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Abstract: The nonstationary Navier—Stokes equations are studied in the infinite
cylinder II=.{z = (#.2.) € B &/ € 0 € R"", —0 < =, < o0, n = 2,3} under the additional
condition of the prescribed time-periodic flow rate (flux) F(2). It is assumed that the
flow rate F belongs to the space 12(0,2x), only. The time-periodic Poiseuille solution has
the form u(z,t) = (0,...,0,U(@", 1)), p(a,t) = —q(t)en + po(t), Where W'.0,q1)) is a solution of an
inverse problem for the time-periodic heat equation with a specific over-determination
condition. The existence and uniqueness of a solution to this problem is proved.

Keywords: Navier—Stokes equations, cylindrical domain, time-periodic Poiseuille-type
solution, inverse problem, minimal regularity.

1 Introduction

Mathematical modelling is very useful in many practical applications.
For example, in medicine, it can be helpful by choosing the optimal
strategy of medical treatment. In such modelling, very important
issues are multiscale mathematical models of the blood circulation in
a network of vessels. The full 3D computations are nowadays very
time consuming and may be applied only for small parts of the
blood circulation system. Therefore, a new trend is related to the
creation of hybrid dimension models that combine the 1D reduction
in the regular zones (mostly in straight vessels) with 3D zooms in
small zones of singular behaviour. This method of asymptotic partial
decomposition of a do- main was proposed by Panasenko (see [12]) and
developed in [13-16]. It mathematically justifies a size of zoomed areas
and prescribes asymptotically exact junction conditions. These hybrid-
dimension models require significantly smaller computational resources.

The 1D Poiseuille-type flows in straight vessels play a very important
role in hybrid- dimension models.

The steady-state Poiseuille flow in an infinite straight pipe # = ¢z = (.z) <
R4l €0 R oo <o, < con = 2,3) Of constant cross-section o was invented

by Jean Louis Poiseuille in 1841 (see [2,11,24]). The Poiseuille flow
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is described by the fact that the associated velocity field has only one
nonzero component «) directed along the x,, -axis of I'l, which depends
only on " €+, and the pressure function »-».) is linear. The Poiseuille-
type solutions can be also defined in the nonstationary case (see [7, 17-21,
23,26]). Moreover, in [14] the behaviour of the nonstationary Poiscuille
flow was studied in a thin cylinder (with the cross-section of radius £), and
the asymptotics of it as = - 0 was found.

In the time-periodic case, such flow is usually called Womersley’s flow
(see [28]). The time-periodic Poiseuille-type solutions were studied in [3]
and [8]. The time periodic solutions for the full Navier—Stokes problem
were considered in many papers (see, e.g., [4-6]). Notice that the time-
periodic case is very important because of applications to hemodynamics.

In mentioned above papers the Poiseuille-type solutions were studied
in the case when data is sufhiciently regular. However, in real applications,
one usually does not have data defined by smooth functions, and
it is important to study the case of minimal regularity of data. The
nonstationary Poiseuille-type solution with a prescribed initial condition
and given flow rate F(z) belonging to 0.7 was studied in [22], where a
new class of weak solutions was introduced, and the unique existence of
the solution in such class was proved. The goal of the present paper is to
extend the result obtained in [22] to the case of time-periodic Poiseuille-
type solutions.

Let us consider the time-periodic Navier—Stokes problem describing
the motion of a viscous incompressible fluid in the infinite cylinder II:

u; —vAu+ (u-Viu+ Vp =0,

divu = 0, ulgg =0, u(x,0) = ulx, 27),

where # is the fluid velocity, p is the pressure function, and » - o is the
constant kinematic viscosity of the fluid.

We look for the solution # of (1) in I7 satisfying the additional
condition of prescribed flow rate (flux) F(2):

/fr;?t(:r:, t)daz' = F(t),

i

where ro - ren:
The solution w141 of problem (1) has the following expression:

u(r,t) = ({], 0,0, (2, 1), pla,t) = —q(t)x, + po(t)

with an arbitrary function py(z). Putting (2) into (1), we obtain the
following problem on the cross-section o
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Up(a' 1) — v AU (2 t) = q(t).
U, 1), =0, Uz’ 0) = Ula', 2m).

e

where vin - vu.n and ¢(2) are unknown functions, « is the Laplace
operator with respect to .

The Poiscuille flow can be uniquely determined either prescribing the
pressure drop ¢(z) or the flow rate F(z). In the first case the problem is
reduced to the standard time- periodic problem for the heat equation
for unknown velocity v = v'.1) with time- periodic forcing g(#). Problems
of such type are well studied (see, e.g., [9]). However, in the real word
applications the pressure is unknown, and only the flow rate (flux) of
the fluid is given. Therefore, it is necessary to prescribe the additional
condition

[f.a’{:f;x, t)dx' = F(t), F(0)= F(2m).

a

In this case the solution of problem (3), (4) is a pair of functions
w140, and one has to solve for vi.n and g() more complicated inverse
parabolic problem: for given F(z), to find a pair of functions ww.0.40)
solving problem (3) with v satisfying the flux condition (4).

Thus, in the second case the relation between ¢(z) and F(#) depends on
the solution of the inverse problem (in the stationary case the flux Fand
the pressure gradient q are proportional, and the problem remains very
simple). The solvability of the time-periodic problem with the assumption
that the flux F(2) is from the Sobolev space w02 was proved by Beirao
da Veiga [3], and in [8] an elementary relationship between the pressure
drop q(t) and the flux F(z) was found. However, in applications and
numerical computations, the data usually is not regular. Therefore, in this
paper, we study problem (3), (4) assuming only that r ¢ 12027

Problem (3), (4) can be reduced to the case when all involved functions
have zero mean values. Let us denote by # - 17 ;" nya the mean value of
a function H. Let .0 be a solution of the following problem on ¢ (the
stationary Poiseuille solution corresponding to the flux r):

The solut’ion vw) of (5) can be represented in the form vw) - /v,
where
'rr /.0y - T ! _
and
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F .
qg=—, Ko = /UU(:I:") dz’ = .u/ |V"(_f”(:1:")|2(1:1:’ > ()

T

Let us represent the solution . in the form

Uz, t) = V(2 t)+U(x)), q(t) = s(t) +q
Then, obviously, v+, and . is the solution of the problem

Vi(z'. 1) —vA'V (2 t) = s(t),

V(z'.1)]oe = 0. V(a',0) = V(a',2n)

¥

P

V(z', t)da' = F(1),

where 7 = r() - £.F = 0. So, without loss of generality, we assume r() = F(),
thatis r=o.

Below, we deal with a weak solution of problem (3), (4). The reasoning
about the reduction to the case of functions with zero mean values
remains valid for weak solutions as well, and we will study only this case.

The rest of the paper is organized in the following way. In Section
2, function spaces are defined and the main result is formulated. In
Section 3 the Galerkin approximations of the solution are constructed,
and in Section 4 a priori estimates for these approximations are proved.
In Section 5 the main result of the paper, that is the existence and the
uniqueness of the solution, is proved.

2 Notation and formulation of main result
2.1 Function spaces

Below, we will use the following notation. If G is the domain in r.c()
means, as usual, the set of all infinitely differentiable functions in G, and
ar@ is the subset of functions from ¢=() with compact supports in G.
We use the usual (see [1,9]) notation for Lebesgue and Sobolev spaces:
12(G). w'2(@).1 > 0, and 112(c). The norm of an element # in the function space
V'is denoted by Julv. 220.7:v) is the Bochner space of functions # such that
u(-t) e v for almost all ¢ € 0,77, and the norm
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1/2

lall 2010y /||u )12 at

/

Sf(f, + 271’)

is finite

Let us consider the set of smooth periodic functions czw.20) = 1 « o=
wo = niomwvery defined on the interval (.27, Let r20.2r be a Lebesgue
space on the interval ©02r. We extend the functions from r20.2n)
to the whole line R by putting se2n-s0 for any # To emphasize
that functions are periodically extended to R, we used notation
zo2n, Let  r20.20={nerzo20: frna=op. Clearle zo2o is a closure of
C(0,27) = {h € C(0,2m): [h(t)at = 0} 1N

12(0.2m)- norm, and it is a proper subspace of r0.2n. Let wizo.2r) be
the closure of the set cz0.27) in w*-norm. Since function f'from wizo.2)
coincides with a continuous function on a set whose complement is
of measure zero, we may assume that jo) = sen. Let w2020 be dual of
W12(0,27), e WL2(0,27) = (WE*(0.2m))",

For any function e z0.20, denote by s, its primitive:

to+2mT
[(T)dr, where {y € [0,27), t € [to, Lo + 27|

Clearly, as/a = r(t). 5t + 20 — 0.
If 1 z20.2), then sito) - - [ sirjar — - 7 s ae— 0. Moreover,

2 to+2m to+2m

Sy di < ZTf/ F()|dr dt < dn / /()2 dr

to
2
9 2

=4 |f(T)| dr,

0

and s, is a period function:
to+2m to to+2m to+2m
— / J(r)ydr = —][(T) dr = — f S(r)dr + f f(m)dr

tror t ¢ to

Sf(f,) — Sf(.’,l)) = Sf(l)‘

Thus, s < z020. Note that functions s, defined by (9) with various #
differ from each other by a constant.
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Note that the Z? -limit of a sequence (s} cx0.20) is not necessary a
primitive of some function from ro:r. We will prove that an element
i e w020 possesses a primitive in the distributional sense.

Lemma 1. Any functional v, =0 can be represented in the form

2
(1) — / H(t)n' (t)dt W € WE2(0,27)

with the uniquely determined 1 <102 .
Proof. Obviously, the functional given by formula (10) obeys the

estimate

|<h: "F)l < ||H||L§([],2:rr)||T?||w'ﬁl,'2{{]?2v;rj

and hence, #ecw; 020,

Let us take an arbitrary functional #<w;*2020 and show that it can be
represented in the form ( 10). Consider the operator o: 1 < 0.2 - i/ € 120.20)
due to periodicity, 7w -sen -0 -0. Since for any <020, the equality

o =1"holds with

2

o(T)dT € 1‘1:'5';‘2({], 27)

n(t)
t

we have o) = 1202, and the operator 9 is an isomorphism from wi=@.2r)
to 1020, where the bounded operator o= 12027 = wi20.20) is given by (11).
For «¢ 22020, define the functional 1) = (n.9-14). Clearly

2
M (¢ /H T)p(T)dr Vo € Lz({] 2m)
Hence, there exists a uniquely defined # < 2020 such that
2
M (¢ / H(r)p(t)dr Ve € LF(0,2n)

Thus
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(h,my = (h,0™'¢) /H )o(T)dr = /H ' () dr Ve W20, 2n)

and ¢. is represented in the form (10).

Remark 1. Note that if the functional h can be represented in the form
(o= 2" o with #ezozo and arbitrary # e w020, then H(z)= - 7 near.
Therefore, also in the case of a general functional h, for the dlstrlbutlonal

primitive A, we use the notation uu) = s.0).

2.2 Formulation of main result

Definition of a weak solution

Let rerzo020. By a weak solution of problem (8) we understand a
pair s such that v ¢ zo.om )2 s € 2o2m20)0 s « w2000, v satisfies the flux
condition

Vz' t)da' = F(t)

and the pair (. satisfies the integral identity

ff e’ t)da’ d!+ff//V Sy (z',t) - V'ni (2, t)da' di

2w
= /;5',,-(&)/?‘&(:3?’, t)da' dt
0 a

for any test function v :20201720) such that < o.2m w20,

For a regular solution (., taking into account that vv = (vsy). s = s,
identity (13) can be casily obtained multiplying equation (8)1 by
7, integrating over ¢ and over the interval (©.2n and integrating by
parts with respect to » and # On the other hand, by uniqueness
of such weak solutionv.« (see Theorem 1 below) it follows that for
rew/*o20, the solution v coincides with the regular one, that is
V € L0.2m 1020 W), Vi e L02m 12605 < 12020, Thus, the proposed definition is an
extension of the concept of weak solutions.

Theorem 1. Let rewzoz . Then problem (8) admits a unique weak
solution (V, s). Then there holds the estimate
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29
0 o

2
< (':V/‘|J"*_'(T)|2d'r1
0

27 2
V(' 1) ‘2 da" dt + ff ‘V’SV (', 1) ‘2 da" dt + / |S,§ (1) |2 dr
0 o 0

where the constant c depends only on .

Remark 2. Since 7 rou-owyewz020 and all primitives of the function
v differ from each other by a function independent of ¢, the integral
identity (13) remains valid for any primitive function Sy, and we can
assume, for example, that Sy is taken to be zero at the point ¢ = 2x

Theorem 1 will be proved applying some version of Galerkin
approximations (see Sections 3 and 4). Notice that in order to get
estimates of approximate solutions :¥'¢.1.s ), we have used primitive
functions defined over the integrals j;-**~ with specially chosen points
t. = t(a.N) € [0.2r) and ¢ € (r.. . + 2n). Thus, estimate (14) is valid only for the
primitive function Sy obtained as a limit of the sequence ()

3 Construction of Galerkin approximations

Let ww)ei20) and x be eigenfunctions and eigenvalues of the Laplace
operator:

—vA " (2") = Apup(2), ur(x)|os = 0.

Note that » > 0and time .o\ = . The eigenfunctions w.) are orthogonal
in 22(s), and we assume that =) are normalized in 22(-). Then

1// |V"-uk(32’)|2 dz’ = A, fV’u;‘._(a:’) V' (2)de' =0, k#I

a

Moreover, {u()} is a basis in £2() and w2
We look for an approximate solution of problem (8) in the form

N
VN (', 1) = Z -u.zéN) (t)up(x")
k=1

The coefhicients .« and the function .~ are obtained by solving the
following linear problems
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f VM (@ g (2')da’ + v / vV (! 1) - Vg (2')da!

a

= S(N)(!,)/uk(ﬁz")d:}:’, k=1,2,...,N,

T

?1,.'§CN)(O) = UJECN)(QTT), k=1,....N,

/V(N)(Tf‘ .") da’ = F("‘)*

a

which, in virtue of the orthonormality of functions w(), are equivalent
to ordinary differential equations for the functions .:

(™M (0) + Aew™ () = Brs™M (1), € (0,27)
w‘,EJN) (0) = wéN) (27),

where s - Lutnar, Note that SRy Bru(a’) = 1.
The solution of problem (17) has the form

2
w™N (1) = Bi f Gr(t,7)s™) (1) dr
0

where

H—)«.k{f:—T}

Olf ) — ) e T Os7<t<2m
Jk(”??—) T ) e Ar(toTH2m)
- D0<t< <2

It is easy to see that .0 -

27)s

0
Substituting expression (18) into (15), we obtain

N 29T
V(! 1) =) " By f Gr(t, 7)s™) (1) dr ug ()
k=1

Now the flux condition yields
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2m

_;’jkf(_}'k(r‘,,ir)s(N}(T) d’r]-‘tt.k(:}:’)('l:}:’

0 o

[V] =

F(t) = /V(N}(.-I:’,L)d.-r’ =

k=1

2

N
= Z,l'gika(ﬂ-,T),e(N)(T) dr.
k=1

0

Thus, for the function s, we derived Fredholm integral equation of

the first kind:

It is well known (see, e.g., [10, 25]) that such equations, in general, are
ill-posed in L2 setting. In order to regularize equation (19), we consider
the following Fredholm integral equation of the second kind:

2m N
as @)+ [ 325GV () = F ()
k=1

where a later will tend to 0, i.c., instead of problem (16), (19), we study
the regularized problem

/(LﬁﬁN})t(m’, ug(2") dz’ + v[V"I/’;EN)(.’I:’, t) - V'ug(z") dz’

a o

= s((XN)(L)/?i.k(;'l:’)(lm’, k=1,2,...,N,

V(27 0) = VN (2 27),

271_N

as™N (1) + / Y BRGR(t 7)) (1) dT = F (1),
k=1

where

2m

N
VIV (2! 1) = Z ?1_?‘&{\:3(1’,)15;5(:1:’). wi_{\g(i) = Bk f Gr(t, 7)™ (r)dr
k=1 0
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Lemma 2. Let re o020 . Then equation (20) admits a unique solution
s e 130,27 ,

Proof- First, we show that equation (20)is well defined in the space
1z020.0bviously, if Fis periodic and . is the solution of (20), then ¢ also
is a periodic function. Assume that mean value 7 -o. Then

2 N 29T
s+ [ Y5 [ty aar o
o k=1 0
Since

k 1 —Ap(t—7 —Ap(t—742m) 1
ka({«T)(IIZH—_Qm(fO k( )d{+f0 2 )(L’ :X

0 T 0

the second term in (22) is equal to =.¢n0s and from (22) it follows
that

N 32
| E Pk ) &(N) _
a + " S5 =0
k=1

and thus, ¥ =o.

From this it follows that the mean value ") o v also vanishes:
ViV @) = 0.

It is well known that Fredholm integral equations of the second kind
satisfy the Fredholm alternative (e.g., [27]). So, it is enough to prove the
uniqueness of the solution to (20). Let #() = 0. By construction

2m N
/Z;ﬁ?ﬁ(;k(ﬂ, s (1) dr = /V}iN)(:}:’:L) dx’
0 k=1 o

and the homogeneous equation (20) gives

VN (2 1) da’ = —asPN (1)

Multiplying (21) by v, summing by £ from 1 to N and integrating
over the interval 0.2 yield
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2T

27
[/XmNU VIV )d?m+u//WVvarn(drm
0 o

0 o
2m 2m
:f',&N (,)f¥/(N)(. 7)dx’ del——n./‘s(N) | dt.
0 T

Integrating by parts with respect to t and taking into account the time-
periodicity of v"i, we obtain

/ |V’V(£N) (', t) ‘2 dz’ dt + o [ |s$( )l di =0

0
Thus, .« - for a.a. rei.27, and the lemma is proved.
4 A priori estimates of Galerkin approximations

Let the pair 040+ be the solution of problem (21) and v be the
solution of problem (6). Consider the integral J, 1V suiw) e, Since the
mean value v -0, we have

2w 2
/fwmwgm(mqm—/mw)fﬁMW@m(w:u
0 o a 0

Therefore, there exists + = a.n) such that j v ve)a = 0. By
periodicity we also have 7, vV 1. + 20 05 ax =0

Let rerzo2n define the notation telr.t+27, define the
notations;u =- /"> /na-Since the mean value of F nabishes, we hace
St(te +2m) = S}i(t*) =0, Moreover, dSF(t)/dt = f(t)

Lemma 3. The following estimate

te+2mT tet2m [
f/V(N T ‘ dz'dt + ff|V’S;£N)(I’,!,)‘2('1:1:’(1!,+ / |.'* N T)| dr
t. o t, o te

to+2m
<c f |F(T)|2d7'

L

holds with a constant c independent of o and N.

Proof Define-o = (7t <t <2rr. winaen). Multiplying (21) by
¢ wsumming the obtalned relation from k =1 to £ = N and integrating
them over the interval .. . +2m), we obtain
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t.+2m t.+27

N ! NYyg .1 !
f f(lfi_E ), (@', 1) f VI (2! 1) dr do’ dt
fnu (el f,
t.4+2m t.+27
+v / fV’V(N)(:J:’,:‘,) / V'V (! 1) drda’ dt
te
t.+2mw te+2m

= / (N} / / QN) ’r 'r d} drdt.

Using the relation

N
V(N) Z“kw ﬂk/(Ik({ T (N) 7)dr
k=1
and (21), we derive
(V) (N) (¢
Vi (2 t)de" = —as V(L)
)
Therefore, (24) can be written as
t.+2m t.+27T
/ /(KEN)L(:I:’,L) f VN (2, 7) dr da’ dt
(. e t
te+2m t,.+27
+v / fV'V(EN)(:J:’:r‘,) / V'V (2 7)dr da’ dt
[ a t
t.+2m t.+2m
= / stV (1) / /VUEN)(:;:’,T) dz’ drdt.
Ty 1 a
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t.+2m t.+2m
/ s (1) f (F(7) — as (7)) dr dt
ts i

I‘,* +21T(LS,*( .\,—)( ) ﬁt+2’ﬂ'

t
Sa N) :
= / 7 / (F(T —():s( (7 )) drdi

oy t
tet2m tst2m
- f S*on (OF(t)dt — a f S* o (1)) (1) dt
oy [
t*—l—Q’JT Ny f*+2ﬂ' . ('lsj(N} (r{,)
_ / S (DF(1) i — f o () —5 at
f. [
te+2m
- / S (DF (1) dt.
L.

Calculating similarly two integrals /; and /> on the left-hand side of
(25), we derive that

te+2m
Ji = / f VN @ ) dadt, Ty =0

Hence, relation (25) takes the form

Le42m L2 Led-2m
f/“/:(N (I I ‘ dr’ dt + /f|vlg*(N)(T l ‘ dr’ dt + / S:&N}(T”Qd?’
[ Ly
L2
<e f |F('r)|2d7'
i

Now multiply (21) by - -0, sum from £ = 1 till # = N and integrate
over the interval .. 1, +2n):
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Lo 42 to+2m

ff(i—i*)(‘figm)t(:r’,t) / VN (2! 1) dr da’ dt

ty o t

t.+2mT te+2m

+u / /(r,_x,*)vwc_sm(x’,f,) / V'V (! ) dr dad di

ta a t
tet2m te+2m

- f (t—t,)s (1) f (F(r) — as®(r)) drdt.

[ t

Evaluating each of the three integrals in (27) and having in mind that
mean values of participating functions are zero, we obtain

te+2m to+2m
V—[EN)(I’:L)“ dz’ dt —|— — / /"V qv“” )‘zd;r’ dt

te a
to+27 te+2m
e b 2
_ f (1= 1) o0 (DF(0) L — & / 5700 (0] dt
£a ty
t.+2m to+2m
— / S:(N)(i-) f F(r)drdt.
t t
From (26) and (28) it follows that
to+2m to+2m to+2mw
. 1 .
f / V@, 0 da’ dt < / v ()] dt + o f F(n|*at
[ @ - .
and
ta 27
% f|V qv“’) | da’ dt
Ly T
Lo +27 Lo+2m Let+27
< f (1) (O F (1) | + f S (1) / F(r)drdt
i : . : L
L2 ) Lot2m . Lot2m) Lyt2m 2
2 2 :
(47‘ +1) /! (V) (1) (i{’+£v/r |£(1)]| ler?g_/ ]f(?)dr dt
L

t, b b,
tut2m Lo t2m

< (472 +1) (5 / {S:E:”(”)F‘“’J“gig f |F(f,){2cu).

[ L.

Let us estimate the integral i s..ora. Let v < ie) be a solution of
problem (6). Remind that the flux of Uy is nonzero, n - J,ll«)dx' >0 (see
(7)). Since {u("} is a basis in W, Uy can be expressed as a Fourier series

in Wh3()
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[ ]

Up(x') = Zt‘lk“k(-’f): ap € R
k=1

Let us multiply relations (21) by ak and sum them over £. This gives

/ (VIN) (@', 1) Up(a') da’ + v / VN (! 1) - VU (o) da’

a

= sVt )fU[,( "Yda! = s (1)rg.

a

On the other hand, multiplying (6) by "/ and integrating by parts
in g, we obtain

U]V’U(](a:’)-V’VOEN 1) da! —fV(N}(J’ N de’ = F(t) — as™M(1)
Substituting (32) into (31) yields
f (V) (2 6) U(a) da’ + F(t) — sV (1) = s (1) g

ie.,

(ko +a)s (N)("") ‘/(V(M) (2, 1) Up(2') da’ + F'(2)

a

Integrating (33) with respect to t from 7 to . + 2r, we obtain

ta4+2m
(ko + @) / SEIN)({,) dt = — (ko + cu)S:LN)(T)
! t.+2m7
- [ v+ [ Foa

Here we have used the choice of the point #, that is

/VOEN)(. ) Up(2') da! —/V(N)( ty +2m) Up(2')dz' = 0

(23 a

and hence,
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t. 427

/ [ (VIM), (@ ) Up(a') da’ dt = / VI (2! 1) Up(2') da’.
-
From (34) it follows that
fat-2m
(ko + a)? / |S:F;\-)(T)|2(1T
i
Lat2m ) tat2r , Lot 2m 2
<2 / (/V.(_N)(J , 7)) Up(x )(1;) dr + 2 / ( / F(t) dt) dr
' i T
Lat2m tat2m
/ /|V(NJ ' T‘ da’ /’T,fn(:f:')|2(lﬂ:'d’r—|—2 / |S;‘(T)|2(1T
o i
Lat2n Lat2n
<e / ’r)l da’ /|VLU | dz’'d7 +2 / h *,‘(’r)|2d’r
i o i
Lot 2w tat2m
S(}.( / / V.V 'r)| da’ dr + / I3 ’r)l d’r)
i, o i
Substituting (35) into (29) yields
tot2m tot2m to2m
f /KEN)(x’,{,)fdm’dl <e / S:&V)(L”? d{,—}—% / |7 (t)]* dt
t. o [ e

and choosing ¢ sufficiently small, we obtain

t.+2m t,.+2m
/ /‘VQN) 2, )l daz’ dt = / g*w) F(t)dt
b

Estimates (36) and (35) give
[ —|—2ﬂ_ [ +2'ﬂ'
ok 2 2
A "_(N;,(T)‘ dr <e¢ |F(T)| dr.

t-* t*

Finally, from (30) and (37) it follows that
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te 42 te+2m
V'S L’(\.)(L : ,.)‘Qd:r’ dt <e¢ |F(:',.)|2(1!,..
t. T t.

The constants in (36)—(38) are independent of z and N.

5 Convergence of Galerkin approximations. Proof of
Theorem 1

S.1 Proof of existence

The constructed approximate solutions vi* .1« satisfy equalities
(21). Multiplying these relations by arbitrary functions @  20.20) such
that 4. < 1020, summingover &£ from & =1 to & = a1 < v, integrating with
respect to t and then integrating by parts, we obtain the integral identity

2
f /'lf N (2 1) o’ ) da’ di + v / /V Sy, (V) (@' 1) - V(2! 1) da’ di
0 o
27
= [5‘;’“E ~ (7) [-n,-,(:r:'._ t) dz' dt
0 o
for test funcnons 1 having the form .o - £ aoue.
Recall that v/ .1.5091) obey a priori estimate (23) with a constant ¢
independent of a and N.
Since all functions in (23) are 27-periodic, inequality (23) is equivalent
to
27
/] VM ! 0| da’ dt +f] V'S5 (2, L) dat de +/ S (1) dr
0 .
2
<c | |F (T)| dr
0
Let us fix IV and choose a subsequences far and (v 0.5870) such that
L oo = 0. vy converges weakly In L;(0.2m L%(0)) tO some V™. (57} converges
weakly in c0.2=10) to Sypy) ” , while ) converges weakly N 520,97 10 409
to s™ . 'The last convergence means that
2 27
£1—>H£o /S:E;?-)(i)n’(!,) dt = /Sqm)(i)?)’(f,)d{. =(s™M ) Vne W2%(0,2m)
0 0

where , and «ew;020, and s czoe is a primitive of s™in the
distributional sense.
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Obviously, for the limit functions V™) and Si(n), estimate (40) remains
valid with a constant cindependent of N.In (39), taking « = a: and passing

to the limit as o — 0, we get

2m 2w
//‘lz’[N)(:r’Tf,)?],,(;r:’,.-‘)d:r:' dt +v / [V"S‘.y,(_.\,)(:r’._!,) Vi (2 1) da dt
0 o 0 o
2w
= /Ss(_v)(T) /T},( 1) da’ dt.
0 o

Let us show that v satisfy the flux condition

VW (2 1) da’ = F(1)

T

Integrating equation (21) for « = o from # to 2 yields

S () //1,“:“#} ', T) dz’' dr = Sp(t)
Sery

Obviously, the sequence () - J, vV .70} is bounded in £2(0.2x). So we

may assume, without loss of generality, that ") is weakly convergent to
#» in £200.2v). Then the sequence of Primitives s, = [ e™ e - 500 for all
e .27, and hence, 15, - S,olez = 0as1 > @ - v, From (43) we have

S@EN — Sellzem = anLS <M||L2(U o) < cap >0 asl oo

Therefore,
2 ax
//V(N)(:r’:?) da’dr = /F(T) dr foraa.t € [0, 2n]
t o ¢

and differentiating this equality with respect to t, we get (42).

Now we choose a subsequence (v (.n.s™w)) such that o)
converges weakly in z30.2m1%0) to some Vv.{s,w} converges weakly in
izo2miro); to Sy and () converges weakly in wi0.2n to 5. In (41) ,passing
to the limit over the subsequence as » -+ yields
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2w

2T
/ [ ‘l/(N)(;;;’T (2 ) de" dt + v / [V’S‘V(_.xr)(:r’._ ) - Vi (2 t)da" dt
0 o 0

27

0 o

= /5'3(_\-;(?) /-;r},-,(:::’._!,) da’ dt.

0

[}

Exactly as above, we can prove that vy satisfies the flux condition
(12). However, the integral identity (44) is proved, up to now,
only for test functions v, which can be represented as the sums:
nia.t) = S dbue) with du(e) € 220.20 with ) e r20.2msuch that 4 e 20.27). After we
have passed to the limit in (41) as ~ -+, the subscript M in these
sums can be arbitrary large natural number. Such sums are dense in
the spacev =t n € 10,200 2(0), e < 130.25:1%¢))). This can be proved exactly in
the same way as it is done in the book [9] for the case of an initial
boundary value problem. Thus, they also are dense in the subspace
Vi= {0 € 120,252 (0), m € 120,230} v, and therefore, (41) remains valid
for all » c v This proves that .05 satisfies the integral identity (13),
and thus, it is a weak solution of problem (8). Estimate (14) for (v.n.5t)
follows from estimate (40) for the approximate solutions.

5.2 Proof of uniqueness

Assume that r) =o. Since # € 220.2x 1120, we take

bd
B

(SV (x',7) — Sy (:f:")) dr

t

2 2 1 2w 27
_ /1;’(;1:’7;1_.) dp + —//V{:;r:’?p,) dpedt ) d7.
_ 2T
i T 0 t

Obviously, » € v.. Putting this # into identity (13), we obtain

2w
// V', .-’,)(SV (x',t) — Sy (:fff)) da’ dt
0 o

2w
+ v / /V’Sn,x{:;r:’, t)-V'(Sy(a',t) — Sy(x)) da’ dt
0 o

2

= /Ss(ﬂ)/ (Sv(2',t) — Sy (")) da’ dt.

0

a
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Since

V(z',t)de' = F(t) =0

el

by Fubini’s theorem and the time-periodicity of the function vi.n we
have

/(SV(J t) — Sy (z'))da’

(=)

27 27
= /(—/ T ’T}[l’]")(li —f—i/(//l/(f T)de?‘)df
. 2
2ar 27 27w
=—/(/V( )df)d'r—i—i/f(/ d;)d’rdiz(h
. 2w
t 0t
2m
// V(' t)(Sv (', t) — Sv(z")) da’ dt
[
1 Fd 1 [d
‘ ' 2 G : _
_E,/E/ Sy (!, t)[*dt — 2/1 /sp( ' 1Sy (+) d dt = 0;
0 o o

2n
//V'SV(:I:’J)- "(Sv (2, t) — Sy (2)) da’ dt

//‘V" Sy (z',t) — Sy (2)) ‘ da’ dt

+ //V’gv(:::’) (Sy (' t) = Sy (z)) dz’ dt
0 o
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/f|v Sy (', t) — Sy (2))|” da’ dt

2T

- [V’L‘?V(:ﬁ") -V’ [(;qp-(m;,t) — Sy () | dtda’

0
2qr
= //|V’(SV(:J:’,?§] —L‘;‘V(m’}ﬂgdzﬂ" di.
0 o

Therefore, from (45) it follows that

2

// V' (Sy (2, t) — Sy (2) |2 dz’ dt = 0.
0 o

Then vsy .1y - 5ve) =0, and hence, svwn - svw) = m o. Integrating over o, we
get
2w 2w
|o|m(t) = f[lf'(r 7)dr da’ +—f//'v’(1 ) dpdr da’
a 0 T
2w 2w

f([V(: T)di)dr—l—— [/(/Wi g d:)dudf:(]

Thus, sve.0=56), and since sy@.0) = sv@.2r) =0, we conclude
that Sy (a/,t) = 0 foraa. (2/,1) € o x [0,27], that iS ffﬂ V(a',7)dr =0 fOI' a.a. « and I,
This implies v -o. From identity (13) it follows that

2w

/Ss[t}fm{:;:f,ﬁ} de'dt =0 VeV,

0

In (46), we take » = wtui(), where v e wi2(0.20) is arbitrary, and ) is the
solution of problem (6). Recall that j,vi)a =x 0. Then (46) takes the

form

2m 2

[ (t) [ﬂt{J ) da dt = an S (O (t)dt =0 Vbe H"' (0, 2m).

1] 0
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Thus, S,(#)=const. Since s < z020,i.c. the mean value of S(2) is equal to
zero, we get that S(z) = 0. Therefore, the functional s=0.
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