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Abstract: In this paper, we discuss solvability of infinite system of fractional integral
equations (FIE) of mixed type. To achieve this goal, we first use shifting distance
function to establish a new generalization of Darbo’s fixed point theorem, and then
apply it to the FIEs to establish the existence of solution on tempered sequence space.
Finally, we verify our results by considering a suitable example.

Keywords: fractional integral equations, measure of noncompactness, fixed point
theorem.

1 Introduction

Integral equations have multiple practical applications in modelling
specific real world problems and different types of real-life situations,
e.g. in laws of physics, in the theory of radioactive transmission, in the
theory of statistical mechanics, and in the cytotoxic ac- tivity. The theory
of infinite systems of fractional integral equations (FIEs) plays a pivotal
role in different fields, which includes various implications in the scaling
system theory, the theory of algorithms, etc. There are many real-life
problems, which can be modelled by infinite systems of integral equations
with fractional order in a very effective manner.

In recent times, the fixed point theory (FPT) has applications in
various scientific fields. Also, FPT can be applied secking solutions for
FIE.

Recently, number of articles have been published in connection:
with scalar linear im- pulsive Riemann-Liouville fractional differential
equations with constant delay-explicit solutions, coupled systems of
integral equations of Urysohn Volterra—Chandrasekhar mixed type,
noninstantaneous impulsive fractional integro—differential equations,
frac- tional differential equations, and proximity theory (the readers can
consult the papers [14, 16-18, 22] and references therein).

In [14], Gabeleh and Kiinzi have established that the existence of best
proximity points for cyclic nonexpansive mappings is equivalent to the
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existence of best proximity pairs for noncyclic nonexpansive mappings
in the setting of strictly convex Banach spaces by using the projection
operator. They have also discussed the convergence of best proximity
pairs for noncyclic contractions by applying the convergence of iterative
sequences for cyclic contractions.

In [16], Harjani et al. established sufficient condition about the length
of the interval for the existence and uniqueness of mild solutions to
a fractional boundary value problem with Sturm-Liouville boundary
conditions when the data function is of Lipschitzian type. Moreover, they
have presented an application of our result to the eigenvalues problem
and its connection with a Lyapunov-type inequality.

In [17], Hristova and Tersian have studied Riemann-Liouville
fractional differential equations with a constant delay and impulses. Also,
they have studied the case when the lower limit of the fractional derivative
is fixed on the whole interval of consideration and the case when the lower
limit of the fractional derivative is changed at any point of im- pulse.
The initial conditions as well as impulsive conditions are defined in an
appropriate way for both cases. The explicit solutions are obtained and
applied to the study of finite- time stability.

In [18], Kataria et al. have established the existence of mild solution
for noninstan- taneous impulsive fractional-order integro—differential
equations with local and nonlocal conditions in Banach space. Existence
results with local and nonlocal conditions are ob- tained through operator
semigroup theory using generalized Banach contraction theorem and
Krasnoselskii’s fixed point theorem, respectively. Finally, illustrations are
added to validate derived results.

In [22], Nabil has studied the solvability of a coupled system of integral
equations of Urysohn Volterra—Chandrasekhar mixed type. To realize
the existence of a solution of those mixed systems, he has use the Perov’s
fixed point combined with the Leray— Schauder fixed point approach in
generalized Banach algebra spaces.

Different real-life situations, which are modeled via FIEs, can be
studied using FPT and measure of noncompactness (MNC) (see [2, 3, 5,
7,10, 11,13, 19,21, 23-26]).

The following notations will be used (. |2 denotes a Banach space
BS): Blo.]= (0 ek |0 <x):2- the closure of Q; Conv Q - the convex closure
of Q; my, - the family of all nonempty and bounded subsets of®: . -
the subfamily consisting of all relatively compact sets; - the set of real
numbers;R* = [0, c0).

Definition 1. A mapping - m -« is said to be an MNC in & if the
following hold:

i) If oc o, and =(2) = 0, then Q is relatively compact;
11) ker7 = {2 € Mg: (2) =0} (£ 0) and kerm C Ng;

iv) <@
V) (Conv 2) = m(£2);

(

(

(iii) 2 < o1 impies x(2) < n(en:
( .

(

) 12+ (1= 0)2) < m(2) + (1 = O)m(e2) for v € [0,1]:

(vii) It 2, € Mz, 2y = Dy 2oy1 C 2, foro € Nand limy o0 7(02,) = 0, then 2o = (5, 20 # 0.

276



Hemant Kumar Nashine, et al. Extension of Darbo’s fixed point theorem via shifting distance functions and its application™

Here kerr denotes the kernel of = awo. 0. ckerrmdnion) <o, for
o € Nimply 7(2s) = 0; hence, 2o € ker .

Theorem 1 [Schauder theorem]. (See [1].) Let & be a BS, and let
a0 < = be closed and convex. If A A — A is continuous and compact, the it
admits at least one fixed point.

Theorem 2 [Darbo theorem]. (See [9].) Let & be a Banach space and
A CE benonempty, bounded, closed, and convex (NBCC). Let A 4 — A be
continuous, and let there exist a constant o<- <1 with

w(AIl) € ro(ll), II C A.

Then A has a fixed point.

With the help of following concepts, we establish our fixed point
theorem.

Definition 2. (See [24].) Let functions A,.4, : &+ — k. Then the pair is
called a pair (4. . of shifting distance functions (SDF) if:

1. For i.m € Ry, if A1(1) < As(m), then 1 < m:

2. For t.my, e Ry with timeoc tx = limg e my, = w. it Ay(l) < Ag(my) for all &, then w = 0.
Examples of SDF are:

(i) 21(0) = In((1 +20)/2). A2(C) = n((1 + ¢)/2):

(ii) 410 = ¢, 22(0) = A¢, A€ [0, 1).

Definition 3. (See [12].) x will denote the family of all maps

k:R* xR+ - R+ With:

1. max{r,<} < k(r,¢) for7,¢ > 0;
2. k is continuous and nondecreasing;
3. k(114 72, <1 + s2) < k(71,61) + k(72,%2).

For example: i(r.c) = 7 +<. rc>0.
2 New results

Theorem 3. Let E be a BS and vcr be NBCC. Also, let .U — v be a
continuous mapping with

A [ {k(9(FV).a(9(3V)))}]

< Ao [3 (LRI, a(W(V))) }) bk (I(V), a(9(V))) }] (1)

for V(£0) CU wherek € K, Ay, Ay € A a R »RY iS4 continuous
mapping, and v is an arbitrary MNC. Moreover, v :r+ R+ is
nondecreasing with (1) = 0 iff t =0and o :R* = [0.1). Then § admits a fixed
pointin U.

Proof. Define a sequence(c,), where C; = Uand C,yy = Conv(§C,), s > 1.
Then §Ci=§UCU=0C1,C;=Conv(§C:) CU=Cy. Similary ¢12¢:2¢52
2C2Cu1D ... Lets; ENwith)(C,,) = 0.then C,,  is  compact.  Applying
Theorem 1, we observe that § admits a fixed point.

If v(C.) > 0fors > 0. by (1) we have
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Ay [p{k(9(Csy1), ®(9(Cs41))) }]
Aq [ {k (9 (Conv(FCs)). a(¥(Conv(FCs)))) }
= A [0 {k(J(FCs), a(I(FCs))) }]
A [d({k(I(Cs), a(9(Cs))) P {k(9(Cs), a(9(Cs))) },

which gives

P{k(9(Cst1), @(V(Cst1))) }
< o (v {k(V(Cs). a(V(Cys))) }) v {k(I(Cs), a(I(Cs))) }-

Since ¢: &+ = [0.1), we have

0 < P{k(I(Cst1), a(9(Cs41))) } < V{k(I(Cs),a(V(Cs))) }-

Clearly, the sequence (vrw(cawc)pyz, is nonnegative and
nonincreasing; thus, we can find an » > 0 such that

lim {k(J(Cs),a(V(Cs)))} =r-
85— 00O

We claim that » = 0.
Let zg = ¥ {k(U(Cs), a(V(Cq)))} and = = sup ey ¢(zs), which gives =z € [0,1).

Therefore,
23_'_1 é (:)(2-3)25 g 233.
which gives

2 o 0 -
g3 g il S 25— SEEE Y- e &

Letting s — oo, we get z+1 — 0. Hence, lim, .. ¢{k(9(C,),a(#(Cy)))} = 0. ie.,
r =0, wich gives

¢{ lim k(9(Cy),a(9(Cy))) } =0.

58— 00

which gives

By using the properties of v and k we get tim....9(C.) = 0 = lim . alv(C).
Since c. 2 ¢..;, by Definition 1 we get c.. = N, ¢. € Uisnonempty, closed,
and convex. Also, C,, is invariant under 3. Thus, Theorem 1 implies that
3 has a fixed point in c.. cw.
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Theorem 4. Let © be a BS and vcw be NBCC. Also, let 3:v—uU be

a continuous mapping with

A [ {9EY) + a((FV)) }]
< A [o({I(V) + a(I(V)) PP {d(V) + a(d(V)) }] (2)

Jfor V(+0) CU where Ay Ay € A o - RT BT is a continuous mapping, and
0 is an arbitrary MNC. Moreover, Rt R+ s nondecreasing with
oty =0ifft =0 and o R~ 0.1) . Then 3 admzts a fixed point in U,

Proof. Taking r(.m) =1+ m in Theorem 3, the result follows.

Corollary 1. Let & be a BS and vcr be NBCC. Also, let 5:v — v be
a continuous mapping with

A1 [0 {9@FV)}] < Az[p({D(V)}) {0 (V) }] 3)

Jfor v(#0)cU, where A, e, and v is an arbitrary MINC. Moreover,

‘R — R* is nondecreasing with () =0ifft = 0and 6 R* — 0.1). Then § bas
a ﬁxm’ point in U.

Proof. The result follows by taking o = 0 in Theorem 4.

Remark 1. If we take 4i() =« 2() =« v(c) = . é(c) = A € 0,1), then
0(3V) < 2(v), and Theorem 2 follows as a spaecial case.

Deﬁnltlon 4. (See [8].) An element (=..) € 2 x @ is called a coupled
fixed point of a mapping §: 2 x 2 » 2if §(=.1) = = and §(=.1) = 1.

Theorem S. (See [4].) Suppose v,.0......0, are MNCsinEy Es.... ., Tespectively,
and the function Rt - R+ is convex and Fpr.p.....pn) =0 if and only if
n=01¢c N. Then o(x) = 30:(1), 02(%). ... va(¥)) defines an MNC in E, x E; x

< x Ey. where Yy denotes the natural projection of T into By, 1 € .

Example 1. (See [4].) Let v bean MNC on = and §(=.0) = = + 1. =0 € R,
Thenve! (r) = v(1y) + 0(1>) is an MNC in E x E, wherer;, 1 = 1,2, denotes the
natural projections of Y .

Theorem 6. Let & bea BS and vcr be NBCC. Also, let 3-uxU—U
be a continuous with

A1 [0 [k{2(F(V1 x V2)). a (9 (§(V1 x V2))) }]]
< 5 [3{w ((D(V1) +9(Va), a(3(V1) + 9(V2)))) }]
x 3 (k(9(V1) +9(Va),a (3(Vy) +9(V2))))

[\Dl-—*

Sforall v, v, cu,where i c & o . v+ v is acontinuous function satisfying
a(wy + @) < o(@1) + Aws), @1, @2 20 , and 9 is an arbitmry MNC.
Moreover, &+ — R+ is nondecreasing such that o) =0ift =06 R > [0.1),
and A, As € Asatisy (=1 + ) < V(1) + () and Ay(=1 + w2) < Ai(=n) + A=), Then §
admits a coupled fixed pointin U < U.

Proof. We observe that v/(v)=v(v,)+9(V2) is an MNC on ExE for
any bounded subset v c E x £, where v,.v, are natural projections of V.
Consider 3/ : U x U — defined by 5/ (1.m) = 3(.m).50n.0)). It is trivial to see that
3¢ is continuous. Let v c U x U. We obtain
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A [¢ [k{0 (31 (V)), a0 (37 (V))) }]]
< A1 [ [R{9 (F(V1 x Va) x F(Va x Vq)),
a(9° (§(V1 x Vo) x F(Va x V1)) }]]
A [ [R{9(F(Vy x V3)) + 9(F(Va x V1)),
a((F(V x Va)) + 0 (F(Va x V1)) }]]

< AL [ [R{9(F(V1 x V2)) + 9(F(Va x V1)),
a(9(F(V1 x V3))) +a(@(F(V2 x V1)) }]]
< A [ [E{9(3(V1 x V3)), a(¥(F(V1 x V3))) }
+A{-l)({§ Vo x V1)), a(9(F(V2 x V1)) }]
< Ay [ [R{D(F(V1 x V2)), a(9(§(V1 x V2))) }]

+ A [V % V), (V2 x V)]
<—’\2[O{t( (V(V1) +9(Va), a(W(V1) +9(V2)))) }]

Y (k(9(V1) +9(V2),a(9(V1) +9(V2))))

——"2[ {$ (@ (V), a9 (V)))) }o (k (9 (V), a (9 (V)))).

By Theorem 3 we conclude that 3 has a fixed pointin ux U, i.e., §

has a coupled fixed
Corollary 2. Let & be a BS and vce be NBCC. Also, let 3 :uxv—
be a continnous function satisfying

Ap[¢[9(F(V1 x Va)) +a(9(F(V1 x V3)))]]

¢ b [¢{v (9(V1) + 9(V2) + a(9(V1) +9(V2))) }]

X 1 (1)(V1)+0(V2)*0(0(V1) * ﬁ(V?)))

I\D

for all  viv.cu , where «o:RY=RY is a continuous function
SALisying ol +=)< a(m) + (@), w2 20, and o is an arbitrary MNC.
Also, v ®R* >R+ is nondecreasing such that ) =0 if and only if
t=06:R* = [0,1) and Ay, Ay € Aand A, Ay € A SALS[Y vl +m2) <wl1) + (=)
and Ai(z1+ ) < Ai(m . Then 5 hasa coupled ﬁxea’ pointin U U.

Proof. We obtain the desued result by choosing k(.m) =i+ in Theorem
6.
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2.1 Measure of noncompactness

Banas’ and Krajewska [6] introduced the notions of tempering sequence
and space of tempered sequences. Namely, a fixed positive nonincreasing
real sequence « = (1,2, is called a tempering sequence.

Recently, Rabbani et al. [26] denoted by W a collection of all real
or complex sequence v = ()22, with S35, a2l |7 < 0c (1 < p < o). Clearly, W space
over R or C, and this space is denoted by w = for1 < < . It is easy to
observe that ¢ for1 < < ~ is a Banach space with the norm

00 1/p
== ,Pl |P
leg = 3 o2lve
a—1
Ifo,=1forall centmeneg =t tor1 <p<oo,

A Hausdorff MNC v for a nonempty bounded set 5o 1 < » <  can be
given by (see [26])

1/p
¢a(B*) = lim | sup al v p) ] (4)
ey (B) %U(E i)

Let us denote by ct.g) the space of all continuous functions on
1=[0.al.0 >0, with the values ing a <, ), which is also a Banach space with
the norm

[Vllc,es) = :2? ””(‘5)”53*

where v = )z, e cr.62).
Let £2(+0) be a bounded subset of (1. ma. <.

E%(s) = {v(s): v(s) € E*}.
Thus, an MNC for £ c c(.4) can be defined by

XC(1,62) (E%) = sup xea (E(2)).
tel
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3 Infinite systems of mixed type fractional integral equations

Let < e &, wmare(=) > 0. The Hadamard fractional integral of order ==, applied
to the functions e 17(.0), 1 <p < oo, 1 <a < b < oo fors € 0.8}, is defined by [15]

1 S w—1

Jole) = 1ni—; 3

de
() |

§

(1

Therefore, we have

1

FH ) =

N w-1 de
() (1”2) f(€) ? a0, ¢ 1

H\.ﬂ

Let fer'at0<a<b<oad=>0 be a real number. The Riemann-
Liouville fractional integral of order = is defined by [20]

k= 1) /(S f(&) d¢, < € (a,b).

Consider the following infinite system of mixed-type fractional
integral equations:

8,(s) = A,(5,1,(s,8(5)), I” Po(s,6(5)), J"Q,(s,0(5))), pEN, (5)

where ¢« =<1 cr-n1 mio0) - 0,012, <5, where E is a Banach sequence
space.

Assume:

(i) The fuctions 4,7 x R xR xR + R are continuous and satisfy

145(,15(,0(5)), I, J) — Ap(s,0(5,0(5)), I, T)|”
<Nl (s,0(0)) = 1o (s. 6(c)) |p +72() 1 = IP + ya() | = TP,

And i, 1xc(.@) - ® are continuous with
|6 (5. ©(5)) = 1o(5, O())|" < 7a(s)|O(s) — B(s)]|"

for O(s) = (0,())521,0(5) = (B,(s))321 € C(I,£5);15(5,0(5)), Ly(s, 6(5)),

1.7 €R and 1,757 : I — Ra: (p € ) are continuous fuction

Also,
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2.

converger to zero for all

Pl A,(c.0,0,0)°

supvz(s) = Yo, supvyz(s) = As, sup 71(¢)v4(s) = I
cel cel sel
with e=ver ey o wss, g0 be converger forall (<1

(ii) The fuctlons PoQp:x CL13) > R(p e are continuos, and

P, = sup{|P,(s,6(s))|: s € I; O(s) € C(1,£3)},
Qp = sup{|Q,(c.0(<))|: s € I: O(s) € C(I.£5)}.

AlSO, SUPpen Pp =P, SUPpen Qp = QA and lim,_, Py =limp, 00 (?p =0.

(iii) Define an operator = from I x C(7.45) 10 C(1.63) as (+.6(s)) —+ (T0)(<). Were

(T6)(s) = {Ap(s:1p(s, €(5)), ITFp(s,©(5)), T7Qp(s,0(s))) } ,_,

Finally, let 8. = ¢ < ctr. ) Islleu.s) <.

Theorem 7. If conditions (1).(3) hold, then equation (5) admits a
5011417'0” in o) p> 1

Proof-For arbitrary fixed
leclle, = ;“p” (D) A7E(6:000)). 7@ (5. 0()))
& ;p Yot (5,0(<)), I®P,(s,0(5)), T%Qp(s,0(s)))
>
- Apfg.lo. 0,0)|" +2°7" ) " ab|4,(s,0,0,0)|"

nzl

<271y ol 1))@ ()] +22()[T7 B (. 0(5)) [
pzl

+73()|T7Qp (s, 0(s)) "]

<? 1Y, { (1a(0)|0p(<) "

p=1

283



Nonlinear Analysis: Modelling and Control, 2022, vol. 27, ntim. 2, ISSN: 1392-5113 / 2335-8963

i 1\@w ) P 8 AR
P(T —1)=\? A(n T
<> [nlewll + m{ 7o ) +{REED) |
Therefore,

o-wnlel < [n{ T} e o) |

implies

2P PP(T — 1)P% + [3QP(InT)P=]
16(< ||zcv e (1= 1) {T(w + 1)}7 =" (say).

HCIICC, e,y <7
Consider the operator =:7x 5,. - 5,. given by

(T6)(s) = (4p(s, 1o (5, €(c)), I Po (s, 0(5)), T7Qp (5, 6(5)))) o,
= ((%n0)(s)) e,

where o) eBa.c e
By assumption (iii), (xe))cc(r.) for o) C(1.42). Ao, 6]y < hence, T is a

self-mapping on 5,.
Let 6() = (6,())321 € Bya ande > 0 be such that

E

— 0.

|© — @”cu,m) < T
p glfpflﬁp

Then, for arbitrary fixed . s

|< 0)(s) ~ (%, ) )l"
Ap(5:1p(c. 0(5)). T Pp(s. 0(c)) . T7Qp(s. ©(¢)))
—zlp(g,zp(g O( )) 17 Py(s,0(c)), 77Qu (s, 6(s))) [*
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S |! (<:0()) =L (s, () [

1Qu(s,0(0))=Qu(s, 60| , |
+ ¥3(s { / 2 a,(]nf_]n :;1 - db} ;
1

Since 7,., are continuous for all ;< wwene |- 6lcqey < /e for all
peNcel,

| - s el'(1 + =)
Cl'p|Pp (S-_ ()(P)) - PP(S.()(/)))I < Slfpg';/P(T o 1)17.;

and
|Q0 (5. 8(p) — Qu (s, O(p)) | < ‘31/(;59;(1:%)-@
31/p4]
Therefore
; a2|(5,0)(s) - (5,0)()|"
N (g

p=1

+;{ 1 (14 w) (lllT)w}p
(@) 31/p4}P(nT)e @

_ _D Fp Ep ‘)Fp

I1]|© - Ollc oo i P e T P

1 _ p — -
oy BT S lEn, T B
Thus, ise =561z, ;) < @ wenlio-eli, < /205 hence, T is continuous on By

Finally,
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‘(E;} (.'SBp,cx)

e
= lim sup {Z 07;|/1p(<.1p(§.(—)(q)).Ipr(c,(-)(g)).Jpr(g.(—)(g)))lp}

n—o00 @EBP.Q p>n
=

< lim  sup {2”’1 E ag[",{l(s)";4(s)(‘)9(g)|p
TI%DOQGB
P pon

P
1-1/p §; .
< 21VP lim sup {[fl np|O [ +( _,,+1 ) ZOP Yo

T Ge B P

MInT)= \ P 1/p
1
XE?(LIB;D,&) 21 1/p1—' /prc" (B )
Therefore,

xo e2)(ETBpa) < 2" VP Pxoq i3y (Bp.a).

g

Thus, by assumption (i) and Remark 1 one gets that  admits a fixed
point in B
Example 2. Consider

8 8,0 cos(@,(<)) _
Oplc) = 12:, p2 / (s+p)(s — u)1/2 2l
0
THEE / <) s (Bs(s)) dw ©)
A T | w - 2 w '
Pig)p* w S+p i
0

where c e 1= (1.9 pen. Here

l,(@ E O,(s
Ap(s.1p(©),1(8). J(O)) = ”(2 )+I((—))+J((—)), 1,(0) = é’(;)
S
S & 1/2
il cos(6,(<)) 1 f S e dw
I1(0) = £ lw,  J(@O)=—7— [(In=] sin*(@,())—,
o r(%)pﬂ,/ w0 IO =5[] @O
) cos(E,(<)) sin?(@,(<)) 1
P (s.0() = —~>1 5,0() = —P2 = d T =2
p(“ (S)) ctp QP(S- (‘3)) s+ p2 9 .
Let ap = 1/p. We have A(s,0,0,0) = 0,50 357, ab|A(s,0,0,0)[” CO}’ZU€7"g€S to zero.

Let e« e for some fixed < < 7. Then
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2%

n=1

1
Y5

n=1

A,(5,1,(0),1(0),J(8))[°

85(5) cos(©,(<)) duw
122 pQ (c+p)(c —w)i/2

0

q € X
L ! f & Y25in2(0,(c)) duw|
_ n— e A
r(%)pzl W S + p2 w
0

op—1 1L i op—1 | - o "
< 19p Zp_pk“)p(s)i +(F(%))P[(T_1) + (InT") ] Zp_p
pzl 2 o
is convergent as e < c.g.ms,., 17 is convergent for » > 1. Therefore for
ﬁXCdge]
o o
{4o(5,15(8),1(6), ()}, € &5,
i.e.,

{46(5,1(6),1(6),3(6)) } ,_, € C(1, ).
It is obvious that AAp is continuous for all »< v and

|4,(5,1,(6),1(8). J(0)) — Ap(s.1,(0).1(6), 1))
< %\fp(c—n — )" +2%72|1(0) - I(O)[" + 27 2|0(©) — J(6)|";

als0,1(6) = 1/2. 72(¢) = 4a(s) = 2272, Moreover,
» 1 - :
“9(9) - 39(9”}) = mi@p(g) - 9p(<)|p-.

L.e,nu(o) = 1/(67), and also,/p is continuous for all »<~ It can be observed
that 71.72- 3. are all continuous, and

o =I2p—2 . _
Yo — g 2 and fl ‘).Gp!

which gives
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1-1/ppl/p __ 9—16-2/p _
2 X f 1 — ) 2 X < 1 .

The functions r,.q, are continuous, and

5 1 . 1 S T | . A
s T+, PTG P=() py ANt plggo P, plglolo Q=0
Also,
22'_1)—2 H2p—2
L e f . B Y e =
apya(s) = e and g afya(c) = E -
p=1 p=1 p=1 pzl "

are convergent for p > 1.
Thus, all conditions (1)—(3) of Theorem 7 are satisfied, hence, equation
(6) admits a solution in c(.z).
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