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Abstract: We consider a new fractional impulsive differential hemivariational
inequality, which captures the required characteristics of both the hemivariational
inequality and the fractional impulsive differential equation within the same framework.
By utilizing a surjectivity theorem and a fixed point theorem we establish an existence
and uniqueness theorem for such a problem. Moreover, we investigate the perturbation
problem of the fractional impulsive differential hemivariational inequality to prove
a convergence result, which describes the stability of the solution in relation to
perturbation data. Finally, our main results are applied to obtain some new results for a
frictional contact problem with the surface traction driven by the fractional impulsive
differential equation.

Keywords: fractional differential variational inequality, fractional impulsive equation,
hemivaria- tional inequality, frictional contact.

1 Introduction

Letr.z.z be three reflexive and separable Banach spaces, and let # be the
dual space of7. For a prefixed 7> 0.1etQ = 0.7]. f: @ x 2y x 2y + 2. A: Q x 2, 23,
NiZasY.JiQxY s Randg:QxZ -2, This paper focuses on the following
fractional impulsive differential hemivariational inequality (FIDHVI):
find::@-z and v:@ - z:such that

CDE(t) = f(t2(B),y(1), tEQ t#m i=1,2....m, 2(0) = 2o, A= Bl By T=18, oy
) =X > G0 v <o nwhere  oso <x <1 stands for the Caputo
derivative of fractional order r.e;: 7~z j=12...m 4:() is given by
Ae(m) = =) - =07) with =) and ;) being the left and right limit =at =+,
respectly, and 0=r<m < Srn < =1

We remark that for appropriate and suitable choices of the spaces
and the above defined maps, FIDHVI includes a number of differential
variational inequalities as special cases [5, 12, 13, 26, 29].
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It is worth mentioning that FIDHVI is a new model, which captures
the required char- acteristics of both the hemivariational inequality and
the fractional impulsive differential equation within the same framework.
In addition, FIDHVTI can be used to describe the frictional contact
problem with the surface traction driven by the fractional impulsive
differential equation (see Section 5).

The study of differential variational inequality (DVI) can ascend to
the work of Aubin and Cellina [1]. DVI described by the following

generalized abstract system it = s¢.v0.20). cp0.m)=0 wea

t

/('E‘ = J—-’(f))TF(i. y(t), ..L'(f)) dt >0 VveK.
0

was then examined by Pang and Stewart [20] in finite dimensional
Euclidean spaces. Here K is a nonempty, closed, and convex subset
ofe. ;i xRk xB" S &, P xR xR 5B7, and ¢ xk R are three given
functions. As pointed out by Pang and Stewart [20], DVI provides
a powerful tool of describing many practical problems such as fluid
mechanical problems, engineering operation research, dynamic traffic
networks, economical dynamics, and frictional contact problems [6, 23,
25]. In 2010, Li et al. [11] discussed the solvability for a class of DVI
in finite dimensional spaces. Later, Chen and Wang [4] employed the
regularized time-stepping method to consider a class of parametric DVI
and provided convergence analysis for this method in finite dimensional
Euclidean spaces. Liu et al. [14] studied a class of nonlocal semilinear
evolution DVIin Banach spaces. By using the theory of topological degree
they obtained some existence results for their model under some suitable
assumptions. Recently, in order to describe a free boundary problem
raising from contact mechanics, Sofonea et al. [21] studied a differential
quasivariational inequality and proved the stability of the solutions for
such a problem. For more works related to DVIs, we refer the reader to
[10, 13, 15, 28] and the the references therein.

As is well known, fractional calculus, that is, the noninteger calculus,
allows us to define derivatives of arbitrary order and has many
applications in practical problems [9]. Recently, by applying the fixed
pointapproach, Keetal. [8] discussed the solvability of a class of fractional
DVI in finite dimensional spaces. Using the Rothe method, Zeng et al.
[30] studied a class of parabolic fractional differential hemivariational
inequalities in Banach spaces. Xue et al. [29] discussed the existence
of the mild solutions of a class of fractional DVIs in Banach spaces
under some appropriate hypotheses. Very recently, Weng et al. [27]
considered a fractional nonlinear evolutionary delay system driven by a
hermivariational inequality in Banach spaces and established an existence
theorem for such a system by employing the KKM theorem, fixed point
theorem for condensing set-valued operators, and the theory of fractional
calculus.
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It is worth noting that, in the real world, many systems are often
disturbed suddenly, and systems changes suddenly in a short time. These
phenomena are called impulsive effects. We note that diverse numerical
methods and theoretical results have been widely studied for differential
equations with impulsive effects using different assumptions in the
literature; for instance, we refer the reader to [2] and the references
therein. In [17] and [16], Migdrski and Ochal studied the existence of
the solutions for two class of nonlinear second-order impulsive evolution
inclusions problems. Recently, Li et al. [12] introduced a class of
impulsive DVI in finite dimensional spaces and presented some existence
and stability results of the solutions under some suitable assumptions.
However, in some practical situations applications, it is necessary to
consider FIDHVI. To illustrate this point, a fractional contact problem
with the surface traction driven by the fractional impulsive differential
equation will be considered as an application of FIDHVTI in Section 5.
The discipline of FIDHVTI is still not explored, and very little is known.
To fill this gap, in this paper, we seek to make a contribution in this new
direction.

The outline of this work is as follows. In the next section, we
present some necessary preliminaries and notations. After that, Section 3
establishes an existence and uniqueness result concerning FIDHVI under
some mild conditions. In Section 4, we provide a stability result of the
solution of FIDHVI with respect to the perturbation of data. Finally,
we apply our main results for FIDHVI to the frictional contact problem
with the surface traction driven by the fractional impulsive differential
equation in Section 5.

2 Preliminaries

For a Banach spaceX, we denote cwo.x) the space of all functions x: ¢ - «
that is continuous, 7@ x) the space of all pth power Bochner integrable
functions on Q taking values in x.7c(@:x) the space of all functions
+:Q = x such that »:@\u...{n) = X is continuous, and ) and == exist
with =) = «;.rc0) x. x) the set of all closed subsets of X. Piw).(X) the set of
all compact (closed and bounded) convex subsets of X . Foraset v c x

In the sequel, let r)denote the gamma function.

Definition 1. (See [9].) Thegth fractional integral of =) with .0 is
defined by

i
B al)e— T (s =) lz(t)dt, s>0.
-\l A O

Definition 2. (See [9].) For «<w-1n , the Caputo fractional-order
derivative of a of -+
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S

f(S — gL, >0

0

1

CDgz(s) = —F(n — o)

Definition 3. (See [3].) The generalized directional derivative of a
locally Lipschitz functional r:z ~zu.cz in the direction -<z and the
generalized gradient of function F at v, denoted respectively by #:-) and
sk , are respectively defined by

Vr,z € Zs

Fo(z;2) = limsup F(y+pz) — F(y)

y—x, p—0+ H
and
OF (v)={ne Z; ‘ F°(v;2) 2 (n,2) Vz,v € Zs}.

Definition 4. (See [22].) An operator #:2 - is said to be

(i) monotone if w1 e. v~ >0 for all vr.es € 22

(ii) strongly monotone if there exists m; >0 satisfying @ - e —n) >
mplr1 — wa|y, forall 1,02 € Za:

(iii) pseudomomotone if B is bounded and ., — » weakly in z2 with lim
SUP(Bra, @ — ) <0 yields that tmii(Br,. 2, —v) > (Br.+ — ) for all y <2

(iv) demicontinuous if =, - - in z2 implies that B:, » B- weakly in

(v) bounded if o c z is bounded implies 5 <z is bounded.

Definition 5. (See [18].) A set-valued operator 5z - rz) is said to be
pseudo- momotone if

(i) for every .cz.m ez

(ii) for any subspace  of z.. 5 is upper semicontinuous from H to z}
endowed with the weak topology;

(iii) if -, — - weakly in z, and = e 5:, such that imawe;. =) <o then for
every <7 , there exists -« 5- such that fmin(:. 2 —0) > .2 - 0)

Lemma 1. (See [7, Prop. 5.6].) Assume that U and U, are two reflexive
Banach spaces, v : U, - 15, v+ : 15 — 17 istheadjoint operatorof v. s : U = R
is a locally Lipschitz functional satisfying los(xlv; < .0+ Jul), for all ve v, is
pseudomonotone.

Lemma 2. (See [30, Cor. 7].) Assume that U, is a reflexive Banach
spaces, and let the following conditions hold:

(i) r:v+vs is pseudomomotone and strong monotone with constant

or >0
(ii) ¢: 00 ra) is pseudomomotone, and there exist two constants .- o
satisfyng IG)llos < cllullu, + ¢ for all u € Uy;

(i) o <or
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Then 7+ ¢ is surjective in U B
According to [18, Prop. 3.37], we can rewrite FIDHVI as follows.
Problem 1. Find :: ¢z and 4: @ - z such that

CORAE) = Flt2[Eult)); teQ #fm = 1T m,
2(l) = zps Az(r;) = (7)‘(::(7'-*))._ = uy m,
A(t,yt)) + N*0J(t,Ny(t)) 2 g(t,2(t)) VteQ.

To study Problem 1, we consider the following fractional impulsive

Cauchy problem
Ot =ult), tel t£7,d=12,....08,
2l0) =2y, Adols;) =65 (::(Tj_)). j=1,2,... ,m.
Noting the fact that
1 1
z2(t) = 20 — (a —5)" tu(s)ds + ds, a =10
L'(x) J I'(x) b/

solves the Cauchy problem

(DS"(I‘) =L}, z(0) = zg — . f ) lu(s)ds, t€Q,
0

we have the following result immediately.
Lemma 3. Let » < 0.1) and v € ¢(Q: 7)) . Then the Cauchy problem

CDEz(t) = ult), t<Q, z(a) =25, w0,

is equivalent to the integral equation

a &

| ‘ 1 .
2(t) = 20 — () f(u. — )" lu(s)ds + () /(1‘ — 5)" tu(s)ds.

0 0

Lemma 4. For »< (0, 1) and «< (e z), the Cauchy problem

CD5z(t) =u(t), teQ,t#7,5=12,...,m,
2(0) = Zg, Adlr;) =6, (E(T;))._ ¥ = 1 B i

is equivalent to the integral equation
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t

Z Tl) f(f — .S)"'flu(s) ds Vte (fj.l‘j.;.ﬂ, 2)
=l 0

Proof. Assume that (1) holds. If + < 0.], then “vs-) - v for all ¢ € 0.-) with
(0) = =0. Clearly,

=(t) = 70 ) Hu(s)d

F ( K) .
0
Iftcut, then

CDE(t) = u(t), t€ (m,m]|, with z(r)==z(r)+ (,,‘_)1(2(7']-_)).

and so Lemma 3 implies that

T i

L 1 —s)" lu(s siL 5)" Lu(s)ds
r_(h,)of(l S lu(s)d F(H)Of(f O u(s)

T t

2(t) = z(7{")

=z(r )+ 64 (:(Tl_)) = %H)/’(Tlfsj’{flu(s)ds + 1"(1};) /tfs“*lu(s)ds

t

1 .
=zp+O1(z(my ) + (o) /(tfs)“_lu(s) ds.
0

If <., then using Lemma 3 again, we have

T2 t

2(t) = z (7" —L T—eﬁfluq(e—LL —s)" Lu(s)ds
2(t) = z(r) o) Of( 1—5)"lu(s) ds + ) Of(t )" Tu(s) ds
i I , 1 _
= Bl7g -t (—)2(;(7'2_)) — = (Tlf.S)hilll(.G} ds + ) (ff.s)“flu(s) ds
T(h)of F(L).O/

= 20+ 61 (2(7)) + ©a(2(73)) + ﬁ f(_l‘fs)”_lu(s)ds.
0

Similarly, if < .71, then we can show that

(0= 20+ 30407 + 0/ (t = 5)*lu(s)ds 'Vt € (t5,tyaal.

Conversely, suppose that (2) holds. If + < (0.7] , then we know that
(1) holds by the fact that “p; is the inverse of ;- Ift € (il i =1,2,...,m
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, since the Caputo fractional derivate for a constant is zero, one has
CD=(t) = ult). t € (e and Ax(m) = 0;:07)).

From Lemma 4 we have the following definition.

Definition 6. A pair ., czcez)«zc@z is said to be a solution of
Problem 1 if it satisfies the following system:

z(t) = z0 + Z O; (’:(T:u_))

t

/{t - s)”flf(s._ z(s),y(s))ds V€ (t;,tj41), (3)

0

A(t.y(t)) +n=g(t,z(t)), neN*J(t,Ny(t)) VteQ. 4)

1
I'(k)

Finally, we recall the following nonlinear impulsive Gronwall

inequality.

Lemma 5. (See [24, Lemma 3.4].) Let <@z satisfy the following
inequality:
:(f)[éA-1+k2f(t—s“ e ds+ 3 dyll=)]l

0<T; <t

where kokaod >0 are constants. Then
|2@®)|| € k1[1 + D*Ex (kT (5)t™)]” Be (kaT(k)t%) V2 € (25, t544],

where p* = waa;. j=1...m} , andEy is the Mittag-Leffler function [9]
defined by &) =551 /r6n+1) for all e ¢ with Re(y) > 0

3 Existence and uniqueness

To study the solvability of Problem 1, we need the following assumptions.
(H y) re«zz-2 is a map such that

(i) for any given v <7 x 2. s(.-.0) is continuous;

(ii) for any (.= e@xzxz.i=12 , there exists -0 satisfying
1t 21, 91) = f(t, 22, 92) || 20 < Ma(|lz1 — 22|z, + 2 — v2llzo):

(iii) there exists oer0r0<p<s<n  satisfying  Isesl <

o(t) forall (t,z,y) € Q x Z1 X Zs.

(HI ) For each jcpi2...mpo, .22 is bounded, and there exists 40
satisfying ;¢ - 6ol < gl 2l for all 1. e 2,
(H 4) 4:0x2 -z is a map such that

(i) for any given , ¢ z.ac.,) is continuous;
(ii) for any given ¢ € @. A(.) is bounded, demicontinuous, and strongly
monotone with the constantm 4.
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Hy ) veuzy) is a compact operator.
Hj) 7:@xy -k is a functional satisfying

i) for any given « €Y. J(.«) is continuous;
ii) for any given <. . is locally Lipschitz;
iii) there exists n, > o Satisfying Nost.o)lzs < malely + 0 for all ¢y e xv:

(iv) there exists (neexv: satisfying . —tn-u) > cln-wip for all
6: € 0T (tys), (ty) €EQXY,i=1,2.
Hg) o:0x2 -z is a map such that

(i) for any given - < z.4(.-) is continuous;
(1 ) there exists -0 satisfying [l ot )iz <mols -2l for all
)

Z é QxZy,i=1,2.
(H) ma> e, where In1 = 1Nz,
(ii) T Mymg/(k(ma — cs|N|)T(x)) < 1.

We first consider nonlinear inclusion (4).

Lemma 6. For any given: < 7c(:z), nonlinear inclusion (4) has a unique
solution y € 7¢(@:2,) providing that assumptions (HA), (HN ), (HJ ),
(Hg), and (HO) hold. Moreover, for any-.. -, e 7¢(@.z1), one has

?Hg

[ya (8) — -5;2(1‘)”22 < - EQ(t)Hzi VieQ, (5

m

where ...cxc0z are the solutions of (4) with respect to z; andz,,
respectively.

Proof. For given : « 7c(@:z) and ¢ € @define two operators iz - z

For simplicity, we do not indicate their dependence. Using (HA),
(HN ), (HJ ), (HO), Lemma 1, and [22, Lemma 3], we deduce that the
operators A and N are pseudomomotone and

Rl < IN*[I123(e M) < N (s Nl + )
N|? x|z, + mz||N]| Vz e Z,.

<..

~

By applying Lemma 2 with »- i and 1- 5 we know that inclusion (4)
has a solution y(¢) for all + € @. Next, we show that the solution y () is
unique. Let 41.1: € 7, be solutions to (4). Then there exist n.m € N*07(t. Nyi(1)
satisfying A(t.s) + n = . Subtracting the two equations and taking the result
in duality with v - s

(-4(1°-. y1) — A(t,y1), 1 Jz)z*xz}_ (2 —m, y1 — '.UQ}Z;xZQ-

By assumptions (H 4) and (H ; ) one has

206



Weng Yun-hua, et al. A new class of fractional impulsive differential hemivariational inequalities with an application™

N|*)lyr — v2llz, <O,

(mA —CJ

and so assumption (H ;) implies that s =2 , which is our claim.

In what follows, we start by showing that (5) holds. Let =) z ¢ - 1.2
and denote (1) = = () = i olt. =(1) = gs with i = 1.2, It follows from (4) that
Alty) + s = g i € N*0J(t,Nys) (i = 1,2). ubtractmg the two equations and
taking the result in duality with v -2 , we have

(A(t,y1) — At 1), 1 — 3"2>Z5><ZQ + {61 — 2, Y1 — Y2) Zz % 2,
=91 —92. Y1 — Y2)Z5% 2>

By assumptions (H; ), (H ), and (Hg) one has

(m ’

NP lys — 'E/QHQZQ

||<11 *Jszg

y1 — Y2l 2o < mgllzy — 22|l 2, |ly1 — v2ll 2, -

Thus, assumption (H ) implies that

I?Ig

1 — y2llzs < H2||~1 22|z, .- (6)

ma —

It follows from (6) that the map z > =(t) = 4(t) € 2, is continuous for
allt < . Since - € 7¢(@: 2,), we know that » € 7c(0: 2,). By (6) we conclude that,
for any given- € 7c(Q: z1), nonlinear inclusion (4) has a unique solution
s e 10(0:72). Moreover, for any given .- e 7c(2: 20, (5) holds due to (6).

Theorem 1. Problem 1 admits a unique solution (-.y) € 7c(@ ) x 7c(@: 2)
providing that assumptions .. (). (). (). (). (Hy).and He) hold.

Proof. For any given:  7¢(@:z), Lemma 6 shows that nonlinear
inclusions (4) admits a unique solutiony. Define an operator
£:10(@:21) - I0(@: 2,) by setting

Yz(t) = 29 + Z O; 1“(1.&{) f(z‘ — s)ﬁ_lf(.s. 8], yz(.s)) ds.

Then assumption (H ;) implies that Z is well defined. To prove

Theorem 1, we only need to show that Z admits a unique fixed point in
IC(Q;Z1).

To this end, we first show that s cc@.2) for any - € 7¢(Q: 1). In fact, let

ez and « > 0 be given. When ¢ € 0.7, by the Holder inequality and

assumption (H ) we have
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[(Z2)(t+0) = ()0 5,

1 ; Ar—1 r—1 X )
< T(x) b/((f.s) —(t+1—s) )||f(-(s)[fz(~,))‘|zl ds

t+e
1 gl e _ ]
i [ = 20 9) ] s
t
l t t+e
< o ] (6= =@ +e—e) 7 )d(e)ds + gy [ (40— 9)"d(s)ds
0 t
‘ 1% e 15
M M
< —s) = (t+¢1—5)%)ds = — )% ds
ST ([ ((f s) (t+¢—s) )tls) + (%) (/(T+f s) d‘))
0 t
AI 1 e AI
g, _F i +a _ 4lta 4ayl-—p , 4 (1+a)(1-p)
T(k)(1+ a)l-P (l( +¢) | +¢ ) + F(H)(lJr(l')l—Pl
< 2M 1(1_'_&)(1_?) o M l(l—&-n)(l—P)
[(k)(1+a)l-P L(r)(L+a)t-p
3M

S D)1+ o)t e )
K &)

as. -0, where v=plusonand o= (x—1)/(1-p)e(~1.0), This shows that

s=ec(onz). When t € (r1. 7], using the same argument, one has

3M
()t + 1) = @)Wl , <

< T(r) (1 + @)1= JMFeI=p) . g agy %,
K o

can show that

3M
T'(k)(1+ a)t-p

Y2 t+ 1) — (E2)(¢t < J(1+0)A=p) 4,0 a5, 30
[(Z2) (¢ + 1) — (B2) )|,

and so s: € (.72, 21).
Combining all the above, we see that s: czc:2) for any - czc@:z).

Next, we prove that Z isa contractive map. For given =.» = 7¢(@:z), by
assumption (H s ) it follows from (5) that

21(8) = 22(8)[| 7, + [|y2 () = w22 ()| 5,) s

Mimyg . 3
< - . t—8)" " ||z1(8) — 2a(s ls
(ma — e N[BT (%) Df( ) 1(s) — 22(s)|| 5, ds

& T-Bﬂflmg
= B(ma — cy|IN|2)T(k)

21— 32||IC(Q-.Zl)-

and so
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Tﬁﬂflmg 21 — 2
B(ma — cs|[N|]2)T(k) "~ “21EC@2)

1221 — E:z“zc(Q:Zl) S

Now assumption (H 7) implies that Z is a contractive map, and so Z

admits a unique solution - <zc@ z) by employing the Banach fixed point
theorem.

4 A convergence result

We investigate the perturbation problem of Problem 1 to prove a
convergence result, which describes the stability of the solution in relation
to perturbation data. To this end, let 5~ 0was be the perturbed data of
J such that J3 satisfies assumptions (H ;) and (H ). More precisely, we
examine the following perturbation problem: find a pair of functions
(25.0) € TC(Q: 21) < C(@: Zp) such that

CDE24(t) = f(t,25(t), _f,n(;(f)). te ), tfm, 1=, 2 m,
z(0) = zp, Azg(T;) = C—)j(tg(}’;)). =1, m, (7)
<A(T. _f_;g(?‘))“r> + .fg’(t.yg(f).A-‘Y_f,tg(t):;\'fr) - <{;(1‘.;5(f)).;1.’> Y(t,2) € Q x Za.

We denote the constants involved in assumption (H ;) bymsmac.
Furthermore, we introduce the following assumptions.

(Hyx) 5:a«v == is a functional satisfying

(i) there exists a functionv .z - &+ satisfying, for any «veceo«z and
5> 0. 0¢—&lz; < veo) for all (.)€ Na1e.Nuw) x Nost Ny@)):

(11) limg_y0 V' (8) = 0.
(H () There exists m.0 >0 such that

(i) ma > mao > caal VI where V) = Wiz

(11) THMymg/(k(ma — cz5||N|?)T(x)) < 1.

The following example indicates that assumption (H j«) can be satisfied
for some functions.
Example l.tco<m<n Consider the functions sz« zuwas zxzor

definoted by

m—171 s oy
—a+mn, 0% Tt

m(n—m)

ma + N I a > m,

J(bh. 8] =

£ ‘ 2 T ) P
(@+0)"+nla+o), asm,
L} ] U? {_'t.) — 2m

m(a+0)+ m(nT_m) a > m.
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Then it is easy to check that are locally Lipschitz and nonconvex for
alls c =+. Moreover, their Clarke subgradients are given by

K m—n - ’
2 'y R o P 1 i W
drfiba)=< ™

. a -1,

“,

y

_ | m=R(a+d)+n, a<m,

aJs(ba)y=+x ™ h
la+o, a > m.

Thus, we can see that condition (H jx) holds withv() - s. Next, we show
the stability result for FDQHVI as follows.

Theorem 2. Suppose that assumptions (HA), (Hf ), (HI ), (HN ),
(HJ ), (Hg), (HO), (HO0# ), and (H;j*) hold. Then

(i) for eachs - o, the perturbation problem (7) has a unique solution

(25.95) € ZIC(Q:Z1) x IC(Q; Z2);

(ii) ¢ow converges tocw.u), the solution of Problem 1.

Proof. (i) In view of Theorem 1, the proof is obvious.
(ii) By Definition 6 we consider the problem

t

f(t — 8)* 11 (s, 25(s), ys(s)) ds
0
VE & (5 050), 750,25 o m, (8)

7
25(t) = 20 + Z 6;(zs5(7; ) + (k)
i=1 )

At ys(t)) +ms 2 g(t,25(t)), ns € N*8J5(t, Nys(t)) V(t,x) €Q x Z2. (9)
Subtracting (9) from (4) and multiplying the result by v - w0 , we have

(A(t.y(®) — A(t.vs(1), ¥(t) —ys(t)) g5z, + 01— 5, ¥(E) —¥5(1) 5. 5,
= (g(t.2(t) —g(t.25(1)). u(t) — vs(t)) 4y . 5,
V(t,m,ms) € Q x N*AJ(t, Ny(t)) x N*a.J5(t, Nys(t)).

Since

<7I — s, y(t) — .(!5(t)>zz*xZ2
=(n—&, y(t) - .Ua(f)>z.;_xzz i e
V(t,n,&5,m5) € Q@ x N*0J(t, Ny(t)) x N*8J(t, Nys(t)) x N*dJ5(t, Nys(t)),

one has
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(A(t.u(®) — A(t.ys()), ¥(®) = ¥5(0) 52 7, + (1= &8s ¥() = Us(1)) 5. . 7,
= (16 — &, Y1) = ¥s(1)) g2 e 5, + (9(1:2(1)) — 9 (8, 22(1)), w(t) — ws(1)) 5 . 5,
V(t, 1, E5,m5) € Q x N*OJ (8, Ny(t)) x N*9J(t, Nus(t)) x N*aJs(t, Nys(t)).

Note that assumption (H 4) implies

(A(t.y(0)) — A(t.ys(t) . ¥(t) = us(1)) 52 . 2,
2
> ?'re.AH-y(t) - 3;5(1‘)”22 Vit € Q.
Using assumptions (H ;) and (H«), for any
(t,n.&5) € Q@ x N*OJ(t, Ny(t)) x N*0J(t, Nys(t))
and

(t,&5,m5) € Q x N*8J(t, Nys(t)) x N*dJs(t, Nys(t)),

we have

(=& y(t) = us(t) 1z, 5, > —caIN|P||u(t) - us(t)|), (11)
and

(s — & y(t) = Us(8)) 52, 5, < V(8)|ly@) —ys (0]l 5, - (12)

We conclude from assumption (H) that, for any <o

<g(f‘* ’:(t)) — l}'(f Zﬁ(t)) ? U(f) - yﬁ(t)>zg % Zo
< T”'g”'y(t) ol yﬁ(f)sz ”:(f) r /:5(t)”z.l :
Combining (10)—(12), one has

(ma — csINIP)[|u(t) — vs(t)]|,
< VE)|lut) —ys )| 5, +mally®) —us@®]| 5, [|2(8) = 25 (D) 5, -
Thus, assumption (H ) yields that

V(4) mg
ma —cy||N|12 ° ma—cy||N

lu®) = us(t)] 5, < wle) — 20l (3
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Subtracting (8) from (3), by assumptions (H ), () and estimation
(13) one has

zs(t) = 2(t)| 4,

My |

! AE—1
< ) f(f—h) (

0

J
—12('31‘
i=1

My, | V(5)

T(x) O/( "z t Gaze e Y

7
+ Z d; H:g('r;] =T 1)
i=1

& T My
= kD(k)(ma — cg||NJ?)

|,';(f) — :;,5(7‘)|

Zy i3 ||")J'(t) = !ié(ﬂHZQ) ds

z5(7; ) —z(77) H21

:(z‘)f.;g(f)l‘zl ds

|2

V(é)

t

; M, My ) e 1 )

Tr(r«-)(mﬂuxuﬂ “) Of (t =)0 =250 5, 45
L
+ Z (!]‘H,:’g(’.";) — :(T;)Hzl.
i=1
By Lemma 5 with
1% M,y s M, m
k1 = V(§) and ko = g 1
1= T ) (ma— ||V 18], i & r(;.-}(-m,qw|i\-'|2+ )

there exists #* >0 such thatiso -l <#ve), where H# is independent
of . By assumption (H j«) we assert that|.() - =)z - 0ass 0. It follows from
(13)and (H j«) that s - sz »0wss o

5 An application

In this section, we show that the results obtained in Sections 3 and 4 can
be applied to study the frictional contact problem (Problem 2) between
an clastic body and a foundation over time intervalQ. We suppose that
the surface traction may change suddenly in a short time, such as shocks,
and consequently, which can be described by a fractional impulsive
differential equations. We show that the weak form of Problem 2 leads
to Problem 1 analyzed in Sections 3 and 4. Then Theorems 1 and 2 are
applied to obtain the unique solvability of the frictional contact problem
mentioned above as well as the convergence result of the perturbation
problem.

We shortly review the basic notations and its mechanical
interpretations. A deformabke elastic body occupies a regular Liposchitz
domain. The boundary 9V consists of three measurable disjoint parts
%1 % ad %5 with measy, - 0. The body is clamped on x,and subjected to the
action of volume force with densitys. An unknown surface traction (for
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convenience, we denote by /') its density) with impulsive effect is applied

on . On v, the body may contact with an obstacle. We do not show
expressly the relation of various functions and y.

Let V be unit outward normal vector, s be the space of symmetric
matrix of order two one: s mdzrare equipped with, respectively, the
following inner products and norms: ¢.¢ =, win ¢ = -2 for all
€.CeS andm - n = mn; With |m| = (m-m)2 for all m.n € 2o, Here the summation
convention is adopted. For any ne® wmioes, we denote by n =n-v
the normal components of #, n. =n-nv the tangential components of
1.0, = (ov)-v, the normal components of the tangential components of
. We also denote by w=(u;) R0 € §", and e(u) = (ci;(u)) € S, respectively, the
displacement vector, the stress tensor, and the linearized (small) strain
tensor, where

(:)H.i
=[5 FHga); Woy= n—

— =(g)eVuUav, ij=1,..., 7.
Ay

gi5(u) =

luln—t

For more details, we refer the reader to [17, 18]. We now turn to
present a new contact problem with the surface traction governed by a
fractional impulsive differential equation.

Problem 2. Find astress ». v« s, a surface traction density 1. s .-, and
adisplacement field u: v x @ = & such that

o(t) = Ac(u(t)) inV xQ, (14)

dive(t)+ fo(t) =0 inV x Q, (15)

u(t)=0 on¥;xQ, (16)

(v = fa(t), §Dffa(t) = F(t, falt on Yp x @, (17)
f2(0) = f3. Afa(r;) = 0;(f2 )) on X X @, (18)
—o.(t) € 9jr (u-(t)), —ou(t) e (:ij(ul,(t}) on X3 x Q, (19)
teQo<r<tit4n =12 m .Here relation (14) presents an elastic

constitutive law with A being the elasticity operator. Equation (15) is the
equilibrium equation, and equation (16) implies that the body is clamped
on x,. Equalities (17)-(18) show that the traction is acted on =, and
the density of the surface traction is governed by a fractional impulsive
differential equation, where F is a function to be specified later. The
set-valued relations in (19) denote the friction and contact conditions,
respectively, where j and j are locally Lipschitz functionals.

To deduce the weak formulation of Problem 2, we consider spaces
w=rxwere and v=eem iz jo=oms) equipped with the inner products

(o, Tl = [ oumpds, (w,v)y = (s{u}.e(v)),H
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and corresponding norms |-y , respectively. We denote by V* the
dual space of v.¢.)v-.v the duality pairing between V* andV. The trace
theorem states

c V.

IvollL2(zamny < 11

where Y is the trace operator defined by - v~ 2%, In order to study
Problem 2, we impose some hypotheses on the relevant data.

H ;) The elasticity operator A= ..):v < - satisfies the conditions:

1) Auui = A = A € L=V e A is symmetric and linear for ac.y e v:
ii) there exists 7, -0 such that 1aw.c)-aw.ci < zaia -l forall ¢.cesaeyer:
iii) there exists ma > 0 such that aw.c-rweic-e > mallci—Gl? forai ¢i.¢; € 57,

(H ) The function -« ez v ez is such that
(i) reou- is continuous for all .=erm,mn «v.oe ey

(ii) there exists -0 such that  |Ftazy) - Pz <
Mi(||z1 — 22| + |lyr — y2|) for all (t,2;,9:) € Q x L2(Zo;R?) x V (i =1,2),ae. € 5y

(iii) there exists pe /IO <p<r<D) satisfying 1P( 2.7 )l <

#(t) forall (£, z.y) € Q x L2(X2:R™) x V. ae. x € L.

(H;) e vmereeg-12m is bounded, and there exist
d; >0 Si\KiSinllg 185(21) — O5(21)llL2(zairm) < djll21 — 22llL2(zaimmy f()r all 21,22 € L2(Z; R™).

(Hjv ) The function j, :z. <& & is such that

(i) For a.e. v € ¥s.ii(v.) is locally Lipschitz onR;

(i) For all » e () is measurable on ¥ ;

iii) For all - ¢ Randac y < v, there exist = >0 such that w.w.i w0+

(iv) For all s, e R(i = 1.2) and ue. y € 33, there exist o, >0 such that

Jo (Y. 51352 — s1) + 0 (Y, 52351 — 52) < pas1 — 52
H 1) The function /. -x,«= = is such that

(

(i) /- is locally Lipschitz on ®forae.y e v

(11) i-(~7) is measurable on v for all » e &,

(iii) there exist = > o such that (9j,(s.7) < @1 + #l) foratl » € B7, ey e 5

(iv) there exist a.-0 such that  wee s swes o<

ayz||s1 — s2||*foralls; e R (i = 1,2),ae.y € Ts.

(H f) The densities of body force satisfies 5 e zc@: 22z,
(HO) ( ) ma > (a1 +(\,,2)/6:

(11) TMieo/(k[ma — (a1 + u,,g):-%]l"(h')) £ s

Utilizing the Green formula, we get the variational form of Problem 2.
Problem 3. Find a displacement field « : ¢ — v and a surface traction
density /) :0 ez such that
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SDEfa(t) = F(t, f2(t),u(t)), t€Q,0<r<1, t£7, j=12,...,m,
£2(0) = £3. Afslell= Bl file 1), F=1.2. m.
(Ae(u(t)), e(v)),, + / (g (uw(t): v0) + j2(ur(t); vs)) da

Ly

2 [ fa)vda+ | fo(t)vdae VY(i,v)e @ x V.
j e

5.1 Existence and uniqueness for the contact problem

We define the Maps A:V -V f:QxIAZuR") x V —» [A(SxR"), J: V- R, and

gk L‘Z(X;:R‘“) - V* by SCttlng

(Au, ’U>v*xv = (As(u).e(v))q{. (¢, f2,v) = F (¢, f2(t),v(t)),

) = / (7 Fug () - (i ()] s, (20)
s
(9(t),v),. ., = [ fo(t) - vdx + [ fa(t) - vda (21)
Joores ]

for all (t, fo.u,v) EQ X R" x V x V.
Then Problem 3 is equivalent to the problem:
Problem 4. Find a displacement vector «:o-v and a surface traction

density f: such that

EDEfa(t) = f(t, f2(),u(t)), t€Q,0<k<], t£T, j=1,2..., m,
Fa(0) = 77, Afslrs) = B6)), 4 =13..., m,
(Auf(t), v)v,xv + J(usv) = <g(1‘).v>v,‘xv Y(t,v) et x V.

Clearly, Problem 4 is the form of Problem 1 with 7 - r2sen. 2= vy -
L?(Z3;R™).

Theorem 3. Problem 4 has a unique solution (f..u(t) e 10(Q:22(%:R") =
zc(@:v) providing that hypotheses . i, . (). 1, ana 10 hold.

Proof. To prove Theorem 3, we only need to check the validity of
assuMptions . , (Hy). (Ho. (Hy). (Hy). (Hy). and (Ho).

Firstly, conditions . @i, and @, indicate that assumptions. @, and
@ are fulfilled with m.=wma Since the trace operator is compact and
surjective, we see that assumption @y holds. Clearly, (21) implies that
assumption a, holds with ., - .. By hypotheses @, @, and Lemma 14 in
[19] it follows from Lemma 14 in [19] that the functional J in (20) is

locally Lipschitz on vV and
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J°(w; w) = / (o (wy (t);wy) + j2 (ur(t);wy)) da Vu,w eV

Ly

is the generalized directional derivative of J at u in the directional
w. Moreover, assumption #, holds with ¢; = ay1 + ay2 and 11y = max{ze. 7). .

Combining Theorem 1 with hypothesisd), we see that Theorem 3 holds.
5.2 A convergence result for the contact problem

The above analysis reveals that the solution of Problem 4 relies on the data
J,,and j, In what follows, we present a continuous dependence result of

the solution in relation to these data. We consider the perturbation data
jvd and j7d of jv and j7, respectively, which satisfy hypotheses @) and @,
.For each s > 0, define a function 7 : v - ® by setting

I5lae) = (jyg(up(l‘]) + jTa(uT(?‘-})) da VYueV.
23

The perturbation problem of Problem 4 can be formulated as follows.
Problem 5. Find a displacement vector «; : ¢ -+ v and a surface traction
density f:0- 222 such that

6Df f25(t) = f(t, fas(t), us(t)), t€Q 0<r<1 té#7, j=12,...,m,
Fa5(0) = £3. Afas(7s) = ©;(Fas(7)). G =1.2om,
(Aus(t), v) + J5 (us;v) > (g(t),v) V(t,v) €t x V.

Denote the constants involved in hypotheses @.om and @ .. and
aus, respectively. In addition, we impose the following hypotheses on the
data.

H +) There exists a function 7.z -+ satisfyin
J 8

1) |0 (®, 1) = Bjy5 (2, )| <V (8)|r| for all (6,7) € RT x R, ae. x € T;
11) 107 (x. b) — Djrs(, b)|| < V(6)|b]| forall (z,b) € X3 x R™;

(
(
(
(111) lims_,o V() = 0.
(H o) There exists ma, >0 such that
(
(i

1) ma > ma, > (wis + aas)cl

) T Myco/(r[ma — (ap1s + awas)cgIT (1)) <

Remark 1. Assumption a,, means that the perturbations of; and;,
must satisfy the locally Lipschitz conditions. Moreover, it is easy to see
that the functions given in Example 1 satisfy condition ..

Theorem 4. Assume that hypotheses . #i. ). ). (). ana 5. hold.
Then
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(i) Problem 5 has a unique solution (..u) e zc(@: =22 «zc@:v) for each
0> 0;

(i1) (. ws(n) converges to .., the solution of Problem 4.
Proof. (i) In view of Theorem 3, the proof is obvious.

(ii) We employ Theorem 2 to prove the conclusion. to this
end, we only need to check the validity of assumptions (H )
and (Hjx). Clearly, hypothesis (H«) implies that assumption (H )
holds. By Proposition 3.35 of [18], Corollary 4.15 in [18], and
hypoth- esis (Hjx«), for any &) cv<rositu «os6u and .aéeo <
Do (1)) x Djivs (s (1)) x Djr (ur(£)) x Djras(ur(t)) We have

1€ — &sll < [Iv* / (& — &vsl + & — &76ll) da
L

*
< |h

[V (0) f (Juw| + llur])) da < (||7]]? meas S3||u||) V (5),
Ls

which shows that assumption (Hs) holds with v - - pmesiupro. The
convergence result now follows from Theorem 2.
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