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Articles

Asymptotic analysis of Sturm-Liouville
problem with nonlocal integral-type
boundary condition.

Art #uras Stikonas arturas.stikonas@mif.vu.lt

Institute of Applied Mathematics, Vilnius University, Lituania
Erdogan Sen esen@nku.edu.tr

Tekirdag Namik Kemal University, Turquia

Abstract: In this study, we obtain asymptotic formulas for ecigenvalues and
eigenfunctions of the one-dimensional Sturm-Liouville equation with one classical-
type Dirichlet boundary condition and integral-type nonlocal boundary condition. We
investigate solutions of special initial value problem and find asymptotic formulas of
arbitrary order. We analyze the characteristic equation of the boundary value problem
for eigenvalues and derive asymptotic formulas of arbitrary order. We apply the obtained
results to the problem with integral-type nonlocal boundary condition.

Keywords: Sturm-Liouville problem, nonlocal integral condition, asymptotics of
eigenvalues and eigenfunctions.

1 Introduction

Consider the following one-dimensional Sturm-Liouville equation:
—u"(t) + g(t)u(t) = Ault), e (0,1),

where the real-valued function secpi:a-2¢ is a complex spectral
parameter, and s =+ w2,y € R,

Remark 1. In this article,scc.=r.uciuc;, where = = uziuz,
Ry ={s=24+wecCa=0y>0LRf ={s=a+weC:a>0y=0)
RO:— (5= 0}, Crim{s—atweCia>0y>0yand ¢; ={s=z+wecC 2>0,y<0}. Thena
map A=+ is the bijection between ¢ and c.:=c [21].

In this study, we will investigate nonlocal eigenvalue problems, which
consist of equation (1) on [0, 1] with one classical (local) Boundary

Condition (BC)
u(0) =0

another integral-type Nonlocal Boundary Condition (NBC)
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£
u(l) = /'u.(t] dt, £e€(0,1], (Casel)
0

1

u(l) =~ [u{t} dt, £€][0,1), (Case?2),

Fa
L

For. where »<r. Both these BC we can write as

where o=0s=¢ in Case 1, and «-<s-1in Case 2. We note that o<a<s<1.
The first work on Boundary Value Problems (BVPs) with nonlocal
integral-type BCs belongs to J.R. Cannon [2]. These kinds of BCs
together with a parabolic equation arise, for example, in the study of the
process of heat transmission in a thin heated rod when the part of the
rod adjoining one of its ends [7]. Parabolic equations with NBCs are also
encountered in the study of the heat conduction within linear thermo
elasticity [3, 4].

Eigenvalues and eigenfunctions of BVPs with integral-type NBCs
and discrete case have been investigated in [1, 6, 8, 10, 11, 16, 19].
Structure of eigenvalues of multi-point BVPs were presented in [5,13,14].
The spectrum structure of one-dimensional differential operator with
nonlocal conditions and of the difference operator, corresponding to it,
has been exhaustively investigated in [15]. A more comprehensive list can
be found in the survey article [20].

Spectral asymptotics of eigenvalues and eigenfunctions of SLPs with
Bitsadze— Samarskii-type NBC

u(l) = (), €€ (0.1

where -<x, have been investigated recently [17, 18]. In [17], for

sufficiently large £ and 1<, it is derived that the asymptotic expansions

sp=xp + O(k™1), ug(t) = _M +O(k2)
T

are valid for eigenvalues and eigenfunctions, respectively, for the SLP

(1)-(2), (6), where w1 e, are the positive roots of sin = — 7sin(r) = 0.
Under the condition ¢ € ¢'j0.1], it is obtained that the asymptotic formulas
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sk =z + Qi(z)zy ' + O(k?),

u(t) = — M +(Q(t) — tQ1 () )([HE it)

T
2
Tk .

+O(k %)

are valid for eigenvalues and eigenfunctions, respectively, for the SLP

(1)=(2), (6). Here

t

Lo Q(1)coss —yQ(E) cos(Es) o L
Qi(s) := cos s — € cos(€s) ’ Qt) = 2 [ q(7) dr.

In [18] the authors consider the equation with retarded argument

—u"(t) + q(t)u(t — A(t)) = Mu(t), te (0,1

together with the BCs (2), (6), where the real-valued function « < coy;
the real- valued function 4 >0 is continuous on [(.1.1=+ is a complex
spectral parameter. They calculate the asymptotics of eigenvalues and
eigenfunctions. To speak more precisc under the conditions ¢ < o, 1], a(
exist and bounded in [0, 1], 20 <1in [0, 1], 20 -0 and <1 they find the
asymptotic formulas

sp = xp + Q1 (;;:;,_};;:,:1 4+ C)(;{:_Z).

"H.k(t:l:—w + A(xp, )HH:,(;; = (B{” t) — i1 (’-‘-})[UHE;”}
+O(k_3)

for cigenvalues and cigenfunctions, respectively, for the SLP (11), (2),

(6), where

t £

A(s,t) == é /q(ﬂ sin(sA(1)) dr, B(s,t) == i /q{r}(m(sﬂ( ))dr,

0 1]

A(s,)sins + B(s, 1) coss — yA(s,£) sin(€s) — vB(s, &) cos(€s)
Qi) := cos s — & cos(Es) )

In both of these studies, it is proven that s cenen 0. Furthermore,
in these articles the authors prove the simplicity and countability of
eigenvalues and show that all eigenvalues are real.

The article is organized as follows. The statement of the problem and
a literature review are given in Section 1. In Sections 1-3, notation
and definitions used in the paper are stated. In Section 2, some results
about the case «=0 are presented. In Section 3, we write the fundamental
solutions of the Initial Value Problem (IVP) and find formulas for
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their asymptotics. In Section 4, we analyze the characteristic equation
of the BVP (1)-(2), (5). In Section 5, we investigate the distribution
of eigenvalues and obtain asymptotic for- mulas for eigenvalues and
eigenfunctions. Also, we calculate normalized eigenfunctions.

2 Properties of a spectrum in the case g # 0
In the caseq) = o the spectrum of problems (1)-(3) and (1)—-(2), (4) have

countably many eigenvalues [11, 16]. A unique negative eigenvalue exists
for ~>2/¢ in Case 1

1 ki UUUL v |
\q;""‘ﬂ, A ' J'J,ﬂ il \\’é o s
TR R TR
| b e lle e ) l‘ “ M |

(a) Case 1, £ = 3/4

(b) Case 1, £ = 3/4 (c)Case2, £ —1/3

Figure 1.

Real Characteristic Functions y(s) for s = zx, x > 0, and s = 17y, y
#0. (b) g=nx/ (1 — cos(wx)) — amplitude modulation function.

5511 &

2sin(€s/2) 1 cos(€s)

and 5 > 2/(1-¢) in Case 2. Also, -0 is eigenvalue if and only if - -2« in
Case 1 and »=2/0-¢) in Case 2.

Let us define a Constant Eigenvalue (CE) as the eigenvalue 1, which
does not depend on the parameter - <= for fixed <. In [11] the spectrum
and eigenfunctions with BC (2) and integral-type BCs (3) and (4)
were investigated for the case «() = 0. Constant eigenvalues exist only for
rational numbers ¢ = »/» < .1, and those eigenvalues v = =%,k e v, are given
by: 4 = nk for m e Naw and @ =20k for m e N in Case 1; o = nk for n—m € Neen
and @ =20k for » — m € N in Case 2. So, all CE are positive.

II nonconstant (that depend on the parameter -¢x) eigenvalues
A= s ec, are y-points of the Characteristic Function -: ¢, - r [21]

5 sl s

(Case 1),

S80S 5 8l s

- 2sin((1 4+ €)s/2) sin((1 — £)s/2) B cos(€s) —cos s

(Case 2).

So, for fixed -¢x, the roots of this meromorphic function describe
nonconstant eigenvalues. The graphs of CF on = are presented in Fig.
1(a) in Case 1 and Fig. 1(c) in Case 2.

In Case 2, all nonconstant eigenvalues are real and simple [11, 12]. All
poles of CF belong to one of the families of the first order poles:
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If c¢0, then »inpz-0.

Lemma 1. (See [11]) If <-umca, then in Case 2, points - —m,icn,
where a;=niforn—meNow 07 =20 for n—mcNu are the first-order poles
of CF and CE points. A set of these points is intersection of v and »:.

So, all poles of CF are of the first order. We can enumerate all poles
in nondecreasing order: m.ren. If a pole is CE point, then we write
it twice »=peveten <. Additionaly, we denote m=o. Then in Case 2,
we can enumerate positive eigenvalues A =tk e, where « € e for
nonconstant eigenvalues, and = = » = mn for CE. Note that w = k. k € N,
in the case v =0 and |« - =+ <~ for all £.

In Case 1, nonconstant eigenvalues can be complex [11, 12]. All poles

of CF belong to the family

. . 2wk
P =<p = £ kel

If < ¢ 0, then all poles are of the second order.

Lemma 2. (See [11].) If c—uwmea., then in Case 1, points - —m, e,
where o =mni for n—m € Noew 07 a=2mi for n—m e N are the first-order
poles of CF and CE points, else we have the second-order poles.

Lemma 3. Let ». r < v, be eigenvalues of problem (1)—(3) in the case a=0
. Then exists ¥ en such that for fixed -<x, all eigenvalues .1 >x , are
positive, simple and e <k -z xiv ), e okl <x forall k>x.

Proof. For not simple positive eigenvalues we have

~yeos(éx) =y — xsinx, Eysin(éxr) = xcosx + sin .
From this system we get
£24% = Eg(q« — rsinz)? + (x cos x + sin x)?.

Then we estimate

¥ = || - | sin x|
Ca(€?— (¢ ? — )sin’x) N £ 2 (sin(22) + '"“'t_I: £)
— > -
T g
;:: _ &
.
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So, all eigenvalues in the angle 1 < o= for « > s are positive and simple.
CE points are the first-order poles of CF. Eigenvalues corresponding to
these points are positive and simple. Since CF has zeros at points k. kN,
we have |z — k| < 7.

3. Solutions of initial value problem and their asymtotics

Let a=+2sec, and () be a solution of equation (1) satisfying the initial
conditions

we(0) =0, & (0)=-1

According to [9, Chap. I, Thm. 1.1], this IVP determine a unique
solution of (1) on [0, 1]. The function «® -« is an analytic
(holomorphic) function of s. We will use notation for derivatives
Wi(t) = Dw(t.5) /0t () (Ls) = Dw(ts)/0s'y (W)U (Ls) = 0 wlt, ) 0105

Lemma 4. (See [17].)Let «.) be a solution of IVP (1),(14). Then the
Sfollowing integral equation holds

t
1 1

wel(t) = ——sin(st) + - fq[*r) sin(s(t — 7))ws(7) dr

I‘; 1‘,‘
0

We will use notation for integrals @ cn, = oyum:

it

(t,q. f) = /q(*r}{t — 7)*sin (s(t — 7)) f(7) dr,

0
i

(t,q, f) = /q{*r}{t — 7)¥ cos (s(t — 7)) f(7)dr,

0
t

(t,q,f) = / q(T)(t — *r}k sin (s(t — Tj}(z_l-””"’_'rjf{ﬂ dr,

[
t

(t,q. f) = /q(*r}{t —7)*cos (s(t — Tjﬂ)o_l?"l':f'_ﬂf{ﬂ dr.

0

We note that rw.e.s = 2.aeie - 1. 0. = 0.0 o)1)
Then we rewrite equation (15) as
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ws(t) = —sin(st)s ' + It g, wy)s ™"
Taking derivative with respect to #and s in (15), we get

w!(t) = —cos(st) + JO(t, q,w,),
(We);{f- 5) =—1 {:()H(""t)'ﬁ_l + (Ig [:t: 0, (w‘i}:‘) + "rsl (?f, i, U«'s) - Ws{t):]""_l

For derivatives of the second order, we get formulas
(wh)i(t, s) = tsin(st) + JO (L, q, (ws)]) — 12 (L. g, wy),

(ws)(t,s) = t?sin(st)s '+ (I"( g, (ws)] ) +2J, (t, q. (ws)})
- If{f Q':ws} - ziwejq(ﬂ)“’

Remark 2. The following formulas

' sin(st)

(ws) (2, 5) = — a5 - Hws) Vs
I
+s 1Y (=l T (t, q, (ws) ),
Z (3)2n

(W) D(t, ) = _ & cos(st) "’L Z( 1) W“‘”'( )J’"( g, (ws)" ), LeN,

=0

are valid, where z2+2 = 2 g2 = o1 goee = e gor _ o gen
Lemma 5. Let sec.. Then there exists w>o such that for 11> , the

asymptotic formulas
we(t) = —sin(st)s ' + C}{S—Eelylt),
(we)s(t,s) = _f{{)‘:{ht}.‘: Y+ O(s ;2 |J|f)
(we)(t,5) = t*sin(st)s ' + @(H—zﬂlylt)_l
wh(t) = —cos(st) + ﬂ)( lﬁlyli)_l
(W), (8, ) = tsin(st) + O(s~el),

are valid. These formulas hold uniformly for o<i<1.
Proof Put  w.() = el m, 1), (wa)) (1 5) = oG (1), (o)l (1, 5) = e HL (1), (1) = e,y and
@9 =0, Then from (16)—(20) we obtain
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Fy(t) = —sin(st)e "I's™ ! 4 [)(t.q, F,)s ',
Go(t) = —teos(st)e WEs™t 4 (10(8,q,G) + T (t, g, Fy) — Fu(t))s ™,
H(t) = +%sin(st)e ¥t

+ (12t q, Hy) + 2J 1 (t,q,G5) — I2(t,q, F5) — 2G4 ())s ™,
K. (t) = —cos(st)e W1t 4 J0(t, q. F)).
Ly(t) = tsin(st)e VI 4+ J0(t,q,Gy) — I} (L,q, F}).

Let ps = maxoge<t |[Fs(t)], vs = maxogi<a |Gs(t)], 05 = maxoge<a [Hs(t)], 22 =

maxoci<r [Ko(1)], ks = maxogrcy [ Ls(1)] and qo = 2fu| lg(r)|dr SinCC

|sins|e ¥ g i(ew + ﬂ—y) oIyl — l(,ﬂlyl n H—Izul) e Wl <1,

i

[

cossie <1 and <1, from (26)—(28) we have

sl Lggn s Yggr Joll

b < ll% s w< H‘%+|s|"l(l+ tofl +,u.s)
s| Ygoo o i

T % H‘%—I—M_l (l + qovs + JU:; z -I—Zvﬁ).

If [s] = qo, thCl’l

s <2

sITT=0(s71), e < s T2+ qops +20:) = O(s7Y),
Tg é |.‘-j|_1 (2 - 2(11'[]1.}5 —— fJofts + 4”.‘;} — @(.‘i_])_

It fOHOWS from (29), (30) that s < LHqops/2 = O(1), ks < 1+qo(pus+vs)/2 = O(1)
So, we prove asymptotic formulas

ws(t)e {ws);(t'. "i}r (ws}g(t' "5) = (-O(S_lelylﬁ)': W:.:(f): (W;):;(f- "’) = CJ((_J,‘H“)

Now, substituting formulas (31)—(32) into the integrals of (26)-(30),
we obtain

Fy(t) = —sin(st)s e VI 4 @(3—?)1 K, (t) = —cos(st)e Wt 4 O(s™ ).
Gs(t) = —tcos(st)s te Wl 4 (’)(3_2), Lo(t) = tsin(st)e WIF 4 O(s 1),
H,(t) = t*sin(st)s e WIF 4 O(s_z).

Lemma is proved.

Remark 3.« =2 uiar

Remark 4. The asymptotic formulas (21)—(24) were proved in [17].
Remark 5. The asymptotic formulas
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1 .
(ws) (L, 5) = (=1)'t cos (Hﬁ - E?T{l — E))H_' - G(s_zelyﬁ)s

1
(w;]g){t, 5) = (—l]li_]tE COS (fst — Eﬂf) + @(.‘;_]elylf')

are valid for 1= o.1.... .. The proof is the same as in Lemma 5.
Corollary 1. Let serscrqccpil ys=s+s5=0u" , then we have the

Sfollowing formulas:
we(t) = —sin(zt)z ' + O(z2), wl(t) = —cos(xt) + Oz~ 1),

Proof. We substitute expressions (21)—(23) w=o into formula

-2

ws(t) = w(t, T+ 6) = wa(t) + (ws)i(t, x)d + (w2 (t, =+ 95)%,

6 elo,1],
and get

we(t) = —sin(zt)z™ ' + (_’)[:::_2} + (—tcos(zt)r " + O(:i:_z)]ﬁ + 8(62)
= —sin(xt)z™ ' + (_’)[:::_2}.

Analogously, we prove the second formula

wi(t) =W (t, 4+ 6) = wl(t) + Q) = — cos(xt) + @{;‘::_1).

Lemma6. Let rccioniciwncny. Then the following asymprotic formulas

b
ff(’r)eﬂ” dr = U(.q_]elylb),
“ b

b
/f(’r} cos(sT)dT = O(-‘i_le|y|b), [f(T] sin(s7) dr = C)(s_lemb],
L ﬁ a
[f{?} cos(2sT — st)dr = l‘f)(s_'egmb),

b
/f('r} sin(2s7 — st) dr = O[_g—le3ly|b)

are valid.
Proof. We use integration by parts formula

977



Nonlinear Analysis: Modelling and Control, 2021, vol. 26, ntiim. 5, ISSN: 1392-5113 / 2335-8963

b b
+ash +a-m-,
[ f{tje+ast df = f(!‘))‘:‘ :t.ﬁ:«(” J- [ +%Sﬁe—|'!#|1.f!{t)e|?f|t Jdt
a @

= @(s_lelylﬁ} + @(.‘;_'elu"lﬂ\] + CJ(.‘;_]ely|b) = C)(s_lemlh).

The other four formulas follow from formula (34).

For real s =0.a=0.=1<p.1), we can find formulas (35) in [9, 22].

Let sccpa.repunr> 1 Then we generalize the last two asymptotic
formulas in Lemma 6:

t

Tl ey gy (i1 i
[f(T) cos(2sT — st)dr = — Z ! (®) = ( l) 100) cos (m‘, - 7 )

] =1 (26)'
+ C)( —T '%|y|r)
i r—1 1) 1y flie i
[ fl7)sin(2sT — st)dr = — ; AU +(g‘,)la) ! ])(U) sin(.‘st + ?)
+ O(s e,

For proof, we use integration by parts formula and Lemma 6.
Under the condition that e co.1.r ¢, the more exact asymptotic
formulas may be obtained

r+1

1 e
ws(t) = Zp f)f.m(s?‘+z?rj)s T4+ 0(s —(r+2) ("'H”ylt]..

=1

wh(t) = Zp f)(t)h(sf+ J?rj)s 4 O(s ety

i=0
r+1

(ws)i(t) = Zp (t) ms(sf—l— —7(j — l))s —J +@( —(r+2) ':?‘Jrz]lylt).,

=1

where n() =10 =100 =1,

Now we derive formulas for ».j=2771. We can use the mathematical
induction.

Let us substitute

we(t) = —Zp ?‘}(05(51‘+ g_;)s T+ O(s (r+1)g(r+1) |"|t}

=1
r+1

= _Z‘” -1 f) am(r,f 4+ /]J)‘, J+1 —I—@'( (r+41) (1~+1}|y|;)

j=2

into integral « 'z¢...< in right-hand side of (16):
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t

r+1
1 -

E — [q[’r}pj_1 (7) sin(st — s7) sin (.‘;’r - E_;) dr
§

j=2 0

+C}( (r+2) [v+2}lylt)_

Then we rewrite the sum

r1 , F
/Q(T}ﬁ?—li ) dr t'na(.sf + _3-")
.?
t
cos(
— Z ;.r f@’[ﬂiﬂjq [T] (1()5{237- _ {,f} dr
25
0
o sin(Z5) :
+ Z ﬁ _ / q(T)pj—1(7) sin(2sT — st) dr
I 0
and apply (36)—(37) for v vecri =zt
r+l,

t
ZE /(;(T)[JJ_1(T}(1T(U%(‘J‘+ J)c, 3+C)( —(r+2) (’“+2}IJ|F)
j=2

r+lr—j+1 - ] i—
cos(57) (qp;—1)" V(t) — (=1)"(gp; 1) (0) T
+ 2 : os| st + —i
Jz; ; o) (25)" cos| s 2:-'
r4lr—j+1

sin AU (=D (gps ) D
3> % 37) (ap; )"V + (1) (ap; 1) ()sin(st—l—gi)_

J DAY
=2 i=1 28 (‘3"’)
We look for terms near « ¢.ic.itj=r+1,

f o(r m(fr)dqrm‘,(‘,f+ (fjl))
g

T . y(r=3) —1)Y i (g )r—3) g :
3 )OO a0 (., T D) o

bl =

Qr—j+2
P 2
3y )0 - CO g )TO) (o T g 7
— or—j+2 s | st B S111 B)
=

or
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t
1 m(r+1) (qp J)(T) w(r+1)
}'/‘q('}')p? (T)d'r((h(sf+ ) Z 321 e cos| st + >
i
-1 (r= +1 +1
+Z ) {rf:“r_?:_}g ( )(Z[)h( it + (72 )) = —p;+1(f}tos(sf + N(Iz })
So, we prove recursive formula
t L (api ) () + (1) ap; ) (0)
1 gpi—1)V L)+ (=1) (gpj—1)' 70
Pita(t) = —3 /Q(’T)pi(T) dr -y = = rEama
0 J=2
for i = Lrandpi(t) = —1. HIS formula ShOWS that pj € CTI30,1], pjaq €

cri0.1),j = 277 1. So, the application of formulas (36)-(37) was correct.

We note that », < 0.1 for all .
For example, ».() = e = [famar/2. It is obvious that the function «o is

bounded for o< <.
Let us substitute (41) into integral ..

Then we get formula

) in right-hand side of (17).

ﬁ L (gpi—1) () — (= 1) (gp;_y )9
m(t}:% f q{r}m(ﬂdr_z“h—) (1) 25_} g(ﬁu )2 (0)

=2

0

for i—u7 If we add (42) and (43), we get

. i {fflr”j—ljl{i_"?j{t} — 'P"; (f}

.ﬁt{f) +L”a+l(t} — Zl'_vi,_l_]
j=2

So, more simple formula »® = ) - p..() may be used for calculation o
i—u7 (we note that » -0). This formula can be proved directly, but formula

(43) is useful independently. We use notation i = .o 0= p 1.5 = 1751

too.
If we substitute (38) and (40) into integrals .o md sioe =

), then from (18) we get recursive formula el -0

Tt q(r)(t —7)
it : .
1 " (gpj_ ) (E) — (—1)*(gp}_,) ) (0)
pha(® =5 [aoptr)ar -3 = et
0 j=2
t ; ,
L[ — (qp;—1)" (1) — (=1)"(@p;—1)"7(0)
+3 [r;{’r)pg(ﬂ dr — Z 752
: et

0

—pilt), i=Lr, q(r):=q(t,7)=q(r)(t —7).

For example, uwo-1-wn. We see that no=-n m. Using the
mathematical induction and formulas (44) and (42), we can prove simple

formula »® = 0 -opa@ - m@.i— 2771,
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Lemma?7.Let scc. and qccro. Then for 11>, the asymptotic formula

r+1

(Cds).g)(t, §) = — Z}”ﬁr’(t:} Cos (.‘st - g{J’ — I}).s'_j + C)(s_[r"'z}u[""'ﬂlyl"‘)
j—1

.
(w;)gf)m §) = — Zp;(t) cos (.‘st

i=0

|:\..|‘1

(J _ ;)) s T4 0(s (r+1), (?‘+2)Iyli}

are valid for € Ny, where pk(1) = (1~ kh(0) — @) 1 = TH T L pb() =
0RO = (SO 0 = Tk N0 = 0, i=TEno=1wao is calculated by
(42).

Proof- We prove (45) formula in the case /=0, 1 and (46) formula in the
case /=0. The other cases we can prove by mathematical induction by L.

For example, 40— (-1 - -1y 1 e, (see Remark 5, too).

Corollary 2. Let vcricraccrvi o w.i=Tr, are bounded functions. If

s=x+0,

™

6= Qjx)xd + Oz 1),

j=1

then we have the following formulas:

r+1 T
ws(t) = Z R(t, x)r I 4 O(:z:_(’"+2}), wi(t) = Z Rj(t,x)z™ + CJ(:J:_{"+1}:}.
=1 =0

From previous results we have r.«) = - sin(wt). Ro(t, ) = — costar). NOW we derive
p

general formula for r.x.j=1771. We substitute expressions (45), (47)
into formula

welt) = wlt, = +4)

r+1 h‘l cr4+-2
=2 @) () + @) w4 09) s B0,
1=0 N '

and get the following expression for «.(:

r+1 r+1 - 1 r ! .
— Z (Zpﬂ (t) cos (:r;t + E(J — E)):{:_j) i ( Z Q;-(:;:)u:_‘) + Oz~ ("),

=0 i=1

From binomial formula we have o, >0.i-17)

I i
; i
(ZQ-;(:L‘}:L'_l) = Z ol ‘Q’ll( @) Qi () —(rit2ngtetrn,)

f 4=l

Collecting terms near « ¢ te.j i+ 2+ -+, =+ 1, We get
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; 1 I . T
Req(t,z) = — E T (t) t,nh(.m‘, + E{J — E})

ny+-ne=I, j=0,
Jtn+2ng+---frn.=r+ 1

QU (#) -+ Q" ().

For re..), we get formula

: L iy cosl ot o (i
Ry(t,z) = — Z P ”_?\!pj(t) (_(m(.:rt - 2(_; —I))

T +"'+n-r_£'- «}}ﬂ
Jtnt+2nzt-rne=
"% QM (x) - QP (x).

We write explicit formulas in the case s < co.:

pa(t) = p3(t) = Q(1). p(t) = pi(t) — pa(t) = —Q(1),
py(t) = (=) (1 —1Q(1)), »{(t) = —(-t)'Q(t), I€N,

Ro(t,z) = pa(t) cos(xt) — pi(£)Q1 (x) cos(xt) = (Q(t) — tQy(x)) cos(xt),
Ry(t,x) = pr(t) sin(xt) — p, (£)Q1 (x) sin(xt) = —(Q(t) — tQy () sin(xt).

We formulate these results in the next two statements.
Lemma8. Let s ec, and o< cron). Then for 11>, the asymptotic formulas

ws(t) = —sin(st)s ' + Q(t) cos(st)s * + O -—Reiﬁlylt}‘
(Me}’ (t,5) = —t t'wa(s-f}s-‘l (1 —1Q(t) );,m ‘,,e)‘, 4 @(.‘;—:aemyu)?
(00 = i)™ (2 100 )+ O ),
w!(t) = —cos(st) — Q(t) sin(st)s™ ' + (’}{ —2 qIJIP)
(wh)o(t, 8) = tsin(st) — tQ(t) cos(st)s ™! +(’)( -2 J'|J|t)
are valid.

Corollary 3. Let +crscraicconaw is bounded function. If s—.+5,
b= Qi +0l ), then we have the following formulas:

ws(t) = —sin(zt)z ™" + (Q(t) — Q1 (x)) cos(xt) x> Of: :_:3'),
wi(t) = —cos(xt) — (Q(F) — tQ1 (x)) sinfwt)z ' + (’J(r;: 2.

4 Characteristic equation for problem with integral
condition

Substituting «.() into (5), we get the characteristic equation
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a8

his) == ws(l) — f}fwg{f) dt = 0.

e

The set of eigenvalues of the BVP (1), (2), (5) coincides with the set
A= ni) = w) - [uma -0, The function h is analytic function of parameter
sec,and

i

) (s) == (w,) (1, 5) — r/{wq}l (t,s)dt, e N,.

x

Substituting (45) into (51), we get

n0(s) = ’}'Z ( f pht)eos(st+ 56 - a )

r+1
- Z p‘; (1) cos (3
a=1

" _;})‘, i 4 O (s~ 2elr+2)lul)

n\..l—‘i

where b <o,
Remark 6. In the case =0 the last term is oz
If s c e i c nee, then we use integration by parts formula and have

b

ff{?l} CL}H(Hﬁ + (_._j dt

" OB cos(bs + ¢ — 5i) — FOU(a)cos(as + ¢ — 51)
(_l]i—lht

i=1

+O(s~ (1 le)

So, we derive

+1

.‘1(”(5} = — }Z_;p;(l) cos (H + %(j — f}) s 4 O(.‘;_(r+23t:(r+2)|?'l)

e R P (1_”{;’5’) cos( s + rG—id) ) — P (1_IJ{(1J cos(os + rg—td) j;!_{ )

) 08| 3 -
+Tz z ’ Z(_1J1—1;1+_j

i=1 i=1

We look for terms near s ¢+.ic.itj=r+1,
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hiH{sJ = —pf.H(J) Cos (s + g(r +1— I))

. i P (=) (8) cos(Bs + Ty pi-{r_j] () cos(as + T2=r=1)y
' = '
i1

Thus, the next lemma immediately follows from results in the above.
Lemma9. Let s<c, and o< cro.. Then for 11>, the asymptotic formula

r+1
WO (s) =3 " hl(s)s 7 + O(s~ rFDert2) ] eN,,
i=1

is valid.

Corollary 4. If s < co.1), then we have (see Remark 6, too)

hV(s) = hi(s)s~! + O(s %el), 1N,
where

hl(s) = — cos (‘: - E(E — l})

Corollary 5. If vc 0.1, then we have

h..u] {,‘;} = hﬁ {.‘:‘}-ﬂ,‘_l 4+ hé {5}5—2 4 E](H—HHHM}‘ = Nﬂ,
where
() = (@) 1) “:05("‘ + gg) — B cos (ﬁ{‘i + gr') + ya cos (u.‘; - gl)

For example, 1Y(s) = —sins, () = Q(1) cos s — cos(Bs) +7 cos(as). hi(s) = —coss, h(s) = — cos s.

Analytic functions #():= -i(s)s 3 = -1 have the same nonzero roots as
function A.

Corollary 6. If qeClo0.1], then we hm}e

H(s) = —hO(s) + O(s~eldl),
H'(s) = =hi(s) = his™' + (’){.q_leh"l) = —hl(s) + [‘f‘)(“;—l{_;li,ll)T
M(s) = _h?[.‘s}-‘i n @(ely|),

) (

M'(s) = —hl(s)s — 2BY(s) + U(e'“l} — —hi(s)s + G(elyl).

984



Art #uras Stikonas, et al. Asymptotic analysis of Sturm—Liouville problem with nonlocal integral-type boundary condition.
Remark 7.The asymptotic formula (53) for the integral condition(5)

are simpler than in the case Bitsadze—Samarskii NBC (6) (see [17]). For
Bitsadze—Samarskii NBC,

h(s) == ws(1) —yws(€),  hP(s) = (@s)(L,8) = v(we) (& 5), 1€N.

Substituting (45) into these expressions, we get

r+1
WO =~ (p;(l) ms(s n g{j - I}) — W.*p;f{}t:usa({ﬁ - g(j — I))).r,-—,r
i=1

+ O(s~ T 2plr+2l)

We look for terms near s-¢+

h£~+1 (5) == —pf,_i_l (1) cos (5 + %{r +1— E})

|

]

+ ypl i (€) cos ({5 + —(r+1-— E})

[

So, Remark 9 is valid in the case Bitsadze—Samarskii NBC with above
defined #w, ;-7771, and we get two corollaries.

Corollary 7 [Bitsadze—Samarskii NBC]. If' qcco1 , then we
have formula (53), where 1i(s) = —sinis + 712+ 2¢sintes + w2, . For example,
1(x) = —sins + vsin(€s), hi(x) = —cos s + ¢ cos($s)

Corollary 8 [Bitsadze—Samarskii NBC]. If «cco.n, then we have
Sformula (54), where 1) = Q) ~ Deos(s + 71/2) 4561 - Q@) eostes + w1/2) . For
example, 1) = Q1) coss —1Q) cos(ss) .

Let us consider real cigenvalues. In this case, (52) is valid with
s=2cR(y=0), and functions . -triicmare bounded. We investigate

equation h(z+8) = 0(or M(z+8) = —a?h(x+8) = 0).5 € R, with additional condition
[ni(z)| = 2> 0,

Lemma 10. If s cio.1) and d=o (1), then the following asymprotic formula
is valid:

§ = —h! .’L‘}(f.‘,i{:J:})_]{S{.‘UH{S{HHIfﬂ_l + Oz ).
Proof- From formula (57) we have

sinzcosd — cosasind = —sin(x + 6) = b (z + ) = (& 4+ 6) ' O(1)
=0 (:r.:_ ! )
Since nw = cor we have #wsino = -m@esi o). We multiply this equality

by stns i) (using condition riwi= >0 and get (59).
Corollary 9. [f e 0, thenm s=o@1).
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Lemma 11. If ¢ 0.y and s - o) 190) 0, then asymptotic formula
-
d = Z Q;(x)r 7 + Oz~ (rt1)
=1
is valid, where o,).;=17 , are bounded functions.

Proof: Formula (60) is valid for »=0. So, s=ow. If 7>0, then
substituting (54) into equality

2
0=~h(x+6)=h(z)+h'(x)d + h"{:r.:}% n @(53)1

we have
—h ) =R () P+ B () 2 Oz _%) = hy(x)z 2+ Oz )

i.e. 1= Qi@ 106, where

- 1
Qi(z) = —hy(x)(hy(z))
We derive formulas for o, ;2752 We can use the mathematical

induction, Suppose that 6 =01 Qi)a T + 0@ ), Substituting (52) CXPI‘CSSiOIl

in the casey y=0 into equality

0=h(z+0d)=h(z)+ f’}Zh{*H}{ ) + O(6712),

i—(l

we gCt

5 —l h;-.l;_]] } fh' _.- ?+1}”{ —j e —(r+2)
ZZ i1 i -+ Z; + ( )

i=0 j=0 il

or

r+1
Z(r)d = — Zh-?{:r:]:r:_i + O{;;:—(?‘+2})
=1
= hi(x)z ! Zh’i’[ N 4+ Ofa —{'-"+1}}
=1
where 1,0 = @0t <<,
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g
= L e (ZQ*“ )(m)'

tl’]J[’l

_IZ hH—l E ?1{:1;}“ Q? ! ( ) _(J‘+fl1+2ru+ A(r—1jnr_1)

i E_{-i—l— Dyneg? - ompy!

i,9=0 i+ ne—1=
r—1
= hi(x)z ! (l - Z zp(m)e 4 O(r;:_?‘)) ,
k=1

For .1 =171, we have expressions

Q1 (x) - Q7 (x)

an(x) = Z —hi A () (hy ()~ 19 (¢+1}ﬂ1 1

ny+-d4n._1=t, j=0
i+ 2nat-H(r—1)n._1=k

So,
r r—1 -1
0= Z}‘-;:r'('-"?}iﬁ_j : (1 — Z E,x,.(:‘!:):r_:_Fc + C)(;f_:_’")) + @( (r +1))

= k=1
_ZZ,'J? x}x J(sz J.}J,. ) +C/)(.,;:—(r+l})

=1 1=0
= : ! 2 () - 2y () L—(r+1)
- ;;hﬁu)n +§ —a“l!“”r""‘—'! Lt 2na b e L)n, +0(z )

Collecting terms near 7 e.j+ni + 202 ...+ (r~ ue 1 = 1), We get

B0 (o
Qr(z) = > . h’-’“("'jzi" (x) - 277 (@)

.. 1 Kz
Tiq: Thom 9! by VB
1+t ne—1=1, 30 L r—1 I( )
Jtni2natt(r—1n,—1=r

Lemma is proved.
Corollary 10. If «c c*0.1, then

()a(x) = —hg(:r:}(h%{r;:j:}_] — h”{:r_:}(h,i{u:j)_lz] (),
z21(x) = —hy(x) (hi(a }} ——h (o j(hl(f*}}_la)l'f:f?}
Corollary 11 [Integral NBC]. If ve o1, then

cos(Gx) — cos(our)

Q(z) =Q(1) —~

COR T

Corollary 12 [Bitsadze—Samarskii NBC]. If s<cro.1), then
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Jeosxz — yQ(€) cos(Ex)

cos - — € cos(Ex)

Qq(x) = @l

Formula (66) was proved in [17].

5 Spectral asymptotics for eigenvalues and eigenfunctions
for problem with integral condition

In this section, we investigate eigenvalues for SLP (1), (2), (5).

Lemma 12. The real eigenvalues of the SLP (1), (2), (S) are bounded
Sfrom below.

Proof. Set i)~ #u. - 0. Then

o u e u

H(y) = sinhy + Oy 'e¥) = 2 " 2 +0(y e

Itis clear that i, . #1() = +o. Then there exists a yy > 0 such that () 0
Y > g0 H) =i 0> 4 <A for negative »

Corollary 13. The number of negative eigenvalues of problem (1), (2),
(5) are finite (maybe zero).

Lemma 13. The function u:-® & has at least one positive root in the
interval (0:-1/2. (c+1/2) for large k.

Proof- If s=z.0<acr, then y=0. In this case, formulas (55) is

H(x) =sinx + @(:r.:_l)

We have o<1 for large x. The function sin x takes its local
maximum points ata, - @k - 3/2r k ¢ v, and its local minimum points at
mi = 2k —1/2)7, K eN. Thus, from Intermediate value theorem at least one
root of the function @) lies in each interval (-2 (+1/2m). K <ken,
for large K. So, we have infinite (countable) number positive roots of
equation () =o,

Corollary 14. The SLPs (1), (2), (5) have infinitely many (countable)
positive eigenvalues.

Remark 8. The function sin s has the same property, but only one root
is in the interval (- 1/2)7. (s + 1/2)7). K <k e N,

Let us denote domain b - {s: sl < ar = (k- 1/2)7, Iyl < as}. Do — ConDyy KN, and a
CONtOUr I =C,NdDy |s|=3n/20n [y k€N,

Remark 9. The corresponding contour r. in the plane « - will be the
boundary of the domain pu.

Lemma 14. There exists « >0 such that all eigenvalues of problems (1)-
(2), (5) in the domains - <c. s> u) are positive and, more precisely, there
exists only one positive root of function nuw) in each interval -1/ (:+1/27)

for sufficiently large k.
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Proof. On the vertical part of contour s = ax + 5.y € [~ar, a). k € N, Re(sins) =
simaicoshy, W€ estimate

(3|?F| 4 (_1_|?}| (3|?}|
=

|sins| = | Re(sin )| > |sinay|coshy = coshy = —
On the remaining part of contour v = +a.0 <z <a, we estimate
i i a a i (1|1|r| — ﬂ_l?fl ﬂl?}l
|sins| = 4/sinh” y 4 sin” x = sinh |y| = =
: 2 4

So, we have sin [sins > c/son 1, for sufficiently large 4.

From formula (55) #(s) = sins + o(s 'eb. Hence, we have jo¢ 1ov) <
als| e < ovl/1 < sins) on the contours 1., for sufficiently large . Therefore, by
Rouché theorem it follows that the number of zeros of #() = siws + o(s*év)and
sin s are the same inside 1. for sufficiently large .

In the domain between contoursr.. and r., there is exactly one
positive root of the function sin s (see Remark 8). The function A has one
root in this domain for sufficiently large 4. But interval (- 1/2. ¢+ 1/27)
belongs to this domain. So, the single root of H in this domain is positive.

This lemma clarifies Lemma 13.

Corollary 15. The function u - & ~ & has one positive root in the interval
(= 1/2m, (k+1/2)m) for large k.

We can enumerate the zeros of H as s; , x<n. The first zeros can
be complex numbers or not simple. From Corollary 15 we have that
sk are positive for sufficiently large k. Now we will investigate the
distribution of these positive eigenvalues of problem (1)-(3), and we
leave out the note about sufficiently large k. Now we consider only real
positive s=2>0. Since s (k—1/2)7, (- +1/2)7), we have s~ =7k @sk > ) and
B () = 0, hi(xg) = —cos(xy) = (~1)F, [hf(zy)| = 1.

Let us denote s, = s - =.. The functions H and sin s are analytic. So, from

(67) we have

sp =xr+o(l) or dp=o(l) (ask — oco)

Theorem 1. Let o< cio.n). For eigenvalues .- and eigenfunctions uy, of

problem (1)-(2), (5), the asymptotic formulas

5 = T + @(k_' ) up(t) = — Hill{:’I:;l:ﬁ}:IJEl + ﬂ(k:_“’)

are valid for sufficiently large k.

Proof. For our problem, #) = —sws i) = —coss and ne) =0 m = (150 = 1,
We have o =o(1). So, all conditions of Lemma 10 are valid, and from
Corollary 9 it follows s = 0w ) = 0t

Then we apply Corollary 1 and get
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Uy, = wy, (t) = —sin(zgt)z, ' + @(:1:;2) = —sin(zt)z, ' + C}[k_zj
Remark 10. Normalized eigenfunctions are
g = wy, (t) = —sin(zgt)z, ' + @(:1:;:2) = —sin(zt)z, ' + G[k_"zj

Theorem 2. Let q<co). For eigenvalues s - and eigenfunctions uk

of problem (1)-(2), (S), the asymprotic formulas

S = I+ Z Qj{r;:;ﬁ}r;:k__j + Ok~ (rth)
i=1

r+1
w0 =3 1?0l
=1
are valid for sufficiently large k.

Proof- We have s.= o1 =o1) (see Theorem 1). So, all conditions of
Lemma 11 are valid, and it follows

O = Z Q;f (:f-:k}:f_f;‘} + {‘_’;I{:Jic—{r+1}}l
i=1

Then we apply Corollary 2 and get
r+1
up = ws, () = Z Rj(t,zp)x,” + Q(k—[?‘ﬂ})

=1

Corollary 16. If «<cro.11, then the asymptotic formulas

S = Ty + Z QJ{.‘;:,:i._)r;:#__j + Ok (1)
j=1

r+1
ug(t) = Z R;(t, “,}J-k—i + @(;g—(wz))
j=1

are valid for sufficiently large k, where
Q1(z) = Q(1) + (—1)*"y(cos(Bay) — cos(axy))

Remark 11. In this case, normalized eigenfunctions are
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ve(t) = V2sin(zpt) + \/E(Hill{zlrklﬁiuwkﬂ — Raf(t, .‘f:;,;}):r!k_,l +O(k?)

6 Conclusion

In this paper the spectrum, existence of solutions and spectral properties
of eigenfunctions for a SLP with one integral-type NBC was investigated.
The considered problem differs from the classical (local) one-dimensional
SLP with BCs in that it contains a NBC in two cases. Therefore, it
is not obvious how to apply the classical methods of theory to such
type BVPs. Therefore, suggesting own approach and modifying the
techniques of classical Sturm theory, we obtained asymptotic formulas for
eigenvalues and normalized eigenfunctions. The results obtained in this
work can be extended to two- or higher- dimensional SLPs and to higher-
order differential equations. Furthermore, asymptotics of eigenvalues and
eigenfunctions of the same differential equation but with different NBCs
such as eigenvalue-parameter dependent NBCs can be also investigated.
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