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Abstract:
							                           
In this paper, we discuss solvability of infinite system of fractional integral equations (FIE) of mixed type. To achieve this goal, we first use shifting distance function to establish a new generalization of Darbo’s fixed point theorem, and then apply it to the FIEs to establish the existence of solution on tempered sequence space. Finally, we verify our results by considering a suitable example.
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1 Introduction


Integral equations have multiple practical applications in modelling specific real world problems and different types of real-life situations, e.g., in laws of physics, in the theory of radioactive transmission, in the theory of statistical mechanics, and in the cytotoxic ac- tivity. The theory of infinite systems of fractional integral equations (FIEs) plays a pivotal role in different fields, which includes various implications in the scaling system theory, the theory of algorithms, etc. There are many real-life problems, which can be modelled by infinite systems of integral equations with fractional order in a very effective manner.

In recent times, the fixed point theory (FPT) has applications in various scientific fields. Also, FPT can be applied seeking solutions for FIE.

Recently, number of articles have been published in connection: with scalar linear im- pulsive Riemann–Liouville fractional differential equations with constant delay-explicit solutions, coupled systems of integral equations of Urysohn Volterra–Chandrasekhar mixed type, noninstantaneous impulsive fractional integro–differential equations, frac- tional differential equations, and proximity theory (the readers can consult the papers [14, 16–18, 22] and references therein).

In [14], Gabeleh and Künzi have established that the existence of best proximity points for cyclic nonexpansive mappings is equivalent to the existence of best proximity pairs for noncyclic nonexpansive mappings in the setting of strictly convex Banach spaces by using the projection operator. They have also discussed the convergence of best proximity pairs for noncyclic contractions by applying the convergence of iterative sequences for cyclic contractions.

In [16], Harjani et al. established sufficient condition about the length of the interval for the existence and uniqueness of mild solutions to a fractional boundary value problem with Sturm–Liouville boundary conditions when the data function is of Lipschitzian type. Moreover, they have presented an application of our result to the eigenvalues problem and its connection with a Lyapunov-type inequality.

In [17], Hristova and Tersian have studied Riemann–Liouville fractional differential equations with a constant delay and impulses. Also, they have studied the case when the lower limit of the fractional derivative is fixed on the whole interval of consideration and the case when the lower limit of the fractional derivative is changed at any point of im- pulse. The initial conditions as well as impulsive conditions are defined in an appropriate way for both cases. The explicit solutions are obtained and applied to the study of finite- time stability.

In [18], Kataria et al. have established the existence of mild solution for noninstan- taneous impulsive fractional-order integro–differential equations with local and nonlocal conditions in Banach space. Existence results with local and nonlocal conditions are ob- tained through operator semigroup theory using generalized Banach contraction theorem and Krasnoselskii’s fixed point theorem, respectively. Finally, illustrations are added to validate derived results.

In [22], Nabil has studied the solvability of a coupled system of integral equations of Urysohn Volterra–Chandrasekhar mixed type. To realize the existence of a solution of those mixed systems, he has use the Perov’s fixed point combined with the Leray– Schauder fixed point approach in generalized Banach algebra spaces.

Different real-life situations, which are modeled via FIEs, can be studied using FPT and measure of noncompactness (MNC) (see [2, 3, 5, 7, 10, 11, 13, 19, 21, 23–26]).

The following notations will be used [image: 694173128005_gi3.png] denotes a Banach space [image: 694173128005_gi4.png]
[image: 694173128005_gi5.png] the closure of 
[image: 694173128005_gi6.png]
; Conv 
[image: 694173128005_gi7.png]
 the convex closure of 
[image: 694173128005_gi8.png]
; 
[image: 694173128005_gi10.png]
 - the family of all nonempty and bounded subsets of[image: 694173128005_gi11.png] the subfamily consisting of all relatively compact sets; [image: 694173128005_gi12.png] the set of real numbers;[image: 694173128005_gi13.png].


Definition 1. A mapping [image: 694173128005_gi14.png] is said to be an MNC in [image: 694173128005_gi15.png] if the following hold:




	
(i) If [image: 694173128005_gi16.png] and [image: 694173128005_gi17.png], then 
[image: 694173128005_gi19.png]
 is relatively compact;



	
(ii) [image: 694173128005_gi20.png] and [image: 694173128005_gi22.png]




	
(iii) [image: 694173128005_gi23.png]




	
(iv) [image: 694173128005_gi24.png]




	
(v) [image: 694173128005_gi25.png]




	
vi) [image: 694173128005_gi26.png]




	
(vii) [image: 694173128005_gi27.png]
[image: 694173128005_gi28.png]








Here [image: 694173128005_gi29.png] denotes the kernel of 
[image: 694173128005_gi30.png] for [image: 694173128005_gi31.png]



Theorem 1 [Schauder theorem]. (See 
[1].) Let 
[image: 694173128005_gi32.png]
 be a BS, and let  
[image: 694173128005_gi34.png]
be closed and convex. If 
[image: 694173128005_gi35.png]
 is continuous and compact, the it admits at least one fixed point.  



Theorem 2 [Darbo theorem]. (See 
[9].) Let 
[image: 694173128005_gi36.png]
 be a Banach space and 
[image: 694173128005_gi37.png]
 be nonempty, bounded, closed, and convex (NBCC). Let 
[image: 694173128005_gi38.png]
 be continuous, and let there exist a constant 
[image: 694173128005_gi39.png]
 with




[image: 694173128005_ee2.png]





Then ∆ has a fixed point.


With the help of following concepts, we establish our fixed point theorem.


Definition 2.  (See [24].) Let functions [image: 694173128005_gi40.png]. Then the pair  is called a pair [image: 694173128005_gi42.png] of shifting distance functions (SDF) if:




	
1. For [image: 694173128005_gi45.png], then [image: 694173128005_gi46.png]


2. For [image: 694173128005_gi48.png] with [image: 694173128005_gi49.png] for all [image: 694173128005_gi50.png]


Examples of SDF are:

(i) [image: 694173128005_gi51.png]


(ii) [image: 694173128005_gi53.png]









Definition 3.  (See [12].) [image: 694173128005_gi54.png] will denote the family of all maps [image: 694173128005_gi56.png] with:




	
1. [image: 694173128005_gi57.png]




	
2. k is continuous and nondecreasing;



	
3. [image: 694173128005_gi58.png]


For example: [image: 694173128005_gi59.png]












2 New results



Theorem 3. 
Let 
[image: 694173128005_gi60.png]
 be a BS and  
[image: 694173128005_gi62.png]
be NBCC. Also, let  
[image: 694173128005_gi63.png]
be a continuous mapping with




[image: 694173128005_ee3.png]





for
[image: 694173128005_gi64.png]
is a continuous mapping, and 
[image: 694173128005_gi66.png]
is an arbitrary MNC. Moreover, 
[image: 694173128005_gi67.png]
is nondecreasing with
[image: 694173128005_gi69.png]
iff  
[image: 694173128005_gi71.png]
. Then 
[image: 694173128005_gi72.png]
 admits a fixed point in 
[image: 694173128005_gi74.png].


Proof. Define a sequence[image: 694173128005_gi75.png]. Then [image: 694173128005_gi76.png]. Similary [image: 694173128005_gi77.png]
[image: 694173128005_gi78.png] is compact. Applying Theorem 1, we observe that [image: 694173128005_gi79.png] admits a fixed point. 

If [image: 694173128005_gi80.png] we have 



[image: 694173128005_ee4.png]




which gives



[image: 694173128005_ee5.png]




Since [image: 694173128005_gi81.png], we have



[image: 694173128005_ee6.png]




Clearly, the sequence [image: 694173128005_gi82.png]  is nonnegative and nonincreasing; thus, we can find an [image: 694173128005_gi83.png] such that



[image: 694173128005_ee7.png]




We claim that [image: 694173128005_gi85.png].



[image: 694173128005_ee8.png]




Therefore,



[image: 694173128005_ee9.png]




which gives



[image: 694173128005_ee10.png]




Letting [image: 694173128005_gi86.png], we get [image: 694173128005_gi87.png]. Hence, [image: 694173128005_gi88.png], [image: 694173128005_gi89.png], wich gives  



[image: 694173128005_ee11.png]




which gives

By using the properties of [image: 694173128005_gi90.png] and 
[image: 694173128005_gi91.png]
 we get [image: 694173128005_gi92.png]. Since [image: 694173128005_gi94.png], by Definition 1 we get [image: 694173128005_gi95.png] is nonempty, closed, and convex. Also, 
[image: 694173128005_gi96.png]
 is invariant under[image: 694173128005_gi97.png]. Thus, Theorem 1 implies that [image: 694173128005_gi98.png] has a fixed point in [image: 694173128005_gi99.png].


Theorem 4. 
Let 
[image: 694173128005_gi100.png]
 be a BS and 
[image: 694173128005_gi101.png]
be NBCC. Also, let 
[image: 694173128005_gi102.png] : [image: 694173128005_gi103.png]
be a continuous mapping with




[image: 694173128005_ee12.png]





for
[image: 694173128005_gi104.png]
is a continuous mapping, and ϑ is an arbitrary MNC. Moreover, 
[image: 694173128005_gi106.png]
is nondecreasing with 
[image: 694173128005_gi107.png]

and  
[image: 694173128005_gi108.png]

. Then 
[image: 694173128005_gi109.png]
 admits a fixed point in
[image: 694173128005_gi110.png]



Proof. Taking [image: 694173128005_gi111.png] in Theorem 3, the result follows.


Corollary 1. 
Let 
[image: 694173128005_gi113.png]
 be a BS and  
[image: 694173128005_gi114.png]
be NBCC. Also, let  
[image: 694173128005_gi116.png]
be a continuous mapping with




[image: 694173128005_ee13.png]





for 
[image: 694173128005_gi118.png]
, where 
[image: 694173128005_gi119.png]
, and 
[image: 694173128005_gi121.png]
 is an arbitrary MNC. Moreover, 
[image: 694173128005_gi122.png]
is nondecreasing with  
[image: 694173128005_gi124.png]
. Then
[image: 694173128005_gi126.png]
has a fixed point in 
[image: 694173128005_gi127.png]



Proof. The result follows by taking [image: 694173128005_gi128.png] in Theorem 4.


Remark 1.  If we take [image: 694173128005_gi129.png], then [image: 694173128005_gi130.png], and Theorem 2 follows as a spaecial case. 


Definition 4. (See [8].) An element [image: 694173128005_gi131.png] is called a coupled fixed point of a mapping [image: 694173128005_gi133.png].


Theorem 5. (See 
[4].) Suppose  
[image: 694173128005_gi134.png]
, respectively, and the function 
[image: 694173128005_gi135.png]
is convex and 
[image: 694173128005_gi136.png]
if and only if  
[image: 694173128005_gi137.png]
[image: 694173128005_gi138.png]
. Then
[image: 694173128005_gi139.png]
defines an MNC in 
[image: 694173128005_gi141.png]
[image: 694173128005_gi142.png]
 denotes the natural projection of 
[image: 694173128005_gi143.png]
. 



Example 1. (See [4].)  Let [image: 694173128005_gi144.png] be an MNC on [image: 694173128005_gi145.png] and [image: 694173128005_gi146.png]. Then[image: 694173128005_gi147.png] is an MNC in [image: 694173128005_gi148.png], where[image: 694173128005_gi150.png], denotes the natural projections of 
[image: 694173128005_gi151.png]
 .


Theorem 6. 
Let 
[image: 694173128005_gi152.png]
 be a BS and  
[image: 694173128005_gi153.png]
be NBCC. Also, let  
[image: 694173128005_gi154.png]
be a continuous with




[image: 694173128005_ee14.png]





for all 
[image: 694173128005_gi155.png]
, where 
[image: 694173128005_gi156.png]
is a continuous function satisfying
[image: 694173128005_gi157.png]
, and 
[image: 694173128005_gi158.png]
 is an arbitrary MNC. Moreover,
[image: 694173128005_gi159.png]
is nondecreasing such that  
[image: 694173128005_gi160.png]
, and 
[image: 694173128005_gi162.png]
[image: 694173128005_gi163.png]
. Then 
[image: 694173128005_gi164.png]
  admits a coupled fixed point in 
[image: 694173128005_gi165.png]
. 



Proof. We observe that [image: 694173128005_gi166.png] is an MNC on [image: 694173128005_gi167.png] for any bounded subset [image: 694173128005_gi168.png], where [image: 694173128005_gi169.png] are natural projections of 
[image: 694173128005_gi170.png]
. Consider [image: 694173128005_gi171.png] defined by [image: 694173128005_gi173.png]. It is trivial to see that [image: 694173128005_gi174.png] is continuous. Let [image: 694173128005_gi175.png]. We obtain



[image: 694173128005_ee15.png]






[image: 694173128005_ee16.png]






[image: 694173128005_ee17.png]




By Theorem 3 we conclude that [image: 694173128005_gi176.png] has a fixed point in [image: 694173128005_gi178.png] , i.e., [image: 694173128005_gi179.png] has a coupled fixed


Corollary 2. 
Let 
[image: 694173128005_gi180.png]
 be a BS and  
[image: 694173128005_gi181.png]
be NBCC. Also, let  
[image: 694173128005_gi183.png]
be a continuous function satisfying




[image: 694173128005_ee18.png]





for all 
[image: 694173128005_gi185.png]
, where 
[image: 694173128005_gi186.png]
is a continuous function satisfying 
[image: 694173128005_gi188.png]
[image: 694173128005_gi189.png]
, and 
[image: 694173128005_gi190.png]
 is an arbitrary MNC. Also, 
[image: 694173128005_gi192.png]
is nondecreasing such that 
[image: 694173128005_gi195.png]

if and only if  
[image: 694173128005_gi197.png]
and 
[image: 694173128005_gi199.png]
 satisfy 
[image: 694173128005_gi200.png]

and  
[image: 694173128005_gi201.png]
. Then 
[image: 694173128005_gi203.png]
 has a coupled fixed point in 
[image: 694173128005_gi205.png]
.


Proof. We obtain the desired result by choosing [image: 694173128005_gi206.png] in Theorem 6.



2.1   Measure of noncompactness


Banas´ and Krajewska [6] introduced the notions of tempering sequence and space of tempered sequences. Namely, a fixed positive nonincreasing real sequence [image: 694173128005_gi207.png] is called a tempering sequence.

Recently, Rabbani et al. [26] denoted by 
[image: 694173128005_gi208.png]
 a collection of all real or complex sequence [image: 694173128005_gi209.png]. Clearly, 
[image: 694173128005_gi210.png]
 space over 
[image: 694173128005_gi211.png]
 or 
[image: 694173128005_gi212.png]
, and this space is denoted by [image: 694173128005_gi213.png]. It is easy to observe that [image: 694173128005_gi214.png] is a Banach space with the norm



[image: 694173128005_ee19.png]




If [image: 694173128005_gi215.png] for all [image: 694173128005_gi216.png].

A Hausdorff MNC [image: 694173128005_gi217.png]
for a nonempty bounded set [image: 694173128005_gi218.png] can be given by (see [26])



[image: 694173128005_ee20.png]




Let us denote by [image: 694173128005_gi220.png] the space of all continuous functions on [image: 694173128005_gi221.png], with the values in[image: 694173128005_gi222.png], which is also a Banach space with the norm



[image: 694173128005_ee21.png]




where [image: 694173128005_gi223.png]


Let [image: 694173128005_gi224.png] be a bounded subset of [image: 694173128005_gi225.png]




[image: 694173128005_ee22.png]




Thus, an MNC for [image: 694173128005_gi227.png] can be defined by  



[image: 694173128005_ee23.png]










3 Infinite systems of mixed type fractional integral equations


Let [image: 694173128005_gi228.png]. The Hadamard fractional integral of order [image: 694173128005_gi230.png], applied to the function[image: 694173128005_gi232.png], is defined by [15]




[image: 694173128005_ee24.png]




Therefore, we have



[image: 694173128005_ee25.png]




Let [image: 694173128005_gi233.png] be a real number. The Riemann– Liouville fractional integral of order [image: 694173128005_gi235.png] is defined by [20]




[image: 694173128005_ee26.png]




Consider the following infinite system of mixed-type fractional integral equations:



[image: 694173128005_ee27.png]




where [image: 694173128005_gi236.png], where 
[image: 694173128005_gi237.png]
 is a Banach sequence space.

Assume:

(i) The fuctions [image: 694173128005_gi292.png] are continuous and satisfy



[image: 694173128005_ee63.png]




 And [image: 694173128005_gi293.png] are continuous with 



[image: 694173128005_ee64.png]




for [image: 694173128005_gi294.png], [image: 694173128005_gi295.png]  are continuous fuction 

Also, 



[image: 694173128005_ee65.png]




 converger to zero for all 



[image: 694173128005_ee66.png]




with [image: 694173128005_gi296.png]  be converger for all [image: 694173128005_gi297.png]


(ii) The fuctions [image: 694173128005_gi298.png] are continuos, and 



[image: 694173128005_ee67.png]




Also, [image: 694173128005_gi299.png]


(iii) Define an operator [image: 694173128005_gi300.png] were   



[image: 694173128005_ee68.png]




Finally, let [image: 694173128005_gi302.png]



Theorem 7. 
If conditions 
(1).(3)
hold, then equation 
(5)
admits a solution in 
[image: 694173128005_gi254.png]
[image: 694173128005_gi255.png]





Proof. For arbitrary fixed [image: ]




[image: 694173128005_ee33.png]






[image: 694173128005_ee34.png]






[image: 694173128005_ee35.png]




Therefore,



[image: 694173128005_ee36.png]




implies



[image: 694173128005_ee37.png]




Hence, [image: 694173128005_gi257.png]


Consider the operator [image: 694173128005_gi258.png]
given by



[image: 694173128005_ee38.png]




where [image: 694173128005_gi259.png]


By assumption (iii), [image: 694173128005_gi260.png] hence, [image: 694173128005_gi261.png] is a self-mapping on [image: 694173128005_gi262.png]


Let [image: 694173128005_gi263.png] be such that



[image: 694173128005_ee39.png]




Then, for arbitrary fixed [image: 694173128005_gi264.png]




[image: 694173128005_ee40.png]






[image: 694173128005_ee41.png]






[image: 694173128005_ee42.png]




Since [image: 694173128005_gi265.png]
are continuous for all [image: 694173128005_gi266.png] for all [image: 694173128005_gi267.png]




[image: 694173128005_ee43.png]




and 



[image: 694173128005_ee44.png]




Therefore 



[image: 694173128005_ee45.png]






[image: 694173128005_ee46.png]




Thus,[image: 694173128005_gi268.png]; hence, [image: 694173128005_gi269.png] is continuous on [image: 694173128005_gi270.png]


Finally,



[image: 694173128005_ee47.png]






[image: 694173128005_ee48.png]




i.e., 



[image: 694173128005_ee49.png]




Therefore,



[image: 694173128005_ee50.png]




Thus, by assumption (i) and Remark 1 one gets that [image: 694173128005_gi271.png] admits a fixed point in [image: 694173128005_gi272.png]



Example 2. Consider



[image: 694173128005_ee51.png]




where [image: 694173128005_gi274.png]. Here



[image: 694173128005_ee52.png]




Let [image: 694173128005_gi276.png]
 converges to zero.  


Let [image: 694173128005_gi277.png] for some fixed [image: 694173128005_gi278.png]. Then



[image: 694173128005_ee53.png]






[image: 694173128005_ee54.png]




is convergent as [image: 694173128005_gi279.png] is convergent for [image: 694173128005_gi280.png]. Therefore for fixed [image: 694173128005_gi281.png]




[image: 694173128005_ee55.png]




i.e.,



[image: 694173128005_ee56.png]




It is obvious that 
[image: 694173128005_gi282.png]
 is continuous for all [image: 694173128005_gi283.png] and



[image: 694173128005_ee57.png]




also,[image: 694173128005_gi284.png]. Moreover,



[image: 694173128005_ee58.png]




i.e.,[image: 694173128005_gi285.png], and also,
[image: 694173128005_gi286.png]
 is continuous for all [image: 694173128005_gi287.png] It can be observed that [image: 694173128005_gi288.png]  are all continuous, and 



[image: 694173128005_ee59.png]




which gives



[image: 694173128005_ee60.png]




The functions [image: 694173128005_gi289.png] are continuous, and



[image: 694173128005_ee61.png]




Also,



[image: 694173128005_ee62.png]




are convergent for [image: 694173128005_gi290.png]
. 


Thus, all conditions (1)–(3) of Theorem 7 are satisfied, hence, equation (6) admits a solution in [image: 694173128005_gi291.png].
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