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Abstract:
							                           
We present a novel generalization of the Hyers–Ulam–Rassias stability definition to study a generalized cubic set-valued mapping in normed spaces. In order to achieve our goals, we have applied a brand new fixed point alternative. Meanwhile, we have obtained a practicable example demonstrating the stability of a cubic mapping that is not defined as stable according to the previously applied methods and procedures.
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1       Introduction and literature reviews


The study for the set-valued dynamics in Banach spaces has been developed in the last decades. The pioneering published papers by Aumann [2] and Debreu [9] were inspired by some problems arising in the control theory and mathematical economics. We refer to the articles by Arrow and Debreu [1], McKenzie [29], and the survey by Hess [18].

The stability of functional equations was first introduced by Ulam [38] in 1940. He proposed the following problem: Given a group G1, a metric group [image: 694173115004_gi11.png], and a positive number [image: 694173115004_gi12.png], does there exist a
[image: 694173115004_gi13.png] such that if a mapping
[image: 694173115004_gi14.png] satisfies the inequality [image: 694173115004_gi15.png] for all [image: 694173115004_gi16.png], then there is a homomorphism [image: 694173115004_gi17.png] such that [image: 694173115004_gi18.png]
for all [image: 694173115004_gi19.png]. If the answer is positive, we say that the homomorphisms from [image: 694173115004_gi20.png] to [image: 694173115004_gi21.png] are stable. In 1941, Hyers [19] gave a partial solution of Ulam’s problem for the case of approximate additive mappings under the assumption that [image: 694173115004_gi22.png] and [image: 694173115004_gi23.png] are Banach spaces. In 1978, a generalized version of the theorem of Hyers by considering the stability problem with unbounded Cauchy differences was given by Rassias [36]. This phenomenon of stability that was introduced by Rassias [36] is called the Hyers–Ulam–Rassias stability of functional equations.


Theorem 1. Let 
[image: 694173115004_gi24.png]
 be a mapping from a normed vector space E into a Banach space E′ subject to the inequality





[image: 694173115004_gf2.png]











where ϵ and p are constants with 
[image: 694173115004_gi25.png]
, and 
[image: 694173115004_gi26.png]
. Then there exists a unique additive mapping 
[image: 694173115004_gi27.png]
such that in the case of 
[image: 694173115004_gi28.png],




[image: 694173115004_gf3.png]











while in the case of  
[image: 694173115004_gi29.png],




[image: 694173115004_gf4.png]










The solution to this problem was obtained by Gajda [13] for [image: 694173115004_gi30.png], and the problem for [image: 694173115004_gi31.png] was solved by Rassias [36]. Rassias and Semrl [37] proved that the stability does not occur for [image: 694173115004_gi32.png]. The result of the Rassias theorem was generalized by Forti [11] and Gávruta [14], who permitted the Cauchy difference to become arbitrary unbounded.

The stability problems of several functional equations have been extensively investigated by many mathematicians. The results of these kinds of problems have been extensively studied. We refer, for instance, to [6, 12, 15–17, 19, 27] and also [11, 13, 14, 22, 25, 36, 37] and references therein.

A stability problem of Ulam for the cubic functional equation




[image: 694173115004_gf5.png]










was established by Jun and Kim [22] for mapping [image: 694173115004_gi33.png]
, where [image: 694173115004_gi34.png] is a normed space, and [image: 694173115004_gi35.png] a Banach space. Also, they solved the stability problem of Ulam for the generalized Euler–Lagrange-type cubic functional equation





[image: 694173115004_gf6.png]










for fixed integer a with
[image: 694173115004_gi36.png], and




[image: 694173115004_gf7.png]










for fixed integers a, b with [image: 694173115004_gi37.png]
, and [image: 694173115004_gi38.png]
, and the equations being equivalent to (1). Afterwards, referring to [7], Chu et al. extended the cubic functional equation to the following generalized form:




[image: 694173115004_gf8.png]










where
[image: 694173115004_gi39.png] is an integer, and they also investigated the Hyers–Ulam stability. Moreo ver, in [25], Jung and Chang investigated a generalized Hyers–Ulam–Rassias stability for a cubic functional equation by using the fixed point alternative. The first systematic study of the interative methods in the stability of mappings is due to Isac and Rassias [20]


The stability of the set-valued functional equations has been widely examined by a number of authors (see [8, 21, 30–32]), and the Hyers–Ulam stability of the set-valued functional equations was proved in [21, 26, 28]. Also, there are many interesting stability results concerning this problem (see [8, 23, 24]).

Quite recently, Eshaghi et al. [10] and M. Ramezani et al. [35] introduced the notion of orthogonal sets and gave a real generalization of the Banach fixed point theorem in incomplete metric spaces. The main result of [10] is the following theorem.


Theorem 2.
(See [10].) Let 
[image: 694173115004_gi40.png]
 be an O-complete orthogonal metric space (not necessarily complete metric space) and 
[image: 694173115004_gi41.png]
. Let 
[image: 694173115004_gi42.png]
 be O-continuous, 
[image: 694173115004_gi52.png]
-contraction with Lipschitz constant 
[image: 694173115004_gi43.png]
, and 
[image: 694173115004_gi53.png]
-preserving. Then 
[image: 694173115004_gi44.png]
 has a unique fixed point 
[image: 694173115004_gi45.png]
. Also, 
[image: 694173115004_gi46.png]
 is a Picard operator, that is, l
[image: 694173115004_gi47.png]
 for all  
[image: 694173115004_gi48.png]
.


For more details about the orthogonal space, we refer the reader to [3–5, 10, 34, 35].

The aim of this paper is to offer a new generalized Hyers–Ulam–Rassias stability result for the functional equation (2) for the set-valued mappings in normed spaces, which are not necessarily Banach spaces, by using the fixed point alternative [10] as in [3]. Examplewise, we present a special case of our results, which is a real extension of the previous results as of this literature.

At first, we recall some basic definitions and our main tools.


Definition 1. (See [10].) Let [image: 694173115004_gi49.png]
and 
[image: 694173115004_gi50.png] be a binary relation. If [image: 694173115004_gi51.png] satisfies the following condition be a binary relation. If satisfies the following condition




[image: 694173115004_gf9.png]










then [image: 694173115004_gi54.png] is called an orthogonal relation, and the pair [image: 694173115004_gi55.png] – an orthogonal set (briefly, O- set)

Note that in the above definition, we say that
[image: 694173115004_gi56.png]
is an orthogonal element. Also, we say that elements [image: 694173115004_gi57.png] are [image: 694173115004_gi58.png]-comparable either [image: 694173115004_gi59.png]
 or 
[image: 694173115004_gi60.png]
.



Definition 2. (See [10, 35].) Let [image: 694173115004_gi61.png] be O-set. A sequence [image: 694173115004_gi62.png] is called


(i)   an orthogonal sequence (briefly, O-sequence) if




[image: 694173115004_gf10.png]











(ii)   an strongly orthogonal sequence (briefly, SO-sequence) if




[image: 694173115004_gf11.png]










Every SO-sequence is an O-sequence. But the converse is not true in general.


Definition 3. (See [10, 35].) Let [image: 694173115004_gi63.png] be an orthogonal metric space ([image: 694173115004_gi64.png] is an O-set, and [image: 694173115004_gi65.png] a metric space). [image: 694173115004_gi66.png] is




	
orthogonal complete (briefly, O-complete) if every Cauchy O-sequence is convergent;



	
strongly orthogonal complete (briefly, SO-complete) if every Cauchy SO-sequence is convergent.







It is easy to see that every complete metric space is O-complete and every O-complete metric space is SO-complete. In [3, 35], the authors proved that the converse is not true in general.


Definition 4. (See [10, 35].) Let [image: 694173115004_gi67.png] be an orthogonal metric space. Then [image: 694173115004_gi68.png] is




	
orthogonal continuous (briefly, O-continuous) at [image: 694173115004_gi69.png]
if for each O-sequence [image: 694173115004_gi70.png]
 in 
[image: 694173115004_gi71.png]implies [image: 694173115004_gi72.png]
.




	
strongly orthogonal continuous (briefly, SO-continuous) at [image: 694173115004_gi73.png] if for each SO-sequence [image: 694173115004_gi74.png] in [image: 694173115004_gi76.png] implies
[image: 694173115004_gi77.png]
.








Also, [image: 694173115004_gi78.png] is O-continuous (SO-continuous) on [image: 694173115004_gi79.png] if
[image: 694173115004_gi80.png] is O-continuous (SO-continuous) in each [image: 694173115004_gi81.png]
.


It is obvious that every continuous mapping is O-continuous and every O-continuous mapping is SO-continuous, but the converse is not hold in general (see [3, 35]).


 Definition 5. (See [3].) Let [image: 694173115004_gi82.png] be an O-set. A mapping [image: 694173115004_gi83.png]
is said to be [image: 694173115004_gi84.png]-preserving if [image: 694173115004_gi85.png] whenever [image: 694173115004_gi86.png]
and [image: 694173115004_gi87.png]
.



Theorem 3.
Let 
[image: 694173115004_gi88.png]
 be an SO-complete orthogonal metric space (not necessarily complete metric space) and 
[image: 694173115004_gi89.png]
. Let 
[image: 694173115004_gi90.png]
 be SO-continuous, 
[image: 694173115004_gi91.png]
-preserving, and 
[image: 694173115004_gi92.png]
-contraction with Lipschitz constant 
[image: 694173115004_gi93.png]
. Then f has a unique fixed point 
[image: 694173115004_gi94.png]
. Also, 
[image: 694173115004_gi95.png]
 is a Picard operator, that is, 
[image: 694173115004_gi96.png]
 for all 
[image: 694173115004_gi97.png]
.



Proof. The proof of this result uses the same ideas in Theorem 3.11 of [10], and it suffices to replace the O-sequence by SO-sequence.

By the aforementioned results we can conclude that Theorem 3 is a real generalization of Theorem 2. So, in the next steps, we are going to prove the stability of functional equation (2) in the SO-complete normed spaces.





2       An incomplete distance on subsets of a set


Before introducing the main results, we recall some notations and definitions.

Let [image: 694173115004_gi98.png]
be a normed space (not necessarily a Banach space),  and let [image: 694173115004_gi99.png] be anorthogonal relation on [image: 694173115004_gi100.png] such that [image: 694173115004_gi101.png] is an orthogonal metric space, wheredisthe induced metric by
[image: 694173115004_gi102.png].

We say that [image: 694173115004_gi103.png] is [image: 694173115004_gi104.png]-preserving whenever [image: 694173115004_gi105.png]
implies [image: 694173115004_gi106.png] for each [image: 694173115004_gi107.png]. See the next example.


Example 1. Let [image: 694173115004_gi108.png], and let two relations [image: 694173115004_gi109.png] and [image: 694173115004_gi110.png]  on [image: 694173115004_gi111.png] be defined as




[image: 694173115004_gf12.png]










It is obvious that an orthogonal element of [image: 694173115004_gi112.png] and
[image: 694173115004_gi113.png] is zero. However, [image: 694173115004_gi114.png] is not [image: 694173115004_gi115.png]-preserving. To see this, if [image: 694173115004_gi116.png], and
[image: 694173115004_gi117.png]
, then [image: 694173115004_gi118.png], while [image: 694173115004_gi119.png]
. Notice that it is easy to see that [image: 694173115004_gi120.png] is [image: 694173115004_gi121.png]-preserving.

Let [image: 694173115004_gi122.png] be the set of all nonempty, closed, convex, and bounded subsets of [image: 694173115004_gi123.png]. Consider the addition and the scalar multiplication as follows:




[image: 694173115004_gf13.png]










where [image: 694173115004_gi124.png]
) and
[image: 694173115004_gi125.png]. One can show that




[image: 694173115004_gf14.png]










for all [image: 694173115004_gi126.png] and [image: 694173115004_gi127.png]. We consider [image: 694173115004_gi128.png] on pairs of elements in [image: 694173115004_gi129.png] by 




[image: 694173115004_gf15.png]










where
[image: 694173115004_gi130.png] and [image: 694173115004_gi131.png]. Pathak and Shahzad in [33] proved that [image: 694173115004_gi132.png] is a metric on [image: 694173115004_gi133.png]. We define the relation [image: 694173115004_gi134.png] on
[image: 694173115004_gi135.png] as




[image: 694173115004_gf16.png]










The following proposition can be proved from some properties of the distance [image: 694173115004_gi136.png].


Proposition 1 .(See[33].) For any 
[image: 694173115004_gi137.png]
 and 
[image: 694173115004_gi138.png]
, the following properties hold:





	

[image: 694173115004_gi139.png]




	

[image: 694173115004_gi140.png]




	

[image: 694173115004_gi141.png]




	

[image: 694173115004_gi143.png]
;




	

[image: 694173115004_gi146.png]
, where
[image: 694173115004_gi147.png]
for all positive real number r;




	

[image: 694173115004_gi148.png]
[image: 694173115004_gi150.png]
for each positive real number r.








Given
[image: 694173115004_gi151.png]. We define the relation [image: 694173115004_gi152.png] between A and B as follows:




[image: 694173115004_gf17.png]










If [image: 694173115004_gi153.png] is an orthogonal element of [image: 694173115004_gi154.png], then the singleton [image: 694173115004_gi155.png] is an orthogonal element for [image: 694173115004_gi156.png].


Theorem 4. 
If 
[image: 694173115004_gi157.png]
is an SO-complete .not necessarily complete. metric space, then 
[image: 694173115004_gi158.png]
with orthogonal relation 
[image: 694173115004_gi159.png]
is SO-complete.



Proof. Let [image: 694173115004_gi160.png] be a Cauchy SO-sequence in [image: 694173115004_gi161.png]. We need to show that [image: 694173115004_gi162.png] converges to some element in [image: 694173115004_gi163.png].

Let A be the set of limit points of sequences [image: 694173115004_gi164.png] with [image: 694173115004_gi165.png] for all [image: 694173115004_gi166.png]. Our aim is to prove that [image: 694173115004_gi167.png] and [image: 694173115004_gi168.png] converges to A. To see end, let us to divide the proof in the following steps.


Step 1:
A
is closed. Let [image: 694173115004_gi169.png]. Definition of A ensures that we can choose the sequence[image: 694173115004_gi170.png] in A converging to a. This leads to for all [image: 694173115004_gi171.png], there exists [image: 694173115004_gi172.png] in [image: 694173115004_gi173.png] such that for any
[image: 694173115004_gi175.png]
and [image: 694173115004_gi176.png]

as 
[image: 694173115004_gi177.png]. Let [image: 694173115004_gi178.png] be a strictly increasing sequence of positive integers such that for any, 
[image: 694173115004_gi180.png]
. We observe that




[image: 694173115004_gf18.png]










As
[image: 694173115004_gi181.png], the right-hand of above inequality converges to zero, which implies [image: 694173115004_gi182.png]
.



Step 2:
A is convex. Let 
[image: 694173115004_gi183.png]
 and 
[image: 694173115004_gi184.png]
. Take two sequences [image: 694173115004_gi185.png] and [image: 694173115004_gi186.png] such that for each [image: 694173115004_gi187.png]
, 
[image: 694173115004_gi188.png] and
[image: 694173115004_gi189.png] and [image: 694173115004_gi190.png]
as 
[image: 694173115004_gi191.png]
. Since for any [image: 694173115004_gi192.png], [image: 694173115004_gi193.png] is a convex set, then [image: 694173115004_gi194.png]
. The closeness of A implies that
[image: 694173115004_gi195.png]
.



Step 3: A is nonempty. We observe from [image: 694173115004_gi196.png] is a Cauchy sequence that there exists a strictly increasing sequence [image: 694173115004_gi197.png] such that for all [image: 694173115004_gi198.png] and [image: 694173115004_gi199.png]
, 
[image: 694173115004_gi200.png]
. Deﬁnition of [image: 694173115004_gi201.png] ensures that for each [image: 694173115004_gi202.png], there exists
[image: 694173115004_gi203.png] for which kank [image: 694173115004_gi204.png]
. This results show that the sequence [image: 694173115004_gi205.png] is Cauchy.

On the other hand, since [image: 694173115004_gi206.png] is an SO-sequence, it follows that




[image: 694173115004_gf19.png]










Therefore, [image: 694173115004_gi207.png] is a Cauchy SO-sequence in [image: 694173115004_gi208.png]. Since [image: 694173115004_gi209.png] is SO-complete and [image: 694173115004_gi210.png] for each [image: 694173115004_gi212.png], the conclusion follows easily.


Step 4:
[image: 694173115004_gi213.png]. Fix [image: 694173115004_gi214.png]. There exists a positive integer [image: 694173115004_gi215.png] such that for all [image: 694173115004_gi216.png]
. By definition of [image: 694173115004_gi217.png] and condition (v) of

Proposition 1 we see that for all [image: 694173115004_gi218.png]
 and 
[image: 694173115004_gi219.png], where
[image: 694173115004_gi220.png]
. Let [image: 694173115004_gi221.png] and [image: 694173115004_gi222.png] be a sequence such that [image: 694173115004_gi223.png] for all i and [image: 694173115004_gi224.png] converges to a. We observe that for all [image: 694173115004_gi225.png], and the continuity of D implies that [image: 694173115004_gi226.png] for all [image: 694173115004_gi227.png]
. This results show that [image: 694173115004_gi228.png] for all
[image: 694173115004_gi229.png]
.


On the other hand, we can choose a positive integer [image: 694173115004_gi230.png] such that for all
[image: 694173115004_gi231.png] and a strictly increasing sequence [image: 694173115004_gi232.png] of positive integers such that [image: 694173115004_gi233.png]
 and 
[image: 694173115004_gi234.png]
 for all 
[image: 694173115004_gi235.png]
.


Assume [image: 694173115004_gi236.png] and [image: 694173115004_gi237.png]. It follows from [image: 694173115004_gi238.png]
that there is [image: 694173115004_gi239.png] for whichky [image: 694173115004_gi240.png]. Similarly, for each i, since [image: 694173115004_gi241.png]
[image: 694173115004_gi242.png], then there is [image: 694173115004_gi243.png] for which [image: 694173115004_gi244.png]. We easily see that [image: 694173115004_gi245.png] is a Cauchy sequence. Arguing in the Step 3, we obtain that [image: 694173115004_gi246.png] is an SO-sequence in [image: 694173115004_gi247.png] and so converges to an element [image: 694173115004_gi248.png]. Moreover, for all [image: 694173115004_gi249.png]
,





[image: 694173115004_gf20.png]










For large enough numbers of i, [image: 694173115004_gi250.png], which implies that [image: 694173115004_gi251.png], and hence, [image: 694173115004_gi252.png] for all [image: 694173115004_gi253.png].

Now, take [image: 694173115004_gi254.png]
, then condition (vi) of Proposition 1 ensures that


[image: 694173115004_gi255.png] for each [image: 694173115004_gi256.png]. This completes the proof of Step 4.





3       New generalized Hyers–Ulam–Rassias stability


Throughout this section, we assume [image: 694173115004_gi257.png] and [image: 694173115004_gi258.png] are two normed spaces. Also, [image: 694173115004_gi259.png] and [image: 694173115004_gi260.png] are the same orthogonal relations on Y and [image: 694173115004_gi261.png] as defined in the previous section, respectively. We consider the relation [image: 694173115004_gi262.png] as[image: 694173115004_gi263.png]-persevering and d as the metric induced by [image: 694173115004_gi264.png] .

Definition 6. Let [image: 694173115004_gi265.png] be a set-valued mapping.


(i)   The n-dimensional cubic set-valued functional equation is defined by




[image: 694173115004_gf21.png]










for every [image: 694173115004_gi266.png], where
[image: 694173115004_gi267.png] is an integer.


(ii)   Every solution of the n-dimensional cubic set-valued functional equation is called an n-dimensional cubic set-valued mapping.


 Theorem 5.
Let 
[image: 694173115004_gi268.png]
 be an integer, 
[image: 694173115004_gi269.png]
 and 
[image: 694173115004_gi270.png]
 be an SO-complete metric space (not necessarily a complete metric space). Assume that 
[image: 694173115004_gi271.png]
 is a set-valued mapping such that 
[image: 694173115004_gi272.png]
and 
[image: 694173115004_gi273.png]
 are 
[image: 694173115004_gi274.png]
-comparable for each 
[image: 694173115004_gi275.png]
 and 
[image: 694173115004_gi276.png]
, and also, there exist two functions
[image: 694173115004_gi277.png]
 and 
[image: 694173115004_gi278.png]
 satisfying the following conditions: 





[image: 694173115004_gf22.png]










for all [image: 694173115004_gi279.png] and also


(A1) 
[image: 694173115004_gi280.png]



(A2)  For all [image: 694173115004_gi281.png]
,





[image: 694173115004_gf23.png]











(A3)
For all  
[image: 694173115004_gi282.png],




[image: 694173115004_gf24.png]











Then there exist an n-dimensional cubic set-valued mapping 
[image: 694173115004_gi283.png]
and a subset 
[image: 694173115004_gi284.png]
in 
[image: 694173115004_gi285.png]
 with card [image: 694173115004_gi286.png]
such that for some positive real number 
[image: 694173115004_gi287.png]
, we have





[image: 694173115004_gf25.png]










for all [image: 694173115004_gi288.png]. In particular, if [image: 694173115004_gi289.png], then the mapping [image: 694173115004_gi290.png] is unique.

Proof. We denote by [image: 694173115004_gi291.png] the set




[image: 694173115004_gf26.png]










and the generalized metric D on [image: 694173115004_gi292.png] as follows:
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Consider the set [image: 694173115004_gi293.png]. Putting
[image: 694173115004_gi294.png] in (A2) yields that [image: 694173115004_gi295.png], and by using (3) we observe that [image: 694173115004_gi296.png] . Hence S is a nonempty set.

Now, let [image: 694173115004_gi297.png] be a function as given by [image: 694173115004_gi298.png]
 for all 
[image: 694173115004_gi299.png]
. We must show that T is a self-adjoint mapping, that is,
[image: 694173115004_gi300.png]
. To see this, put [image: 694173115004_gi301.png]
[image: 694173115004_gi302.png]
and
[image: 694173115004_gi303.png] in inequality (3). Since the range of f is convex and applying (A2), we have 
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and so,
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for all [image: 694173115004_gi304.png]. Dividing by 8m in (5), we get




[image: 694173115004_gf30.png]










for all [image: 694173115004_gi305.png]
. Replacing x by [image: 694173115004_gi306.png] in (6) and applying (A2), we have
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for all
[image: 694173115004_gi307.png]
. This ensures that [image: 694173115004_gi308.png]
. On the other hand, if [image: 694173115004_gi309.png], definition of D conclude that [image: 694173115004_gi310.png], and the triangle inequality implies that [image: 694173115004_gi311.png]
, that is,[image: 694173115004_gi312.png]
. Consider
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for all [image: 694173115004_gi313.png]
. Define the relation [image: 694173115004_gi314.png] on S as the following:
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It follows from Theorem 4 that [image: 694173115004_gi315.png] is an SO-complete metric space. Since the relation [image: 694173115004_gi316.png] is [image: 694173115004_gi317.png]-preserving, definition of


[image: 694173115004_gi318.png] and [image: 694173115004_gi319.png] imply that T is [image: 694173115004_gi320.png]-preserving. By using the hypothesis we obtain




[image: 694173115004_gf34.png]










for all [image: 694173115004_gi321.png] and [image: 694173115004_gi322.png]. From [image: 694173115004_gi324.png]-preserving of [image: 694173115004_gi325.png] and definition of T we get
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for all [image: 694173115004_gi326.png] and [image: 694173115004_gi327.png]. This means that
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for all [image: 694173115004_gi328.png]
. It follows from [image: 694173115004_gi329.png]-preserving of T that
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That is,
[image: 694173115004_gi330.png] and consequently [image: 694173115004_gi331.png]
for all [image: 694173115004_gi332.png] are SO-sequences in S and
[image: 694173115004_gi333.png], respectively. In order to show that the SO-sequence [image: 694173115004_gi334.png] is Cauchy, replacing [image: 694173115004_gi335.png]
and multiplying by 8r
 in (7) and using (A2) and (A3), we get
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all [image: 694173115004_gi336.png]
and [image: 694173115004_gi337.png]
. Considering




[image: 694173115004_gf39.png]










we obtain that
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for all [image: 694173115004_gi338.png] and [image: 694173115004_gi339.png] with [image: 694173115004_gi340.png]
. Since [image: 694173115004_gi341.png], letting [image: 694173115004_gi342.png] in the above inequality, we deduce that the sequence
[image: 694173115004_gi343.png] is a Cauchy sequence for each [image: 694173115004_gi344.png]. By SO-completeness of
[image: 694173115004_gi345.png] we obtain that for every [image: 694173115004_gi346.png], there exists an element [image: 694173115004_gi347.png], which is a limit point of [image: 694173115004_gi348.png]
. That is, [image: 694173115004_gi349.png] is well defined and given by
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for all . On the other hand, since, then there exist  and  such that  for all . Put
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It follows from [image: 694173115004_gi356.png] that [image: 694173115004_gi357.png]. Also, if [image: 694173115004_gi358.png] is an arbitrary nonzero point of
[image: 694173115004_gi359.png], then by using (A2) we can easily see that




[image: 694173115004_gf43.png]










So, there exists a natural number [image: 694173115004_gi360.png] for which
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and this means that
[image: 694173115004_gi361.png] belongs to[image: 694173115004_gi362.png]
. This implies that card
[image: 694173115004_gi363.png]. Now, were place [image: 694173115004_gi364.png]  by [image: 694173115004_gi365.png] in definition of [image: 694173115004_gi366.png]. For [image: 694173115004_gi367.png]
, we have the following implications
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Hence, we see that [image: 694173115004_gi368.png] for all [image: 694173115004_gi369.png]
. It follows from [image: 694173115004_gi370.png] that T is a contraction. Consequently, T is an SO-continuous mapping and is a contraction on [image: 694173115004_gi371.png]-comparable elements with Lipschitz constant L. Since [image: 694173115004_gi372.png] is SO-complete and T is also S-preserving, then from Theorem 3 we conclude that T has a unique fixed point and T is a Picard operator. This means that the sequence [image: 694173115004_gi373.png] is convergent to the fixed point of T . It follows from (8) that F is a unique fixed point of T . Moreover,
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Therefore,
[image: 694173115004_gi374.png]
. Relation (7) ensures that inequality (4) holds. Finally, we need to show that F is an n-dimensional cubic set-valued mapping. To this end, let [image: 694173115004_gi375.png] be ﬁxed elements of [image: 694173115004_gi376.png]. Since [image: 694173115004_gi377.png]
is a nonnegative and decreasing sequence, then there is [image: 694173115004_gi378.png] for which [image: 694173115004_gi379.png]
 as 
[image: 694173115004_gi380.png]
. Taking into account (A1), we have [image: 694173115004_gi381.png], so there exist [image: 694173115004_gi382.png] and [image: 694173115004_gi383.png] such that for all [image: 694173115004_gi384.png]
. Consider the positive integer N such  
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that for [image: 694173115004_gi385.png]. By virtue of (3) we obtain

Therefore, F is an n-dimensional cubic set-valued mapping as desired.


Corollary 1. Let 
[image: 694173115004_gi386.png]
 be an integer and 
[image: 694173115004_gi387.png]
. Let Y be a Banach space and 
[image: 694173115004_gi388.png]
 be a mapping such that there exists a function 
[image: 694173115004_gi389.png]
 satisfying
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for all 
[image: 694173115004_gi390.png]
. If there exists a positive real number 
[image: 694173115004_gi391.png]
 such that
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for all 
[image: 694173115004_gi392.png]
, then there exists a unique n-dimensional cubic mapping 
[image: 694173115004_gi393.png]
, which satisﬁes the inequality
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for all 
[image: 694173115004_gi394.png]
. The mapping F is given by





[image: 694173115004_gf51.png]










Proof. For every [image: 694173115004_gi395.png], deﬁne [image: 694173115004_gi396.png] if and only if [image: 694173115004_gi397.png]. It is clear that [image: 694173115004_gi398.png] is an O-set. Moreover, we can consider [image: 694173115004_gi399.png] as a closed subset of [image: 694173115004_gi400.png],which d is the metric induced by [image: 694173115004_gi401.png] . Since Y is a Banach space, so [image: 694173115004_gi402.png] is an SO-complete metric space. From deﬁnition of [image: 694173115004_gi403.png] follows that




[image: 694173115004_gf52.png]










It is enough to pick [image: 694173115004_gi404.png] for all [image: 694173115004_gi405.png]
. The result is an immediate consequence of Theorem 5.


Theorem 6. Let 
[image: 694173115004_gi406.png]
 be an integer, 
[image: 694173115004_gi407.png]
, and 
[image: 694173115004_gi408.png]
 be an SO-complete metric space (not necessarily complete metric space). Suppose that 
[image: 694173115004_gi409.png]
 is a set-valued mapping such that 
[image: 694173115004_gi410.png]
 and 
[image: 694173115004_gi411.png]
 are 
[image: 694173115004_gi412.png]
-comparable for each 
[image: 694173115004_gi413.png]
 and 
[image: 694173115004_gi414.png]
, and there exists a function 
[image: 694173115004_gi415.png]
 satisfying equation (3) of Theorem 5 and the following property:


(B1) [image: 694173115004_gi416.png]
 if and only if 
[image: 694173115004_gi417.png]
 for all 
[image: 694173115004_gi418.png]
, and 
[image: 694173115004_gi419.png]
[image: 694173115004_gi420.png]
is an increasing sequence for all 
[image: 694173115004_gi421.png]
 that are not all zero. Also,
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is an unbounded sequence for some [image: 694173115004_gi422.png]
[image: 694173115004_gi423.png]
.



If 
[image: 694173115004_gi424.png]
 is a mapping, which satisﬁes relation (A1) of Theorem 5 and the following conditions:


(B2) For all [image: 694173115004_gi425.png] that are not all zero,
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(B3) For every nonzero element x of 
[image: 694173115004_gi426.png]
,
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Then there exist an n-dimensional cubic set-valued mapping 
[image: 694173115004_gi427.png]
 and a sub- set 
[image: 694173115004_gi428.png]
in 
[image: 694173115004_gi429.png]
 with card 
[image: 694173115004_gi430.png]
 such that for some positive real number 
[image: 694173115004_gi431.png]
, we have
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or all [image: 694173115004_gi432.png]. Moreover, if [image: 694173115004_gi433.png], then F is unique.


Proof. By the same reasoning as in the proof of Theorem 5, there exist [image: 694173115004_gi434.png] and [image: 694173115004_gi435.png] such that[image: 694173115004_gi436.png] for each [image: 694173115004_gi437.png]. Set
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As a result of (B1), we can easily see that for some [image: 694173115004_gi439.png]
[image: 694173115004_gi438.png]
, the sequence
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Is a decreasing sequence which converges to zero. This concludes that card [image: 694173115004_gi440.png]
. By the same argument of Theorem 5 one can show that the mapping [image: 694173115004_gi441.png] deﬁned by [image: 694173115004_gi442.png]
 for all 
[image: 694173115004_gi443.png] is a [image: 694173115004_gi444.png]-preserving mapping and is a contraction with Lipschitz constant L on 
[image: 694173115004_gi445.png]. Deﬁne
[image: 694173115004_gi446.png]
 by 
[image: 694173115004_gi447.png]
 for all 
[image: 694173115004_gi448.png]
. Replacing [image: 694173115004_gi449.png] by 
[image: 694173115004_gi450.png] in deﬁnition of S0 and applying Theorem 3,weobtain that [image: 694173115004_gi451.png] is a unique ﬁxed point of T. It follows from (6) that [image: 694173115004_gi452.png] and so
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and consequently,
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That is, inequality (10) holds. To show that the function F is an n-dimensional set-valued mapping on [image: 694173115004_gi453.png], let [image: 694173115004_gi454.png] be ﬁxed elements of [image: 694173115004_gi455.png], which are not all zero. Since
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is a nonnegative and decreasing sequence, so the rest of the proof is similar to the proof of Theorem 5.


Corollary 2.
 Let 
[image: 694173115004_gi456.png]
 be an integer and Y be a Banach space. Suppose that 
[image: 694173115004_gi457.png]
 is a mapping such that there exists a function 
[image: 694173115004_gi458.png]
 satisfying conditions (B1) of Theorem 6 and, in addition
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for all 
[image: 694173115004_gi459.png]
. If there exists a positive real number 
[image: 694173115004_gi460.png]
 such that
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 For all 
[image: 694173115004_gi461.png]
, then for every 
[image: 694173115004_gi462.png]
,there exists a unique n-dimensional cubic mapping 
[image: 694173115004_gi463.png]
, which satisﬁes the inequality 
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for all 
[image: 694173115004_gi464.png]
. The mapping F is given by
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Proof. Take the same metric d and the orthogonal relation of Corollary 1. By the same argument of Corollary 1 one can show that [image: 694173115004_gi465.png] is an SO-complete metric space and [image: 694173115004_gi466.png] and [image: 694173115004_gi467.png] are [image: 694173115004_gi468.png]-comparable for each [image: 694173115004_gi469.png]
and
[image: 694173115004_gi470.png]
. Putting [image: 694173115004_gi471.png]
 for all 
[image: 694173115004_gi472.png]
and applying Theorem 6, we can easily obtain the results.


Corollary 3. Suppose that Y is a Banach space and [image: 694173115004_gi473.png] and [image: 694173115004_gi474.png] are ﬁxed. Assume that [image: 694173115004_gi475.png] is a function satisﬁes the functional inequality
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for all 
[image: 694173115004_gi476.png]
. Then there exists a unique n-dimensional cubic mapping 
[image: 694173115004_gi477.png]
 such that the inequality
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holds for all 
[image: 694173115004_gi478.png]
, where 
[image: 694173115004_gi479.png]
, or the inequality
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holds for all 
[image: 694173115004_gi480.png]
, where 
[image: 694173115004_gi481.png]
.



Proof. Take the same metric d and the orthogonal relation of Corollary 1. By the same argument of Corollary 1 one can show that [image: 694173115004_gi482.png] is an SO-complete metric space. Moreover, deﬁnition of [image: 694173115004_gi490.png] ensures that [image: 694173115004_gi483.png] and [image: 694173115004_gi484.png]
. are[image: 694173115004_gi485.png]-comparable for each [image: 694173115004_gi486.png]
 and 
[image: 694173115004_gi487.png]. Similarly,[image: 694173115004_gi488.png] and [image: 694173115004_gi489.png] are [image: 694173115004_gi491.png]-comparable for each [image: 694173115004_gi492.png]
 and 
[image: 694173115004_gi493.png]
.


We deﬁne [image: 694173115004_gi494.png]
[image: 694173115004_gi3.png] It follows that
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for all [image: 694173115004_gi495.png], where
[image: 694173115004_gi496.png]
. Set [image: 694173115004_gi497.png] for all [image: 694173115004_gi498.png]. This ensures that [image: 694173115004_gi499.png] and relations (A1) and (A3) of Theorem 5 hold. Applying Theorem 5, we see that inequality (4) holds with
[image: 694173115004_gi500.png],which yields inequality (12). On the other hand, the function φ satisﬁes properties (B1), (B2) and also
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for all [image: 694173115004_gi501.png]
, where
[image: 694173115004_gi502.png]
. Putting [image: 694173115004_gi503.png] for every [image: 694173115004_gi504.png], it is easily seen that [image: 694173115004_gi505.png] and conditions (A1) and (B3) are hold. Employing Theorem 6, we see that inequality (10) holds with [image: 694173115004_gi506.png]

.
 This implies inequality (13).

The next example shows that Theorem 6 is a real extension of Corollary 1.


Example 2. Let
[image: 694173115004_gi507.png] be an integer and [image: 694173115004_gi508.png]
, and Y  be a Banach space. Let [image: 694173115004_gi509.png] be a sequence deﬁned by [image: 694173115004_gi510.png] for all natural number p with [image: 694173115004_gi511.png]
. It is easy to see that [image: 694173115004_gi512.png] is a strictly increasing sequence of real numbers. Suppose that [image: 694173115004_gi513.png] is a mapping satisfying
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for all [image: 694173115004_gi514.png]
. Deﬁne a mapping [image: 694173115004_gi515.png] by
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and the function [image: 694173115004_gi516.png]
) as
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Then the following hold:


(i)   For every [image: 694173115004_gi517.png].


(ii) 
 For every 
[image: 694173115004_gi518.png]
,
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(iii) 
For every 
[image: 694173115004_gi519.png]
,
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(iv)  For every positive real number s, there exist a constant [image: 694173115004_gi520.png] and an n-dimensional cubic mapping [image: 694173115004_gi521.png] such that
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for all . with [image: 694173115004_gi522.png]
.



Proof. Take the same metric d and the orthogonal relation of Corollary 1. By the same argument of Corollary 1 one can show that [image: 694173115004_gi523.png] is an SO-complete metric space and
[image: 694173115004_gi524.png] and [image: 694173115004_gi525.png]
) are[image: 694173115004_gi526.png]-comparable for each [image: 694173115004_gi527.png] and [image: 694173115004_gi528.png]
. Let us take
[image: 694173115004_gi529.png] and [image: 694173115004_gi4.png] and let p be the smallest natural number such that [image: 694173115004_gi5.png]. Then
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We observe that
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This follows that there exists [image: 694173115004_gi531.png], which
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Assume that k is the smallest natural number satisfying the above condition. Clearly, [image: 694173115004_gi530.png] and
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Now, we suppose that q is the smallest natural number that [image: 694173115004_gi6.png] then [image: 694173115004_gi7.png]. Since.[image: 694173115004_gi8.png] then [image: 694173115004_gi532.png], and we conclude [image: 694173115004_gi9.png]. This implies that
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That is, condition (i) holds. From deﬁnition [image: 694173115004_gi533.png] it is easily seen that [image: 694173115004_gi534.png] is a nondecreasing mapping.

Finally, it follows from [image: 694173115004_gi535.png] that for every [image: 694173115004_gi536.png], there exists [image: 694173115004_gi537.png] such that
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for all x with [image: 694173115004_gi538.png]
. By the same proof of Theorem 5 we prove (iv).

Notice that there is no [image: 694173115004_gi539.png] such that inequality (9) holds, and hence, the stability of [image: 694173115004_gi540.png] does not imply by Corollary 1.

Now, we observe in the following example that our results go further than the stability on Banach spaces.


Example 3. Let [image: 694173115004_gi541.png] and [image: 694173115004_gi542.png] be given. Consider [image: 694173115004_gi543.png] (the set all of continuous functions on [0,1]) with norm
[image: 694173115004_gi544.png], where 1
[image: 694173115004_gi545.png]. Suppose that [image: 694173115004_gi546.png] is a mapping satisfying inequality (11) and the following condition:
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Then there exists a unique n-dimensional cubic mapping [image: 694173115004_gi547.png] such that inequality (12) holds for all [image: 694173115004_gi548.png], where [image: 694173115004_gi549.png], or inequality (13) holds for all [image: 694173115004_gi550.png], where [image: 694173115004_gi551.png].


Proof. Let q be the conjugate of [image: 694173115004_gi552.png]. For all [image: 694173115004_gi553.png] , deﬁne
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And [image: 694173115004_gi554.png]
. .We claim that [image: 694173115004_gi555.png] is an SO-complete metric space. Indeed, let [image: 694173115004_gi556.png] be a Cauchy SO-sequence in Y, and for all [image: 694173115004_gi557.png]
. The relation [image: 694173115004_gi558.png] ensures that for all 
[image: 694173115004_gi559.png]
,
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We distinguish two cases.


Case 1. There exists a subsequence [image: 694173115004_gi560.png]
 of 
[image: 694173115004_gi561.png] such that [image: 694173115004_gi562.png]
 a.e. for all k. This implies that [image: 694173115004_gi563.png]
.



Case 2. For all sufﬁciently large [image: 694173115004_gi565.png]
. Take [image: 694173115004_gi566.png]
such that for all [image: 694173115004_gi568.png]
. It follows from (15) that for all [image: 694173115004_gi569.png], there exists [image: 694173115004_gi570.png] for which [image: 694173115004_gi571.png]. It leads to
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for each [image: 694173115004_gi572.png]
. As 
[image: 694173115004_gi573.png], the right-hand side of the above inequality tends to 0.Therefore, [image: 694173115004_gi574.png] is a Cauchy sequence in [image: 694173115004_gi576.png]. Assume that [image: 694173115004_gi577.png]
 as 
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