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Abstract: We present a novel generalization of the Hyers—Ulam—Rassias stability
definition to study a generalized cubic set-valued mapping in normed spaces. In order to
achieve our goals, we have applied a brand new fixed point alternative. Meanwhile, we
have obtained a practicable example demonstrating the stability of a cubic mapping that
is not defined as stable according to the previously applied methods and procedures.

Keywords: stability, orthogonal set, cubic mapping, fixed point, incomplete metric
space.

1 Introduction and literature reviews

The study for the set-valued dynamics in Banach spaces has been
developed in the last decades. The pioneering published papers by
Aumann [2] and Debreu [9] were inspired by some problems arising in
the control theory and mathematical economics. We refer to the articles
by Arrow and Debreu [1], McKenzie [29], and the survey by Hess [18].
The stability of functional equations was first introduced by Ulam [38]
in 1940. He proposed the following problem: Given a group G, a metric
group (.4, and a positive number ¢, does there exist a s> 0 such that
if a mapping f : G, — G, satisfies the inequality d(f(x). /() /() < & for all
r.y € G, then there is a homomorphism 7 : . - ¢. such that d(/(). 7)) < «
for all « € .. If the answer is positive, we say that the homomorphisms
from ¢: to ¢, are stable. In 1941, Hyers [19] gave a partial solution of
Ulam’s problem for the case of approximate additive mappings under
the assumption that ¢: and ¢, are Banach spaces. In 1978, a generalized
version of the theorem of Hyers by considering the stability problem
with unbounded Cauchy differences was given by Rassias [36]. This
phenomenon of stability that was introduced by Rassias [36] is called the
Hyers—Ulam—Rassias stability of functional equations.
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Theorem 1. Let 12+ beamapping from a normed vector space E into
a Banach space E# subject to the inequality

[/ +y) = F@@) = )| < e(ll=]” + yll),

where # and p are constants with <> o, and » ;1. Then there exists aunique
additive mapping 1 E — ' such that in the case of p <1,

2e |
| f(z) — T(x)] < ﬁ||:x:||” Vr € E,

while in the case of »>1,

2¢ |
|/ (z) — T(x)|| < Qw—iQH'r”p Ve € E.

The solution to this problem was obtained by Gajda [13] for »>1, and
the problem for p < 1 was solved by Rassias [36]. Rassias and Semrl [37]
proved that the stability does not occur for » = 1. The result of the Rassias
theorem was generalized by Forti [11] and Gavruta [14], who permitted
the Cauchy difference to become arbitrary unbounded.

The stability problems of several functional equations have been
extensively investigated by many mathematicians. The results of these
kinds of problems have been extensively studied. We refer, for instance, to
[6,12,15-17,19,27] and also [11, 13, 14, 22, 25, 36, 37] and references
therein.

A stability problem of Ulam for the cubic functional equation

FRx+y)+ f2x —y)=2f(x+y) + 2f(x — y) + 12f(x)

was established by Jun and Kim [22] for mapping sz »z , where
5 is a normed space, and . a Banach space. Also, they solved the
stability problem of Ulam for the generalized Euler—Lagrange-type cubic
functional equation

flaz +y) + f(z +ay) = (a+1)(a—1)*[f(z) + f(y)]
+ala+1)f(x+y)

for fixed integer 2 with « #0.41, and
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flazx + by) + f(bx + ay) = (a + b)(a — b)? [f(z)+ [(y)]

11—1

+ ab(a + b) f(x + y)
for fixed integers 4, b with o 20,5 20, and o1 20, and the equations being
equivalent to (1). Afterwards, referring to [7], Chu et al. extended the

cubic functional equation to the following generalized form:

1—1 1—1

f Z Tj+ 2z, | + f Z rj— 2z, | + Z f(2x;)

3=1

i=1 j=1

1—1 n—1

= 2f Z z; | +4 Z ( flz; +xn) + flz; — .’J‘_.'.”_J)._.
i—1

i=1

where »>2 is an integer, and they also investigated the Hyers—Ulam
stability. Moreo ver, in [25], Jung and Chang investigated a generalized
Hyers—Ulam—Rassias stability for a cubic functional equation by using
the fixed point alternative. The first systematic study of the interative
methods in the stability of mappings is due to Isac and Rassias [20]

The stability of the set-valued functional equations has been widely
examined by a number of authors (see [8, 21, 30-32]), and the Hyers—
Ulam stability of the set-valued functional equations was proved in [21,
26, 28]. Also, there are many interesting stability results concerning this
problem (see [8, 23, 24]).

Quite recently, Eshaghi et al. [10] and M. Ramezani et al. [35]
introduced the notion of orthogonal sets and gave a real generalization of
the Banach fixed point theorem in incomplete metric spaces. The main
result of [10] is the following theorem.

Theorem 2. (See [10].) Let (x...oy be an O-complete orthogonal metric
space (not necessarily complete metric space) and o < <1. Let 1:x »x be
O-continuous, 1 -contraction with Lipschitz constant \, and 1 -preserving.
Then 1 has a unique fixed point + <x . Also, s is a Picard operator, that
i, [ it 7 (0) =2 forall vex.

For more details about the orthogonal space, we refer the reader to
[3-5, 10, 34, 35].

The aim of this paper is to offer a new generalized Hyers—Ulam—Rassias
stability result for the functional equation (2) for the set-valued mappings
in normed spaces, which are not necessarily Banach spaces, by using the
fixed point alternative [10] as in [3]. Examplewise, we present a special
case of our results, which is a real extension of the previous results as of
this literature.

At first, we recall some basic definitions and our main tools.

Definition 1. (See [10].) Let x40 and 1cxxx be a binary relation.
If 1 satisfies the following condition be a binary relation. If satisfies the
following condition

823



Nonlinear Analysis: Modelling and Control, 2021, vol. 26, ntiim. 5, ISSN: 1392-5113 / 2335-8963

drg € X: (Vy, y Lag) or (Vy, z¢g Ly),

then 1 is called an orthogonal relation, and the pair x1) - an
orthogonal set (briefly, O- sez)

Note that in the above definition, we say that » is an orthogonal
element. Also, we say that elements ».y ¢ x are 1 -comparable either = Ly
or ylz.,

Definition 2. (See [10, 35].) Let (x.1) be O-set. A sequence .} is called

(i) an orthogonal sequence (briefly, O-sequence) if

(Vn, x, Lx,,y) or (Vn, x,. Lx,);
(i) an strongly orthogonal sequence (briefly, SO-sequence) if

(Vn,k, x, Lx,.) or (Vn,k, x,p Lx,).

Every SO-sequence is an O-sequence. But the converse is not true in
general.

Definition 3. (See [10, 35].) Let (x.1.0) be an orthogonal metric space
((x.1) is an O-set, and (x.1) a metric space). x is

orthogonal complete (briefly, O-complete) if every Cauchy O-sequence
is convergent;

strongly orthogonal complete (briefly, SO-complete) if every Cauchy
SO-sequence is convergent.

It is easy to see that every complete metric space is O-complete and
every O-complete metric space is SO-complete. In [3, 35], the authors
proved that the converse is not true in general.

Definition 4. (See [10, 35].) Let (x. 1.0 be an orthogonal metric space.
Then ;. x - x is

orthogonal continuous (briefly, O-continuous) at a e x if for each O-
sequence {w) iz X.a, »aimplies s - f@ .

strongly orthogonal continuous (briefly, SO-continnous) at «  x if for
each SO-sequence {w.) in x.q, »a implies s - s

Also,  is O-continuous (SO-continuous) on x if s is O-continuous
(SO-continuous) in each a € x .

It is obvious that every continuous mapping is O-continuous and every
O-continuous mapping is SO-continuous, but the converse is not hold in
general (see [3, 35]).

Definition 5. (See [3].) Let (x.1) be an O-set. A mapping /. x - x is said
to be 1 -preserving if s(+)1/(») whenever = Ly and +yex .

Theorem 3. Let (x.1.a) be an SO-complete orthogonal metric space
(not necessarily complete metric space) and o< x<1. Let 1:x-x be SO-
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continuous, 1 -preserving, and 1 -contraction with Lipschitz constant .
Then fhas a unique fixed point + < x . Also, r is a Picard operator, that is,
lim, oo 7(2) = 2" fOrall zex.

Proof. The proof of this result uses the same ideas in Theorem 3.11 of
[10], and it suffices to replace the O-sequence by SO-sequence.

By the aforementioned results we can conclude that Theorem 3 is a
real generalization of Theorem 2. So, in the next steps, we are going to
prove the stability of functional equation (2) in the SO-complete normed
spaces.

2 An incomplete distance on subsets of a set

Before introducing the main results, we recall some notations and
definitions.

Let (x.|) be a normed space (not necessarily a Banach space), and let
1 be anorthogonal relation on x such that (x.1.4 is an orthogonal metric
space, wheredisthe induced metric by .

We say that . is r-preserving whenever « Ly implies ++ 1 for each » ¢ r.
See the next example.

Example 1. Let x —r, and let two relations 1, and 1. on x be defined as

rlyy <— wxyec{ry} and zl,y <= dke€Z y=kuxr.
It is obvious that an orthogonal element of (x.1,) and x.1. is zero.
However, (x.1,) is not k-preserving. To see this, if »=1.y=2, and r=3
, then 21y, while 31,3/ . Notice that it is easy to see that .1, is k-
preserving.
Let c.v) be the set of all nonempty, closed, convex, and bounded

subsets of x. Consider the addition and the scalar multiplication as
follows:

CH+C'={z+22cC 2 cC'} and AC = {Ax: z € C},
where c.ccc.xv ) and »cr. One can show that

ACHXC"=XC+C") and (A +p)C =AC + uC

forall s, cr and c.cvc v We consider #+ on pairs of elements in c..cx) by

! l - ! i al
HI(C,C) =3 (p(C,C") + p(C', C)),

where o(c.¢") = sw,ee D¢ and D, ¢y = wt{a@,y): v e . Pathak and Shahzad
in [33] proved that %' is a metric on c.x. We define the relation o on
Cup(X) AS
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CoC' =C+CC".

The following proposition can be proved from some properties of the
distance #-.

Proposition 1.(See/33].) Forany c.c.x.x c cowx) and x> o, the following
properties hold:

Lo e b = la—ols

. HHCoHO.KoK)<HNC.K) +H (CLK):

fil.  HYOACAK) = \HH(C, K):

IV, HHC® {2}.C' @ {2}) = HH(C,C") forall z € X 3

V.  HHC.CN) = inf{r > 0: C C 8(C",r1), €' C 8(Cura), 1 = (ry +12)/2} s where
5(C.r) = o € x: Da.C) <} for all positive real number r;

Vi, HHC.C) = nf{r > 0: € CH(Cry), ' CH(Cora) 1= (ry +72)/2} 6(C.7) for each positive
real number r.

Given 4,8 e c.(x). We define the relation 1+ between A4 and B as follows:

Al*B <+ VYacA beB, adlhb.

ok
Yy

If + is an orthogonal element of (x.1), then the singleton () is an
orthogonal element for (ca(x). 1)

Theorem 4. If (x.1.a) is an SO-complete .not necessarily complete. metric
space, then (o (x).0.1%) with orthogonal relation 1+ is SO-complete.

Proof. Let (4.) bea Cauchy SO-sequence in (cox).0.#). We need to show
that (4.} converges to some element in c..(x).

Let A be the set of limit points of sequences {«.} with a, € 4, forall n e N.
Our aim is to prove that 4 ¢ c.(x) and (4.} converges to 4. To see end, let
us to divide the proof in the following steps.

Step 1: A is closed. Let o e 1. Definition of A4 ensures that we can choose
the sequence(« in A converging to 4. This leads to for all « c r, there exists
i in x such that foranyn e nyt e 4, and v » w as n - oo. Let tn) beastrictly
increasing sequence of positive integers such that for any, & e s, —al <1/2¢
. We observe that

— r}.H < Hy;{:k — {L;‘;H + ||f.‘.',;_: — r';.||.

As i, the right-hand of above inequality converges to zero, which
implies ac .

Step 2: A is convex. Let avea and o<:<1. Take two sequences (e} and
{v.} such that for each n e N, a.t.c4,and a, +aand . >0 as n — . Since
for any n e N, A, is a convex set, then w, + @ - 1p, € 4, . The closeness of 4
implies that ta+ (1 -1 e .

Step 3: A is nonempty. We observe from (4.} is a Cauchy sequence that
there exists a strictly increasing sequence {u} such that for all »c~ and
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nom > m, H(Aw A < 12+, Definition of #+ ensures that for each r e n, there
€XiStS an,,, € A,,,, for which kank ., —a.,..Il < 1/2* . This results show that the
sequence {a,,} is Cauchy.

On the other hand, since (4.} is an SO-sequence, it follows that

(Vk,m, an, Las,, ) or (Vkm, an,,,. Lan).

ly —all <lly -

Therefore, {a,,} is a Cauchy SO-sequence in x. Since x is SO-complete
and ... for each & < n, the conclusion follows easily.

Step 4: 1m, .1+ (4,0 =0. Fix «>0. There exists a positive integer ~, such
that for all m > n > 5. #*(4,.4,) < <. By definition of »+ and condition (v) of

Proposition 1 we see that for all m>n>va cotne) and 4, coa,.e,
where ¢ = (¢ + 2)/2 . Let ac 2 and 10} be a sequence such that « € 4; for all
i and (e} converges to 2. We observe that for all i > n > .« € 4(4,.02), and
the continuity of D implies that « € 54,.) for all » > v, This results show
that 1c3.e) forall » > .

On the other hand, we can choose a positive integer ». such that for all
#+ (4,4, < o/t and a strictly increasing sequence {#} of positive integers such
that m >N and w . s <ar forall ien.

Assume » > N, and v € 4., It follows from 7+ (4., 4.,) < a1/4 that there is
an € 4., for whichky |y - .|| < /2. Similarly, for each 7, since #*(4,.4...,) <
a/2+2, then there is a.. € 4., for which ja,, - a...| < a2, We easily see that
tan.} is a Cauchy sequence. Arguing in the Step 3, we obtain that («.} is an
SO-sequence in x and so converges to an element « ¢ X. Moreover, for all

ieN,

an, || + llan, — an,|| + -+ |lan, | — an,|| + ||lan, — all.

For large enough numbers of i, i.y—al <, which implies that yes(1.c),
and hence, 4, cs(4.¢) forall » > .

Now, take ~ = ms(v. v , then condition (vi) of Proposition 1 ensures
that
#* (A, 4) < e for each » > N. This completes the proof of Step 4.

3 New generalized Hyers—Ulam—Rassias stability

Throughout this section, we assume (x.jix) and ) are two normed
spaces. Also, 1 and 1* are the same orthogonal relations on Y'and c.,(v) as
defined in the previous section, respectively. We consider the relation ©
ask -persevering and d as the metric induced by i, .

Definition 6. Let s x » .0 be a set-valued mapping,

(i) The z-dimensional cubic set-valued functional equation is defined

by
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n—1 n—1 n—1
f Z xj+2x, | Df Z Tj—2r, | f(2x)
i=1 i=1 =1

n—1 n—1

=2f( D _ai | @4 (flaj+aa) © fz; — x0))
i=1 j=1

for every ...z, < x, where »>2 is an integer.

(ii) Every solution of the n-dimensional cubic set-valued functional
equation is called an #-dimensional cubic set-valued mapping,

Theorem 5. Let n>2 be an integer, we...ovy and v.a1) be an
SO-complete metric space (not necessarily a complete metric space). Assume
that 1-x-cuv) is a set-valued mapping such that 1e12) and i) are 1
-comparable for each :cx and r<N, and also, there exist two functions
o:xn o) and o) - 0.1) satisfying the following conditions:

n—1 n—1 n—1
HY f Z rj+ 2z, | & f Z rj —2xy, | & Z f(2x;),
j=1 j=1 j=1
n—1 n—1
Zf Z Ly ©4 Z (.f('?:j + -'f:n) & f(:ﬂj - 'T:n))
i=1 =1
<Py, .. xn)

forall +,.....x, e x and also
(Al) limsup,_, .+ a(t) < 1forall s = 0;
(AZ) FOr all Ty tp €X

T T 1 . ,
10 21 e 2“ < gf.k‘(qﬂl(:ﬂ]: ... ,:I:.”)) D(xyy .y Ty);

(A3) Forall :<x,

al ¢ é:...,:—;,ﬂ,...,{} < a(d(r,...,2,0,...,0)).
— 1 ferms

TIL lerms

Then there exist an n-dimensional cubic set-valued mapping -~ - cov and
a subset x in x with card ) > 1 such that for some positive real number
L <1, we have
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L
—(x, ... 2, 0,...,0
m(1 — L) ﬁ“’(\f___v___{, ' )

I lerms

HY (f(xz), F(x)) <

for all » « x*. In particular, if x- - x, then the mapping s is unique.
Proof. We denote by s, the set

So=1{g9: X = Cu(Y) | g(0) is a singelton set }
and the generalized metric D on s, as follows:

D(h,g) = inf{.-"l;)‘r >0 | ?{"'(h(:ﬁ), q(r)) < Me(x,...,z,0,...,0) Vz X}.
——

e terms

Consider the set s={5e 5 | D) < ). Putting » =0G=12...m in (A2)
yields that (.....0)= 0, and by using (3) we observe that 70 = (0}.. Hence §
is a nonempty set.

Now, let 7:5 - 5, be a function as given by 7o) = sot2/2) forall +cx . We
must show that 7'is a self-adjoint mapping, that is, 7(s) ¢ s. . To see this,
put # =0 G=1t..m and . =rwe = =2 =0 in inequality (3). Since the
range of f is convex and applying (A2), we have

H(f(max) @ f(mx) @ mf(2x),2f(mz) & 8mf(x)) < ¢(x,...,2,0,...,0),
—_——

I terms

and so,

HT (mf(2x),8mf(x)) < ¢z, ....2,0,...,0)
e —’

1T lerms

for all » e x. Dividing by 872 in (5), we get

HT (f(?:f:) ; f(J}) < i(;ﬁ(.‘ﬁ: oo, 0,...,0)

BIN S e’

T lerms

A

forall » e x . Replacingx by +/2 in (6) and applying (A2), we have

829



Nonlinear Analysis: Modelling and Control, 2021, vol. 26, ntiim. 5, ISSN: 1392-5113 / 2335-8963

H (f{;-;:),?%f(i—;)) < :?;ﬁ(%éuu)

\\_\,_P’
e terms
1
= —r.r((:b(:r;, U | A [l})q.")(;:r, ey, 0,...,0)
8 —— ———
1T lETms T IErms

1
< —@(x,. .., 2,0,...,0)
B s
7 terms

for all « e x . This ensures that /. < 1/sm . On the other hand, if ¢ € s,
definition of D conclude that ps.7/) < p(.1), and the triangle inequality
implies that p(ry. /) < D(Tg. 7))+ D(T1.1) < 0, that is,79 ¢ 5. Consider

O(x) = { f(x), (Tf)(x), (Tgf)(.'!j::l._ (T°f)(x),...}
forall » ¢ x . Define the relation s on § as the following:
glsh <+ ({g(z),h(z)}NO(x) #0 or g(x) L* h(z)) Ve X.

It follows from Theorem 4 that «.».1) is an SO-complete metric space.
Since the relation . is r-preserving, definition of s and 1+ imply that 7"
is 1s-preserving. By using the hypothesis we obtain

()) « (2(3)

forall » e x and r ¢ N. From r-preserving of + and definition of 7'we get

{(T*f)[r} 1* f{:ﬂ]} or {f(:!;] 1* (T"f){:';:}}

for all » ¢ x and r €N, This means that

(I"fLs f) or (fLsT"f)
forall ren . It follows from 1.-preserving of 7" that
(Vr,se N, T""f LgT7f) or (VrseN, T"f LgT " f).
That is, «n and consequently 7w for all » ¢ x are SO-sequences in

S and c.v), respectively. In order to show that the SO-sequence ) is

Cauchy, replacing «by/2” and multiplying by 8" in (7) and using (A2) and
(A3), we get

830



Maryam Ramezani, et al. On the new Hyers—Ulam—Rassias stability of the generalized cubic set-valued mapping in the incomplete normed spaces.

HE((T"f) (), (17 f) () < [(.r((,-ﬁ(:f:, AU | A ,(}))]r(_,b(:n, ey, 0,...,0)

T terms i terms

all » c x and re . Considering

L, —= t.r(q-f}(:n, R | I ,[])),
\l-—..v,.—-!"

T terms

we obtain that

WO (1) @), (1) )

s—1 s5—1
< HY(T V), (T ) () < L, ...,z 0,...,0

Z (T ) (@), (17 ) () Z Lo, .., )

e lerms

L1 -1y

=~ dlw,...,x 0 ..., 0
1— L, "Mi_.\,_f, - 0)
i terms

for all zex and nsen with » <« . Since 1, <1, letting rs + ~ in
the above inequality, we deduce that the sequence (e is a Cauchy
sequence for each « e x. By SO-completeness of c..(v) we obtain that for
every = e x, there exists an element r() e ca(v), which is a limit point of
{rpy . Thatis, 7:x o) is well defined and given by

H A
or

for all . On the other hand, since, then there exist and such that for all .
Put

T—F 00 00

S

.

X* — {;1; cX I Do, ..., 0,...,0) < JL}-
N

e terms

It follows from o.....0) = o that o ¢ x. Also, if (=) is an arbitrary nonzero
point of x, then by using (A2) we can casily see that

o a£ J. ,
m(""—:"—l’un) < G lwo, . 10,0,...,0).
“
S—— 11t terms
e terms

So, there exists a natural number r for which
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m lerms

and this means that «/> belongs tox* . This implies that card «) - 1.
Now, were place x by x* in definition of s. For snes., we have the
following implications

Dig,h) < K
—  H'(g(z),h(x)) £ K$(zx,...,z,0,...,0), z¢€X",

IL-_.h’.—f
7L LTS
— 8K (r;(é)h(%)) < .f{:»‘s:;‘;(g....,g,u,...__u), e X,
I\l\_,‘f,_l"
m lerms
= H'|8&g r L8R * e .'{fr((-."r(.'r:, R N | ,ll)}
T bermns
x ¢lx,...,r,0,...,0), reXT,
\\—\’—f
T lerms
T T ) .
= H' &g LB - < KLp(z,...,z,0,...,0), zecX",
2 3 —
e lerms

— H [T;;{:;.'], Th.{:r:jlj £ KLp(x,...,z,0,...,0), z€ X",
I\-\_.h’.—o“

T lerms

= DTy Th)=< KL.

Hence, we see that p(rg.7h) < (g, 1) forall ¢.n e s.. It follows from z < 1 that
T'isa contraction. Consequently, 7'isan SO-continuous mappingandisa
contraction on :s-comparable elements with Lipschitz constant L. Since
015 is SO-complete and T is also S-preserving, then from Theorem 3
we conclude that 7 has a unique fixed point and 7' is a Picard operator.
This means that the sequence (1) is convergent to the fixed pointof 7". It
follows from (8) that F is a unique fixed point of 7. Moreover,

D(F, f) <D(F, TF)+D(TF, Tf)+D(Tf,f)
< LD(F, f)+D(TF. f).

Therefore, o7 /) < prr. f)/0 - 1).. Relation (7) ensures that inequality (4)
holds. Finally, we need to show that F is an 7-dimensional cubic set-
valued mapping. To this end, let =......z. be fixed elements of x. Since
{o(e1/2'.....z./2)} is a nonnegative and decreasing sequence, then there is = >0
for which ot/ w2y - as v+ oo . Taking into account (A1), we have
limsup, .+ a(t) < 1, so there exist 5>0 and » <1 such that for all 1 ¢ [ 7+6).a0) < v
. Consider the positive integer IV such
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n—1 n—1 n—1
H (F(Z.Tj I Q:nn) M F( Z T; i’.:r.',t) @ Z F(2x;)

i-1 =1 =1
n—1 n—1
QF(ZIJ-) D4 Z (F(z; + ) © Fz .rﬂ]})
3-1 J-1

T T
f'{“f]'fr-,lﬁﬁ m(d:’j_:)
r—1 i )
ﬂr]ifgal_[r}-(qﬁ(%,...,%)):ﬁ(i‘h...rmﬂ}
=rllfganlx; Hn( (zi,...,2—1))(;:[:&,...._:::,?,]

1—1]

N—-1
: T T
&:r]ifgarff N || f}( (2:.....,??))(,f![.l'h...._:nn}=[]'.

1—i)

that for » > ¥.o(./2.....2./2) € 7.7 + ). By virtue of (3) we obtain

Therefore, Fis an #-dimensional cubic set-valued mapping as desired.

Corollary 1. Let n>2 be an integer and nep....ovy. Let Y be a Banach
spaceand i:x v beamapping such that there exists a function o:x» .

satisfying

n—1 n—1 n—1
Hf(z.rj J-,-;rﬂ) }f(zr E.Tﬂ) b Zf{i’:nj]
1—1

a—1 i—1
n—1
Qf ( Z .'I.'j) 4 Z J"_? } Tﬂ f{'q"_'f m:rt-})
j—1 i- ¥

= '::"-'I-'[J-"J*. s rrﬂ}

forall «......cx. Ifthere exists a positive real number 1 <1 such that

1
Oy, ..., T,) < 3 Lp(2xy,...,2x,)

Sforall v.....x.c x, then there exists a unique n-dimensional cubic mapping
r:x v, which satisfies the inequality

| L
“f{f') — f"(ﬂf)“Y < mq)(ﬂ,,...,:f,ﬂ,...,())

N —

Ty [ermy

Sforall +cx. The mapping F is given by
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]

F(z) = lim 8 f( — ) VzeX.

T 2

Proof. For every u.w < v, define w14 if and only if 1 < 1. It is clear
that v.1) is an O-set. Moreover, we can consider (.. 1) as a closed subset of
(). 2. 1,which d is the metric induced by |11 . Since Y'is a Banach space,
so (v.d, 1) is an SO-complete metric space. From definition of : follows that

z\, flx)
27 8"

Vee X, rel, f

flx)

Ve e X, re M, ar

.
1 —_—
(5

It is enough to pick - for all rcn~ . The result is an immediate
consequence of Theorem 5.

Theorem 6. Let n>2 be an integer, wein..n1y, and v.a.1) be an
SO-complete metric space (not necessarily complete metric space). Suppose
that v.xcux) is a set-valued mapping such that i and i@ are 1- -
comparable for each e x and <, and there exists a function o:x» .
satisfying equation (3) of Theorem S and the following property:

(B1) st =0 ifand only if ;=0 forall ico...n, and e, 2,

is an increasing sequence for all :......v.cx that ave not all zero. Also,
g seq

10(2"x0,...,2"20,0,...,0)}

-

.
T [erms

is an unbounded sequence for some » e x.
If o:0.0) > 10.0) is a mapping, which satisfies relation (A1) of Theorem S

and the following conditions:
(B2) For all s......s, c x that are not all zero,

O(2xy,...,2x,) < 8(.1’( [(,-"J(:f:l: e :1:.,,_)] _l)q.-ir(:f:l S

(B3) For every nonzero element x of x ,

—1 —1
(|22, ...,22,0,...,0 <al|dle,...,z,0,...,0 .
o([6(2,..22,0,...,0)] ") <a([$(zz,0,...,0)] )
T leFms T lerms
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Then there exist an n-dimensional cubic set-valued mapping v:x - cam)
and a sub- set x+ in x with card (x)>1 such that for some positive real
number <1, we have

1 1
+ p T e {" e
HT(f(z), F(x)) < <1 7®n oz, ...,x,0,...,0)

I fermms

or all » € x. Moreover, if x- - x, then F is unique.
Proof. By the same reasoning as in the proof of Theorem 5, there exist
re(,00 and o<z <1 such thata <z for each o<r<a. Set

X ={reX | x #£0, [qb(:r:, 7N | I ,{}}} e A} u{o}.
N——
e lerms
Asaresult of (B1), we can easily see that for some = « ¢ x, the sequence

([0 z0,...,2720,0,...,0)] '}

e
T terms

Is a decreasing sequence which converges to zero. This concludes that
card () > 1. By the same argument of Theorem 5 one can show that the
mapping 7:s s, defined by 79() = g20)/s for all +cx is a 1;-preserving
mapping and is a contraction with Lipschitz constant L oz x*. Define
Fxca) by F@)=tm.f@a)s for all rcx . Replacing x* by x in
definition of SO and applying Theorem 3,weobtain that / is a unique fixed
point of 7. It follows from (6) that 2(/.7/) <1/(sm) and so

D(f,F) <D(f,Tf)+DI'f,TF) <D(f,Tf)+ LD(f, F),

and consequently,

1 1

D(f.Tf) < 1—LS8m’

D(f,F) < 1=

That is, inequality (10) holds. To show that the function F is an 7-
dimensional set-valued mapping on x, let :.....=. be fixed elements of x,
which are not all zero. Since

{ [ﬁ'ﬁ‘( 2'z,...,2"z,0,... ?”)] - }
m terms
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is a nonnegative and decreasing sequence, so the rest of the proof is
similar to the proof of Theorem 5.

Corollary 2. Let n>2 be an integer and Y be a Banach space. Suppose
that 1:x v is a mapping such that there exists a function o:x - .x)

satisfying conditions (B1) of Theorem 6 and, in addition

n—1 n—1 n—1

f Z:f.fj + 2z, |+ f Z”'-::.r — 2z, | + Z f(2x;)
i=1 i=1 =1

n—1 n—1

_Ef ij ——'IZ f{f;"‘fn\]'_ A —f”,} H
j—1 y

< (e, ... my)

Sforall w.....cx. If there exists a positive real number <1 such that

b(2xy,...,2x,) < 8Lp(xy,...,10)

For all ....c..cx, then for every weq....vy ,there exists a unique n-
dimensional cubic mapping r-x v , which satisfies the inequality
1
xT : Gl ...z, 0,...,0
||f( H b H J[, 8”1 ( 1 L k 7 3 )

TIL [EFms

Sforall »cx . The mapping F is given by

2"x
F(x)= lim f(2"x) Vo e X.

00

Proof. Take the same metric d and the orthogonal relation of Corollary
1. By the same argument of Corollary 1 one can show that .4, 1) is an SO-
complete metric space and s and ¥/ are 1 -comparable for each : ¢ x
and renN . Putting a)- 1 for all +cv~ and applying Theorem 6, we can
easily obtain the results.

Corollary 3. Suppose that Y is a Banach space and >0 and »#3 are
fixed. Assume that 7: x - v is a function satisfies the functional inequality
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| n—1 n—1 n—1
‘f Zmﬂf + 2, |+ f Z'T':J — 2z, | + Zf{?;;:j)
3=1 3=1 J=1
n—1 n—1 |
—2f Z x| — 42 (f{;';:j + xn) — fla; — :r.!n})
j=1 j=1 Y
"
<0 |k
J=1
for all  +...w.cx . Then there exists a unique n-dimensional cubic

mapping 1:x v such that the inequality

fal7)
||f{;::| - F(J‘}HY ﬁ m"!ﬁ“}?{

holds for all < x , where v>s , or the inequality

f

||f{;]l — Flf;;:}HY < m”"“jﬁ:

holds for all < x , where v>s .

Proof. Take the same metric d and the orthogonal relation of Corollary
1. By the same argument of Corollary 1 one can show that (v.¢.1) is an SO-
complete metric space. Moreover, definition of 1 ensures that s¢/2) and
s . are L -comparable for each = € x and ren. Similarly,s2» and 7@ are
1 -comparable for each v e x and ren.

We define ote....z0) =0 ot ra =057 bl resenenm e x. It follows that
1 Ty 1 1
O —. ..., — | £ — ol ....&
4 ( 9 ' 9 = 23 2_?_3 ( 1- ; ?L)
forall ...z, e x, where »>3 . Set aw) = 1722+ for all 1< p.. This ensures that

x - x and relations (A1) and (A3) of Theorem 5 hold. Applying Theorem
5, we see that inequality (4) holds with =1/2-+,which yields inequality
(12). On the other hand, the function ¢ satisfies properties (B1), (B2) and
also

O(2xy,...,2x,) < 232"”_3@5(3:1, ey Ty)

for all +....e.cx , where ,<s . Putting «oy-»+ for every rcn), it is
easily seen that x- - x and conditions (A1) and (B3) are hold. Employing
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Theorem 6, we see that inequality (10) holds with z=1/2» - This implies
inequality (13).

The next example shows that Theorem 6 is a real extension of Corollary
1.

space. Let (5} be a sequence defined by = = 0.7 = 1.ana 7, = » + 1/ for all natural
number p with » > 2. Itis easy to see that (»} isa strictly increasing sequence
of real numbers. Suppose that 7. x - v is a mapping satisfying

n—1 n—1 n—1
f Z i+ 2c, |+ f Z:::j —2x, | + Z f(2z5)
=1 =1 =1
n—1 n—1
—2f Z r; — 41 Z (f(zj +zn) — flzj —20))
J=1 J=1 Y
< ¢, . .,: ')

forall «.....s, « x. Define a mapping s:x» 0.0 by

p Z?—l [EAlS Z?_l 1223 — Z}I_l ;% > 1,
and p is the smallest natural number such that
Do il < m < 325 127501%,

(0  otherwise

dlry,. .., o,

and the function a:[0,00) = [0, 1)) as

Ze=L  pis the smallest natural number such that ¢ < Tps

at)=4q ™ .
0 otherwise.
Then the following hold:
(i) FOI‘ CVCI‘y s> 0. limsup, , ; a(t) < 1.
(ii) Forevery acx,
£ a0 )
al ¢ CLREE E,ﬂ, ..., 0 < f.r(q')(:f:, R ) I .:(})).
e —’
—_— 7t terms
e terms
(iii) Forevery «....c.cx,
T T L " f N N
@ 97 " 9 = gf-t(ﬁ')('!:]:--- ,,I:n))(_,-'_')(.f,l._,...._._Ln).
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(iv) For every positive real number s, there exist a constant < 0.1 and
an n-dimensional cubic mapping s: x »v such that

L
|F(x) — f(2)], < =1 b, ..., x,0,...,0)

e lerms

for all . with pic<s.

Proof. Take the same metric d and the orthogonal relation of Corollary
1. By the same argument of Corollary 1 one can show that v.a.1) is an
SO-complete metric space and je» and st ) are1 -comparable for each
vex and reN . Letus take ..., e x and 03110 -2 -1 and et p be the

smallest natural number such that 7, k218 <7 < 57 1e1%.. Then

7L 3

X
We observe that

n n
2% =) gl > 8
F=1 j=1

This follows that there exists  en, which

>

=1

£ 4 |

T
:j{ < Tk < Z ||2IJ|Ij\
.-'—l

Assume that £ is the smallest natural number satisfying the above

condition. Clearly, +>» and

T
s, .r) =7y |
j—1

Now, we suppose that ¢ is the smallest natural number that
Wbl <7 then awe.x) = 7/m, Since.sy i -1 then = < 7, and we conclude

| %-

s/ <aime<nom. This implies that
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Y iu % < 27 iu I3
= =T, M - . = Tk L r
9 |X 8 2 JNX == g Tq }‘J_l TNX

Jj=1

1
= 8(.}'((,.")(:;:1 e ._:r.:n}:]rﬁ)(:m R

That is, condition (i) holds. From definition « it is easily seen that « is
a nondecreasing mapping,

Finally, it follows from msup, . .. ot = o that for every s > o, there exists £ < 1
such that

a(d(z,...,x,0,...,0)) < L
S e’

mlerms

for all x with 1. <-. By the same proof of Theorem 5 we prove (iv).

Notice that there is no z <1 such that inequality (9) holds, and hence,
the stability of ; does not imply by Corollary 1.

Now, we observe in the following example that our results go further
than the stability on Banach spaces.

Example 3. Let ¢ >0 and »#3 be given. Consider v = cio.1.» (the set all
of continuous functions on /0,1 ]) with norm jujy = (! jh) an* = )., where
I 1< <. Suppose that /: x »v isa mapping satisfying inequality (11) and
the following condition:

Iy >0: f % = éf(.’f.-‘), xre X.

Then there exists a unique 7z-dimensional cubic mapping 7 x v such
that inequality (12) holds for all = « x, where » > 3, or inequality (13) holds
for all » € x, where » < .

Proof. Let q be the conjugate of s.ic.1/s+1/¢=1. Forall n.gcv , define

1 1 s 1 1/q
hlg <= /h.(:f..')y(:r:)d:;: = (/h(:r:)” d:f:) (/y(:f:)" (l:;:)
J . :

0 0
= [1Plsllgllq

And at.g) = In—gly . .We claim that (.0 1) is an SO-complete metric space.
Indeed, let 7} be a Cauchy SO-sequence in Y, and for all n.ren i, Lh .
The relation 1 ensures that for 2/ » ¢,

I\ #0: hy, = Aphy ae. or hp = Ak, ae.
We distinguish two cases.
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Case 1. There exists a subsequence 1.1 of =} such that 1., -0 a.e. for all
k. This implies that n, s0cx .

Case 2. For all sufhiciently large » ¢ w1, 2 0. Take n, € N such that for
all > ny. 1. 0. It follows from (15) that for all » > n, there exists 1, 20 for
which . = x.n:0. It leads to

|)"n. - )‘"m.| ||h.'~;fr;

g

= |[Anhi/® — A hi/d

Tin L]

P - ||hf'n, - 'h*-r.rr. ||-p

e

for each m.n >ny. As n — o, the right-hand side of the above inequality
tends to 0.Therefore, (.} is a Cauchy sequence in r. Assume that A,
as n — oo, Put n—wy It follows that » ey and for all n > no,

B — hlls = || Anhil® — AR/ = A, — M| R3]

Tip) L ey

This implies that #. »» as n — oo. Note that the case n... 11, forall n.ren
is in a similar way.

By virtue of (14) and definition of 1 we obtain that jes) and s/ are
1 - comparable elements for each x » ¢ x and » < N. Moreover, putting « =
in (14), we can also see that se/2) and f)s are 1 -comparable elements
in Yforall » ¢ x and reN. The rest of the proof is similar to the proof of
Corollary 3.
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