Asequence isycx is called a Picard—Jungck sequence of T and S
based on v if sv.i =10, forall new, .

o T andSaresaid to be weakly compatible if they are commute at their
coincidence points, that is, TS:=5Tx forall «+ ¢ X such that 1. -s:.

Proposition 2. (See [1].) Let T and S be two weakly compatible self-
mappings definedon x If T and S have a unique point of coincidence u, then
u is a unique common fixed point of T and. S.

Let 7 be the set of all functions r:p.«p .~ satisfying the following
conditions for all a.b,c € [0.00):

(Fl) max{a,b} < F(a,b.c) ,
(FZ) F(a,0,0) = a,
(F3) 7 is continuous.

The following functions r: .« 0.« belong to 7 :

1. Flab)=a+b+ec,
F(a,b,c) = max{a,b} + ¢,
3. F(a.b,c)=(a+b)(c+1)".n=0,1,2,....

3 Main results

At the beginning of this section, we define the notions of point of
~coincidence and common «fixed point of the self-mappings 7" and §
defined on a nonempty set x.

Definition 8. Let S and 7be two self-mapping on x,and let ¢ X - 0.00)
be a given function. An element z in x is said to be
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e point of ~coincidence of 7 and § if and only if it is a point of
coincidence of 7'and S and .(:) =0, that is, » € Peoin(7, 5)n 2, ;

e common «fixed point of 7’and Sif and only if it is a common fixed
point of 7"and § such that () = othat is, : € con(r.5)n 2,

Now, we prove the following proposition.

Proposition 3 . Let T and S be two weakly compatible self-mappings
defined on x . Suppose that T and S have unique point of + coincidence u,
then u is a unique common + fixed point of T and S.

Proof. Suppose that uis a unique point of »coincidence of the mappings
T and S, that is, u is a unique point of coincidence of 7"and § with ¢ =o.
Then it follows from Proposition 2 that u is a unique common fixed point
of the mappings 7 and § and hence a unique common «fixed point (as
plu) = U).

Let (x.0) be a metric space. For a given three functions r < 7.0 ¢ ¢z,
and ¢ : X -+ [0.00), we consider the self-mappings 7,5 : x - x that satisfy the
following contractive condition:

O(F(d(Tz, Ty), o(Tx),o(Ty)), Mf(z,y)) = Cg

for all +.y e x such that s: 25, where

M (x,y) = max{F (d(Sz, Sy), p(Sz), o(Sy)), I (d(Sz, T'x), p(Sz), p(1'x)),
F(d(Sy.Ty), o(Sy), o(Ty)) }.

Before formulating our main results, we prove some auxiliary results as
under.

Lemma 1 . Let T and S be two self-mappings defined on a metric space
(x.d) . Assume that there exist three functions r e 7.0z , and ¢:X - [0.%0)
such that (1) holds. If w.)wen, is aPicard—Jungck sequence of the pair (s.m)
based on e x such that sv.+# Sva for all nen, then

litt o0 d(S2y. 52 11) = iy 9(S2,) = 0,

(S0} IS a Cauchy sequernce.

Proof. Let « < x be an arbitrary point and {+.}.c, be the Picard—Jungck
sequence of the pair (7.s) based on w0, that is, 7s. = sz, for all nen.
Assume that sz, # 52,1 forall newn.

(i) In view of (F1), we have

F(d(ﬁ‘:x:.u, Sny 1) co(Sxy), o(Seny 1]) = d(Swy, Styny1) > 0foralln € N.

Now, we show that wzc.«. -0 . For simplicity, let a. = Fla(sz,. 52,11,
¢Sz, o(saa11) for all » e N, Then
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M¥ |[.1rﬂ,rﬂ|1 —m;n{F[d[‘:r,“ﬁrm1},5, Sy, {{H'n.u}}
F{rﬁ[‘: T, TTn), @(Szn ) [T.&r,t)}
F{d[cjnnlhT'rnl1]'5‘:3[-57"::: l}f‘iﬂ(TmnH}}}

—Indx{FI'(d[‘:r,“ﬁrnH} (Sxn),q [Smn{l}}-.

F{rﬁ[‘: Tn, STni1), @(STn), w[“:r'*rnnjl}

(

F d c”mlwc?‘f'-nu:'w:—f[‘”n 'J::' wﬂic?-?f1|z:|}}

= max{ay,, Gy, 0, } = max{a,, a, .} > 0.

Setting « = », and v=+..: for all » ¢ v in (1) and utilizing (61), we get

C!J H(F{d(TF T'Tﬂ } 1]-\. {,.i."[T.'J’Jn]._ W(Tmn 1 'J:'}- fi'f..r’.f[-rnr Tni ]I}
H(F{d[ﬁl"n | Ia*gmn,{ 2::“ ';:9{5-1'?1 } 1]- {fﬂ[*‘;mn{ J}j ' ﬂ.'f;[.'f:ﬂ,_. Ty ]}J

H(ﬂ,t p1, max{ay, 1}] Ql[rnux{n:n._ An i1}, ng 1},

which follows from (G1) that a1 < mas{e,. .1}, that is, .. <a. . for all

n e N. This implies that the sequence of real numbers {a.} is decreasing and
bounded below by zero. Therefore, there exists >0 such that

lim a,, =r.
Tn—r0C

Our claim is » = 0. On the contrary, suppose that >0 and consider two
sequences

tn = F(d(s."ﬁn_Fl. S'.'I?n_f_g), @(Smn+1). QQ(S."T:H+2)) = Un++1

and
Sn = ME (T, Tny1) = max{an,, api1} = an

for all nen. Then tm, .t =tim, s, =r. As {a.} is strictly decreasing, then
r<a,=s, forall n e N, and hence, condition (62) implies that

Cg hmsupt‘)( ( (STpi1, SThia), (,0(5.1':,1“),p(Smn+2)),JMI“?(J:,,,,;::“H))

n—r0oo

< Cg,

which is a contradiction. So, we conclude that

lim a, = lim F(d(Sz,, S, 1), 0(S1,), ¢(Sr,11)) =

n—roo n—oo

Using condition (F1), we have
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0 <d(Stp,Srpi1) < F(d(S.}:m Stpi1), p(STy), p(S.}:nH))

and

0< y(érn) (d($ T, 5“i'n+1) L,.z(STn) 5-'(5 I'”'n—l—l))

Letting n -« in the above two inequalities and using (2), we deduce
that

lim d(Szyn, Stny1) = lim @(Sx,) = 0.

n—roo n—r 2o

(ii) Let us assume that the sequence ts-is not Cauchy. Then (due to
Lemma 13 of [5]) there exist « > 0 and two subsequences (5.} and (5o
of (s} with mi >n. >« for all ren such that

d(Sty,,Stm, ) >¢ and d(Sx,,, Stm, 1) <€

with

lim d(Szy,,Sty,) = lm d(ST,, 11, 5Tm, 11) = ¢€

n—00 n—00
Lt = Pl i Som ) ¢(Smn).o(Sem ) and sx = MG fOT all ke . Using (3),
(4),(F2),part (i) of Lemma 1 and the contlnulty of £, one easily can show
that

lim # = lim s = F'(6,0,0) = e =1 > 0.

k—ro0 k— oo

Making use of (F1), we have

Sk = ME(20,, Tmy) = F(n’(%rnth Stm, ), o(Stn, ), -p(S:rmk))
> d(Sx,, , Sty ) >e=1

for all « e n. Applying (62), we obtain

Cg < limsup O(F(d(STn, . STmyr ) P(SThpir ). 2(STimery)). ME (T, Tmy))

n—r00

< Cg,

which is a contradiction. Hence, we must have that (s« is a Cauchy
sequence.

Lemma 2. Let T and S be two self-mappings defined on a metric space
(x.d) . Assume that there exist three functions © < 7.0< ¢z , and o X —[0.0)
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such that (1) holds. Then the point of + coincidence of T and S is unique,
provided it exists.

Proof. For the seek of contradiction, we suppose that 7and § have two
distinct points of +coincidence # and v, that is, sw-7v-uzv-1:-s: for
some =.wex and ¢ =0 =0. In view of (F2), we have

F(d(Tz,Tw), p(Tz), p(Tw)) = F(d(v,u),0,0) = d(v,u) > 0.
Again, in view of (F2), we also have vz -0in, fact.

ME(z,w) = max{F(d(Sz, Sw), o(5z), o(Sw)), F(d(S2,Tz), ¢(Sz), o(T%)).
F(d(Sw, Tw) ‘au) (Tw))}
= max { F'(d(v,u),0, O), (0.0,0). F(0,0,0)}
= F(d(v,u),0,0) = d(v,u) > 0.

Setting » = - and v=v in (1) and utilizing (37) and (G2), we get

Cg < O(F(d(Tz,Tw), o(Tz), o(Tw)), M{(z,w))
= 0(d(v,u),d(v,u)) < G(d(v,u),d(v,u)) < Cg,

which is a contradiction. Hence, the point of ~coincidence of 7°and §
is unique.

Now, we are equipped to state and prove our main results starting with
the following one.

Theorem 1. Let T and S bet wo self-mappings defined on a metric space
(x.d). Suppose that there exists a Picard—Jungck sequence (v.).en, of T and S,
and the following conditions are satisfied:

there exist ¥ < 7.0 < sz0) and a lower semicontinuous function »:x —0.)
such that (1) holds,

sx.) (or wx.a))is complete.
Then

a) Pcoin w.scz,,andthepair (1.5) hasaunique point of - coincidence.
b) Com w.s cz . Moreover, if x.s) is weakly compatible pair, then it
has a unique common « fixed point.

Proof- (a) Firstly, we show that Pcoin @<z . To do so, let w< Pcoin

(T.5), that is, «=1:=5- forsome -<x . Since

Mp(z,z) = IIld}v{f‘ (rf( Sz,582),p(52), ¢ )),f‘ (d(Sz,Tz),¢(Sz), g)(lz)),
P(d(S2,T), p(S52), p(i )
= Inax{F(ﬂ o(u), ap(u)) , [ ), (), p(u) ,F((}, o), :p(-‘u.)) }
= 1(0,50(u), o(w),

therefore, on using (1) with » =y ==, we get
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< O(F(d(T2,Tz),0(Tz),0(Tz)), M{(z,2))

Co <6
= 0(F(0,0(u), p(u)), F(0,0(u), p(u))).

Now, we claim that r0.cw).cw)=0. On contrary, let ro.qw).sw) > 0. In view

of (5), (%1), and (G2), we have

Cg

/AN

O(F(0,0(u), p(u)), F(0,0(u), p(u)))
< G(F(0,0(u), p(u), (0, p(u), p(u)) < Cq,

a contradiction. Therefore, we must have ro.¢w.¢w) - 0. Now, employing

(F1), we obtain

p(u) < max{0,p(u) } < F(0,¢(u),p(u)) =0,

which implies that () =0, and hence, Pcoin «.s)cz. .

Secondly, we show that 7"and § have a point of »coincidence. Let #  x
be an arbitrary point, and let (=}, be the Picard-Jungck sequence of T
and S based at =, that is, Se... = 7w, for all n e N If asen,. Som10) =0 for some
no € N, then =, is a coincidence point of Tand S. Therefore, 7°and S have a
point of coincidence and hence a point of +coincidence (as Peoin @.5)c z,
), which is unique (due to Lemma 2). Now, suppose that d(sz,.sr..1) > 0
forall » ¢ n. Then by Lemma 1, the sequence -} is Cauchy. Assume that
(sx.d) is complete, then there exists « = s < sx (for some - ¢ x) such that

lim l'j:(kgﬂf-r“ .'STZ) — “.

n—r 00

Since « is lower semicontinuous, therefore, in view of (6) and part (i)
of Lemma 1, we have

0<¢(Sz) = ¢(u) < liminf (Sz,,) = 0,

T— OO

which implies that

0(Sz) = p(u) = 0.

Now we prove that # is appoint of ~coincidence. On contrary, assume
that # is nota point of »coincidence for (r.s). We distinguish the following
two cases:
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Cuase 1. Assume that « = s- #Tz fb}" all -ex. Let I = F(d(S2,T2),0,5(Tz)) and
tn = F(A(Tra,T2), o(Tra).0(T))_for all w,en . Then, in view of (F1), we have

| = F(d(S2,Tz),0,0(Tz)) > d(Sz,Tz) > 0.
Using the continuity of 7, (6), and part (i) of Lemma 1, we have

lim ¢, = lim F (0‘,'(S.-‘}:,,.,__+l,Tz),;,-')(S:;f:wr 1):@('1"3)) = [.

Tn— 00 n—oo

Observe that

M§(xy, z) = max{ F(d(Sz,, Sz), ¢(Sz,), ¢(Sz)),
F(d(Szn, Txy), o(Sxn), o(Tzn)),
F(d(Sz,Tz),@(5z),0(Tz)) }

= max{ F(d(Sz,. Sz),p(Sz,),0),

F(d(Szn, Strni1), o(Szn), p(Stni1)),
F(d(5=2,Tz),0,p(Tz))}.

Owing to the continuity of r,we get

lim F ((},(S:f:,,,,_._ Sz),¢(Sx,),0) = £(0,0,0) =0,

TL—+00

lim F(d(STn, Stni1),0(Szn), o(Stni1)) = F(0,0,0) = 0.

TL—+ 00

As a consequence, we can find », e v such that

Mg(x,, z) = F(d(Sz,T2),0,0(T2)) =1 foralln = ny.

Therefore, using (1), (9), and ('$3), we obtain (for all n e N with >

O(tn;1) = O(E ( 2, T2), 9(T,), p(T2)), ME (0, 2)) = Cg
= = = F(d(Sz2,T2),0,0(Tz)) =0,

which contradicts (8). Therefore, # must be a point of »coincidence of
the pair .5).

Case 2. Assume that < #0 . This assumption contradicts Eq. (7).
Therefore,again # must be a point of +coincidence of the pair (.5).

Similarly, if we assume that (x.4 is complete, then we again reach to a
contradiction. Therefore, these contradictions in all cases show that # is a
point of ~coincidence of 7"and S, which is unique (due to Lemma 2).

(b) Following a similar argument used in part (), one can easily prove
that Com @9 cz . Now, as 7 and § are weakly compatible mappings, in
view of Lemma 2 and Proposition 3, the mappings 7"and § have a unique
common «fixed point. This completes the proof.
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For a given three functions rerocezs, and »:x 5.0 , let the
contractive condition (1) in Theorem 1 be replaced by the following one:

G(F(d(T;}:, Ty),o(Tx), o(Ty)), F (d.’(f)':f:, Sy), o(Sx), g.o(Sy))) = Cg

for all +.yc x such that s:+s  Then the proof of the following theorem
is similar and much easier than that in the proof of Theorem 1, so the
proof is omitted. Notice that there is no direct relation between these
theorems as the extended ¢-simulation function need not be monotone
in its second argument.

Theorem 2. Let T and S be two self-mappings defined on a metric space
(x.d). Assume that there exists a Picard—Jungck sequence (v} of T and S,
and the following conditions are satisfied:

there exist r < 7.0 < sz0 and a lower semicontinuous function »:x —0.)
such that (10) holds,

(sx.d) (or (rx.0) is complete.
Then

a) Pcoin ws)cz,, andthepair (1.5) hasaunique point of + coincidence.
b) Com w.s cz . Moreover, if (x.s) is weakly compatible pair, then it
has a unique common « fixed point.

The following example shows that Theorem 1 is a genuine extension of
[24,Thm.2.2] and [10, Thm. 3.1].

Example 2. Consider the metric space ~., where =~ is the space of all
bounded sequences of complex numbers, and d is defined by

d(z,y) = sup |x(i) — y(i)| forall z,y € >

e

Let x = {eo.c..ic vy ,where « is the zero sequence, and « is the sequence
whose ith term equals to 4 and all other terms are zeros. It is clear that the
pair (x.0) is a complete metric space. Define two mappings 7.5 x - x by

- eg 1Wx =eq,eq,
Tr = _ and Sr = B
eo  otherwise i1 fx=e;.

€0 if & = eg,

First, we show that [24, Thm. 2.3] is not applicable in this example.
In fact, on contrary, assume that there exists ¢ € z . such that
¢ (@r.Ty).d(szs) > ¢ for all +yex such that s:2s with ¢ >0 . Then, taking
r = ¢,y = c2 and using «*» and (G2), we obtain

Cg < C*(d(Teq, Te2),d(Seq, Sea)) = (*(4,4) < G(4,4) < Cg,

which is a contradiction. This contradiction ensures that there is no
¢ e 25 such that ¢wrery.isesy) > ¢, Therefore, [24, Thm. 2.3] is not
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applicable. Now, to show the applicability of Theorem 1, we define two
essential functionss : x 0.~ and F:(0.00) > [0.) by

0 ifx=eq,
p(z) = " and Fla,b,e)=a+b+e¢ forall a,b,e e [0,00).
10  otherwise

It is easy to see that rer, and ¢ is a lower semicontinuous function.
Now, consider the extended c.-simulation function ¢:.? = given by

O(F(d(Tx,Ty), o(Tx), o(Ty)), F(d(Sx, Sy), o(Sx), 0(Sy))) = Cg

We have to prove that the contractive condition (1) holds for all =y e x
such that » 4. For this purpose, we consider three cases:

Case 1.1f + = « and v = «, then ru@e1y). @200 - 0 and wze.n =1, and
hence, we have

O(F (d(Tz, Ty), o(Tx),o(Ty)), M{(x,y))
kM (x,y) 49

e — = ;—2 ]. — C H
1+ F(d(Tx,Ty), p(Tx),0o(Ty)) 4 ¢

Case 2. If v ¢ {co.er} and ve x— e e}, then e, 1) o@e). oy = 14 and MG, y) =20,
and hence, we have

O(F (d(Tx, Ty), p(Tz),o(Ty)), M{(z,y))
EMJ(x,y) 7 ]

— — — =z =2 1=_Cg.

L+ F(d(Tx,Ty), o(Tx),o(Ty)) 6 ‘

CdSK 3. If z,y € X —{eo.c1}, thcn F(d(Tz, Ty). p(Tx), o(Ty)) = 20 and Mp(z,y) =24 , and
hence, we have

O(F (d(Tx, Ty), o(Tx), o(Ty)), ME(x,y))
B kM (x,y) _1_c
C 14 F(d(Tx, Ty),o(Tx).o(Ty))

Therefore, in all cases, the contractive condition (1) is satisfied.
Also, observe that 7"and § are weakly compatible and 7'X is complete
subspace of x. Hence, all the hypotheses of Theorem 1 are satisfied, and
consequently, the mappings . and . have a unique common fixed point
(namely, = = ¢).

As consequences of our newly proved results, we deduce several
corollaries, which can be viewed as generalizations of various results in the
existingliterature. Putting s - 1, theidentity mappingon x, in Theorems
1 and 2 and taking to the account that every ¢-simulation function is an

792



Hayel N Saleb, et al. A study of common fixed points that belong to zeros of a certain given function with applications.

extended c;-simulation function, we deduce the following two corollaries,
which seem to be new to the existing literature.

Corollary 1. Let T be a self-mapping defined on a metric space (x.a)
Suppose that there exist r ¢ 7.0 € 25 or 0 < 20 , and a lower semicontinuous
Sfunction ::x . such that

ﬁ(f'(d(l'ﬂ:,'I'-y),g.:)(l o(Ty ) Nf ]) > Cg  forallxz,y € X,
where

Nf(z,y) = max{F (d(z,y), o(x), o)), F'(d(x. Tz), o(x), o(Tx)),
F(d(y, Ty),e(y), o(Ty)) }-

Then vwaycz, and T has a unique « fixed point.

Corollary 2. Let T be a self-mapping on a metric space (x.a). Suppose
that there exist ¥ < 7.0 ¢ 25 0r 0 < &g , and a lower semicontinuous function
oo X > (0.00) Such that

O(F (d(Tx,Ty), o(Tx),o(Ty)), F(d(z,y),o(x), 0(y))) = Cg forall z,y e X.

Then vwwycz, , and T has a unique « fixed point.

Since every simulation function (also, extended simulation function)
is an extended c-simulation function, then from Theorems 1 and 2 we
deduce the following two corollaries, which also seem to be new to the
existing literature.

Corollary 3. Let T and S be two self-mappings defined on a metric space
(x.d). Assume that there exists a Picard—Jungck sequence (v}, of T and S,
and the following conditions are satisfied:

(i) there exist ¥ ¢ 7.0 ¢ 200 < £:0) and alower semicontinuous function
0 X > [0,00) such that

H(f'(fﬁ(’_f’:r;,’_{’y}, (1), p('I'—y)), M (x, -y)) =0 forallx,ye X,

where

M (z,y) = Irld,x{f' (d(Sz, Sy), o(Sz),(Sy)),
F(d(Sz,Tx), o(Sz), p(Tx)),
F(d(Sy,Ty). o(Sy), ¢(Ty)) }.

(ii) (sx.0) (or rx.a) is complete.

Then

a) Pcoin s cz,and the pair (7.5 has aunique point of »coincidence.
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b) Com (.5 c 2. Moreover, if (7.5) is weakly compatible pair, then it
has a unique common «fixed point.

Corollary 4. Let T and S be two self-mappings defined on a metrics pace
(x.d). Assume that there exists a Picard—Jungck sequence (v} of T and S,
and the following conditions are satisfied:

(i) thereexist ¥ e 7.0  2; o0 € €0, and a lower semicontinuous function
0 X = [0.00) such that

O(F (d(T'z, Ty), o(Tx), o(Ty)), F(d(Sz, Sy), ¢(Sx), ¢(Sy)))
=20 forallxr,ye X,

(ii) ¢sx.a (or @x.a))is complete.

Then

a) Peoin w.s)cz,,andthepair (.5) bhasaunique point of « coincidence.
b) Com w.scz, . Moreover, if .5) is weakly compatible pair, then it
has a unique common + fixed point.

4 Applications

In this section, we employ our main results obtained in metric spaces
(Theoremsl and 2) to deduce some related results in partial metric spaces
besides proving an existence and uniqueness result on the solution of
system of functional equations.

4.1 Application to partz’al metric spaces

In 1994, Matthews [21] introduced the notion of partial metric spaces
as below.

Definition 9. (See [21].) Let x be a nonempty set. A partial metric is a
mapping »: X x X - 0. satisfying the following conditions:

(Pl) p(z.x) =ply,y) = pla,y) &z =y,

(P2) »ir.2) <pir.n).

(P3) p(a.y) = p(y. o).

(P4) p(z,y) < pla, z) + p(z,y) — p(z.2)

for all ».y c x. The pair (x.» is called a partial metric space.

Observe that, in the setting of partial metric spaces, the distance from
a point to itself need not to be zero.

In the following definition, we present some well-known basic notions
related to partial metric spaces.

Definition10. (See [21].) Let (x.») be a partial metric space.

A sequence vy in X is called convergent and converges to x in x if v =
lim,, o0 P(Tn. 2,) = lim, o0 p(@n, x)

Asequence { (+.} ¢ x is said to be a Cauchy sequence if i, (e, vn) exists
and is finite.
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A partial metric space (x.» is called a complete partial metric space
if every Cauchy sequence in x converges to appoint x in x such that

Pl x) = 1My m 00 P(Tn, Tm) o

For a partial metric p on a nonempty set x, the function 4,: x < x - [0.0)

given by

dp(z,y) = 2p(x,y) — p(z,z) —p(y,y) forallz,ye X

remains a standard metric on x.
Lemma 3. (see [21,23].) Let v be a partial metric space. Then

(.} is a Cauchy sequence in (x.» if and only if ) is a Cauchy sequence
in the metric space (x.4,.

If the metric space (x.4,) is complete, then the partial metric space x.»)
is also complete and vice versa. Furthermore, 1m, . d(x,.2) = 0 if and only if

P, 2) =l o0 P ) = Lty mon P(@ns T

Lemma 4. (see [22].) Let x.n  be a partial metric space, and let
¢ X [0.00) afunction defined by o) =v.2) forall = e x . Then « is lower
semicontinuous in (x.d,) .

From Theorem 1 we deduce the following fixed point result in the
setting of partial metric spaces.

Theorem 3. Let T and S be two self-mappings defined on a partial metric
space (<. . Assume that there exists a Picard—Jungck sequence (). of T
and S, and the following conditions are satisfied:

there exists a function o< czo such that
(5X.p) (or (TX.]J))iS complete.

O(p(Tx, Ty), max { p(Sx, Sy), p(Sxz, Tx), p(Sy, Ty) } )
= Cg forall z,y € X,
Then T and S have a unique point of coincidence u. Moreover, if T and S

are weakly compatible, then u is a unique common fixed point with pw.v) =o.
Proof. Consider the metric « on x defined as

g =
f =27

where 4, is given in (11). Due to Lemma 3, (x.¢) forms a complete

metric space. Define two functions r: (0.0 - 0.« and ¢: X -+ [0.c0) by
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p(u,u)

F(a,b,¢)=a+b+c¢ and ¢(u)= ;

Observe that ¢ is lower semicontinuous (due to Lemma 4) and #e 7.
Now, using (13) and (14) in (12), we get

O£ (d" (Tx, Ty), o(Tx), o(Ty)), Mi(x,y)) = Cg forallu,v e X,
where
M (x,y) = max{ F(d*(Sz, Sy), ¢(Sz), o(Sy)).
F(d*(Sz,Tx), o(Sz), (1)),
F(d*(Sy, Ty), o(Sy), o(Ty)) }-

"

-.E

Therefore, all the hypotheses of Theorem 1 are satisfied, and hence, the
result follows, which completes the proof.

Similarly, from Theorem 2 we deduce the following related result in
partial metric spaces.

Theorem 4. Let T and S be two self-mappings defined on partial metric
space (x.) . Assume that there exists a Picard—Jungck sequence (.}, of T
and S, and the following conditions are satisfied:

there exists a function o<z such that
(SX.p) (or (1'x.p>) is complete.

O(p(Tx,Ty),p(x,y)) =Cq forall z,y € X.

Then T and S have a unique point of coincidence u. Moreover, if T and S
are weakly compatible, then u is a unique common fixed point with p(u.u) =o.
Proof. The proof follows on the similar lines of proof of Theorem 3.

Taking s - Ix, the identity mapping on x, in Theorems 3 and 4 and
taking to the account that every c.-simulation function is an extended c.-
simulation function, we deduce the following two corollaries, which seem
to be new to the existing literature.

Corollary 5. Let T be a self-mapping defined on a partial metric space

.0 . Suppose that there exists 0¢ 25 oro € ézg) such that
H(p("l w, Ty), Ina}({p(:f:, y), plz, Tz), ply, Ty) }) =Cg forallz,ye X.

Then 7 has a unique fixed point # with  p(u.u) =0.
Corollary 6. Let T be a self-mapping defined on a partial metric space

x.p . Suppose that there exists 0 2300 ézq) such that
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O(p(Tx,Ty),p(x,y)) =Cq forall z,y e X.

u(t)

v(t)

d(u,v) = ||lu—w

Then 7 has a unique fixed point , with p(u.u) =0.

4.2 Application to system of integral equations
In this section, to highlight the applicability of Theorem 2, we

investigated the existence and uniqueness of a common solution of the
following system of integral equations:

f(t)+ /G’(i, s,u(s))ds, te[0,1],
0

= g(t) + /Q(f 5,-‘:;(5)) ds, te]0,1],
0

where Q.G : 0,1 x[0,1]] xR - Rand f,g : [0,1] = R aI€ given functions. Let
x = c(o,1.®) denotes the set of all real valued continuous functions defined
on [0,1].

Foranyarbitrary « € x, define anorm 1= .., 1. Let x be endowed with

the metric

| = sup |u(t) —ov(t)
te[0,1]

Then ((o.1.®. ) is a Banach space.
Now, we are equipped to state and prove our result in this section as

under.

Theorem S. Consider the system of Egs.(15) and (16). Assume that the
Jfollowing conditions are satisfied:

. 1. and g are continuous functions,

T.5:X X are two mappings defined by
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t
Tu(t) = f(t) + /G(t, s,u(s))ds, tel0,1],
0
t
Su(t) = g(t) —|—/Q(t,s, u(s))ds, tel0,1],
0

with the property that rsu=stu for all weXx such that ru-su,

forall vwvex and iscon, wehave

Su — Sv
|Su — Sv||+1°

G(t,s,u) — G(t, s, 1})' <

Then the system of the integral equations (15) and (16) have a unique

common solution.

Proof. For all w0 € x, we have

|T(-u{t)) - T(-‘u(t}) |

t

[ (Q(t,s,u(s)) — G(t,s,0(s))) ds

</

0 0
t

t

|Su — Sv|
Pl A T — Lx|T., 5,15 .'g &
Gt s,u(s)) — G(t, 5.1 [5))|ds f [Su—So[ 1 ds

1 Su — Sv
£ — - [ sup |Su — Sv|ds = — - I t,
S — f}"U" + 1, tef0,1] Su — fﬂ;” +1

i

which on taking supremum leads to

Su—Sv||  d(Su,Sv)
Su—Sv||+1  d(Su,Sv)+1

d(Tu, Tv) = ||Tu —Tv|| <

or

d(Su, Sv)
d(Su,Sv)+1

d(Tu, Tv) = 0.

Now, we define two essential functions » and « as
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Fla,b,e)=a+b+c¢ forall a,b,ce [0, c0)
and
p(x) =0 forallx e X.

Hence, the above inequality can be written as

F(d(Su, Sv),p(Su), e (Sv))
F(d(Su, Sv), p(Su), p(Sv)) + 1

— F{d(T-u._T-erj,I,:J(T-u.),g(T-er]} = 0.

Thus, the contractive condition (10) is satisfied with o, s) = s/(s + 1) ¢
and ¢ -o. Therefore, all the hypotheses of Theorem 2 are satisfied. Hence,
the result is established.
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