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Abstract: Mathematical modeling plays a vital role in the epidemiology of infectious
diseases. Policy makers can provide the effective interventions by the relevant results of
the epidemic models. In this paper, we build a fractional-order SIRS epidemic model
with time delay and logistic growth, and we discuss the dynamical behavior of the model,
such as the local stability of the equilibria and the existence of Hopf bifurcation around
the endemic equilibrium. We present the numerical simulations to verify the theoretical
analysis.
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1 Introduction

Mathematical models of infectious disease are widely used by many
researchers. The first epidemic model was presented by Bernoulli in 1760
[2]. Epidemic models have become a valuable tool for the analysis of
dynamics of infectious disease in recent years. Many deterministic or
stochastic epidemic models were presented and analyzed by previous
researches [10, 13, 22, 26].

In [16], the authors proposed an SIRS model as follows:

% — A — BS@)I(t) + SR(t) — uS(t).

% = BS@)I(t) — (v + u + a)(2),
di’i” = ~I(t) — (6 + p)R(D),

where so.10. 7 denote the susceptible number, the infected number
and the recovered number of individuals at time ¢, respectively.
Parameters A, 3. 6. ji. v and o are nonnegative constants. 4 is the recruitment
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rate of the population, s is the disease transmission coefficient, » is the
death rate of the population, - is the rate constant for recovery, « is
the death rate due to the disease, and s is the rate constant for loss of
immunity. Mena-Lorca and Hetheote discussed the dynamical behavior
of this model.

In [8], Ranjith Kumar et al. considered an epidemic model with time
delay and logistic growth of the susceptibles as follows:

ds(t) S(t) o .
G rS(t) (1 - T) —B8S(t—7)I(t—71)+ xS(t),

di(t)
dt

(1)

= BS(t—7)I(t—7)—dI(¢t),

where su). 1) represents the number of susceptible and infected
population, respectively. ;- represents intrinsic birth rate constant, i
represents carrying capacity of susceptible, » represents the force of
infection or the rate of transmission, x represents immigration coefficient
of s).a represents death coefhicient ofi¢.wa- is the latent period of the
disease. The locally asymptotical stability of the disease-free equilibrium
and endemic equilibrium of system (1) were studied. Hopf bifurcation
around the endemic equilibrium was addressed.

Taking into account the latent period of the discase (time delay) and
logistic growth of the susceptibles, we can present the following SIRS
epidemic model:

el U B (1 - 5‘(1‘)) —BS(t—T)I(t—7) - pl(t),

dt K
dfl(:) = BS(t—1)I(t—7) — (p+v+e)I(t),
Cujf) = ~I(t) — pR(t).

The meanings of parameters .. x. .- are same as in system (1). 4 is the
death rate of the population, ¢ is the death rate due to the disease, + is
the rate of disease recovery.

In recent years, many scholars have proposed the idea of using
fractional-order model to study infectious disease model [1, 4, 7, 15,
17, 21, 24, 25]. Fractional-order model is an extension of integer-order
model, and fractional-order model has certain advantages in describing
processes with memory and heritability [12, 14, 20].

In [24], the author studied a class of SIR infectious disease model with
Caputo fractional-order derivative
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D*S(t) = A — BS(#)I(t) — pl (),
D®I(#) = BS(H)I(t) — (u+ + €)I(¢),
DR(t) = vI(t) — uR(t).

However, the above fractional-order system does not take into account
the influence of the latent period of the disease, i.c., time delay. In fact, it
takes a certain time for an infected person to show symptoms from being
infected, so it is of great significance to discuss the influence of time-delay
factors.

Based on the above analysis, the following SIRS model with Caputo
fractional-order derivative and time delay will be studied in this paper:

D5 =w51) (l — L}(j)) — B8t —7)I(t — )+ pR(2),
DeI(t) = BS(t —)I(t —7) — (n+ 0+ 0)I(t),

D®R(t) = oI(t) — uR(t) — pR(t),

(2)

where o< <1 s.10. 70 represent the number of susceptible, infected
and removed persons at time ¢, respectively; 5 denotes the infection
coefficient; » represents the natural mortality rate; 5 denotes the death
rate of the disease; i is the carrying capacity of susceptible population; »
is the state transition rate from the recovered to the susceptible one; o is
the state transition rate from the infected to the recovered one; = denotes
the latent period of the disease.

The initial value condition of model (2) is

S(@)=¢1(0) >0, I(0)=¢a(0) >0, 6e[-70], 3
B(0) = Rp > 0. =
In this paper, stability and bifurcation problems system of (2) will
be studied by using the theory of fractional-order stability and delay
differential equation. The remaining sections of the paper are organized
as follows. Preliminaries, such as definition of fractional-order Caputo
derivative and some useful lemmas, are given in Section 2. Some basic
results, such as the existence and uniqueness, nonnegativity, positive
invariance of the solutions for system (2), are presented in Section 3.
The local asymptotic stability and bifurcation results for fractional-order
epidemic model are derived in Section 4. Numerical examples are given
in Section 5 to verify the obtained theoretical results. Finally, Section 6
contains conclusion.

2 Preliminaries

In this section, we present the definition of Caputo fractional-order
derivative, and some useful lemmas are recalled for next analysis.
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Definition 1. (See [19].) The fractional integral of order « for a
function s is defined as

If(z) = == | (@ — i Sl i 1 1

where +>0.0>0r() is the gamma function, ro - ;e
Definition 2. (See [19].) The Caputo fractional derivative of order o
for the function s < e (0.).®) is defined by

l / F™(7) ;
F(?]. — (;1-;) (IL- _ T)&'_n‘l'l 9 is
0

DFf(E) =

where +>0.wan is a positive integer such that » -1 <o <n..
Furthermore, when o<, < 1.

ap_ L[ O
D ft'”?(la){[(fﬂ“ dr.

Lemma 1. (See [9].) Consider the following fractional-order differential

system Caputo derivative:

DEX) = AKX, X(0)= X, (4)

where o < (0.1, X(t) € R", X (1) € ", A e &> . The characteristic equation of
system (4) is |s"E—~Al =0 all of the roots of the characteristic equation have
negative real parts, then the zero solution of the system is asymptotically
stable.

Lemma 2. (See [5].) Consider the following fractional-order delay
differential system with Caputo derivative:

D*X(t) = AX(t) +BX(t—7), Xt =¢@1), te[-r0], (5)

were a € (0.1], X(t) e R", A Be R 7+ e R, then the characteristic equation of
system (S5) is |s°E — A—Be=| = 0. If all of the roots of the characteristic equation
have negative real parts, then the zero solution of the system is asymptotically
stable.
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3 Basic results

In this section, we will discuss the existence and uniqueness of the
solution for system (2). Furthermore, the solutions of system (2) with
initial condition (3) are nonnegative and positively invariant.

Theorem 1. If ¢  c(-r0.8) is the continnous function of Banach space
and =(t) € C in an initial conditz'on, then system (2) has a unique solution
2(t) € O, where =) = (50.10).R®). © = {(S0.16).R®) € B max{SO)L.|1(0)]. RO} < £}.

Proof. Consider the mapping #¢) = (sw. 1. k), Where

lﬂ&ﬁﬂzrﬂﬂ(—r%i)—ﬁS&—Tﬂﬁ—ﬂ+pRm.

{
Ho(z(t)=p8S(t—7)I(t—7)— (n+0+0)I(2),
Hs(z(t)) = ol(t) — pR(t) — pR(1).

Forany .t c0.

| (=(t2) = (ﬁﬁN

< || Hi(2(t1)) = Hi(2(t2)) || + || H2 (2(t1)) — Ha(2(22)) ]|
+Wﬁ@hn—ﬂéahi

= ||rS(t1) (1 s S’[:ﬂ) — BS(ts — 7)I(t2 — 7)
fsug(13%”>+3ﬂ@Tﬂﬁzﬂ

i H-‘B*S‘ to — )ty —7) — (u+8+0)I(t)
—BS(ty — ) (t2 = 7) + (p+ 0+ 0)I(t1)||
oI (t) = (5 + p)R(t) = 7T (t2) + (1 + p) Rlta)|

el
(_. ]I( ) [S(t1) — S(t2)] + p[R(t1) — R(t2)]
+zﬂmn_7yﬂq@_rﬂ‘
+||128[S(ts —7) = S(t2 = 7)] + (p+ 6+ o) [I(t1 —7) — I(t2 — 7)]||

- Hrr[f(z‘l —7)=I(ta=7)| + (p+p)[R(ts —7) = R(ta — 7)] H
2(t1) — 2 (t2)||:

=

+28[S(t1 — 7) — S(ta — 7]
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where M = wax{r + 20£/K. 25 p + 5+ o). Hence, wuw) satisfies Lipschitz
condition. From Lemma 5 in [11] we can obtain that system (2) has a
unique solution = (..

Theorem 2. The solutions of system (2) with initial condition (3) are
nonnegative.

Proof. Assume that = -(srmers=or=nr>0 is positively invariant.
System (2) can be written in the vector form

D*X(t) = H (z(t)).

Here -¢) = (s 1000, r))7, and

rS(t)(1 — 28 — 8S(t — 7)I(t — 7) + pR(t)
Hz(t)) = BS({t— )t —7)— (u+6+0)(t)

ol(t) — uR(t) — pR(1)

= (sw).10.70)" e r2. For that, we investigate the direction of the vector
field #(=(1) on each coordinate space and see whether the vector field
points to the interior of k.. From (2) we have

D®S(t)|s—0 = pR(t) 20, D*I(t)|;=0 =0, D®R(t)|g—o=0cl(t)20. (6)

From Theorem 1 in [18], Lemma 6 in [3] and Eq. (6) the vector field
u(:() is interior of k. The solution of (2) with initial condition - () < &2, say
+(t) = =(t.X,) in such a way, &2 .

Theorem 3. The set o= ((s.1.m<ry:s+1+n<rx/) is positively invariant with
respect to system (2).

Proof. Let (sw.10.50) , be the solution of system (2) with initial
condition (3). Set N(1) = s(1) + 1(t) + (). From system (2) we can obtain

Daf\?(f) — .,,‘S(t) (1 s %) . ,u.I(IL) T ,u.]?(f.) ] (SI(IL)
< rS(t) (1 - %) — (n+0)N(2)
< !TK —(u+9)N(2).
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Obviously,  Eu(—(u+d*) >0. Hence, Ea(—~(u+0i*)>0 when

N(t) = S(t) + I(t) + R(t) < rK/4

S(0) + I(0) + R(0) < rK/4, and 2 = {(S.I.R) € R3: S+ I+ R < rK/4} is positively

invariant with respect to system (2).

4 Analysis of stability and Hopf bifurcation

The equilibria of system (2) are the points of intersections at which

Dos(t) = 0.D°I(t) = 0and D°R() = 0. It is straightforward to see that for system
(2), there always exists a trivial equilibrium £0.0.0) and a discase-free
equilibrium £(x.0.0. The basic reproduction number is defined as the

average number of secondary infections produced when one infected
individual is introduced into a host population, where everyone is
susceptible [23]. Now, we use next-generation matrix method in [23] to
obtain the basic reproduction number %, of system (2).

If + = (1.5.»)7, then when =0, the original system can be expressed as

d.r
dt

= F(z) — V(z),

Where
BSI (p+ 0 + (r)I
Flgy=1 0O |; V(z)= | BSI —rS(1 — —) — pR
0 pR + ;;.R —ol
We can get

= I ¥= B T

The next-generation matrix for model (2) is

BK 0
FV~—! = [ pté+o
0 0

The spectral radius p(Fv-") = 55/(s + 5 + o). According to Theorem 2 in [23],
the basic reproduction number of system (2) is
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BK
5 <5 o< g -

Ro =

The basic reproduction number is affected by several factors including:
the disease transmission coeflicient 5, the carrying capacity of susceptible
population &, the natural death rate of the population s, the death rate of
the disease 5, the state transition rate from the infected to the recovered
oneo.

Theorem 4. If =, -1, system (2) has a unique endemic equilibrium
. if R < 1, there is no endemic equilibrium of system (2).

Proof- To obtain the endemic equilibrium = of system (2), we need to
impose the right side of system (2) to be equal to 0. In other words, the
equilibrium £ (s*. 1. 7) should satisfy the following equations:

AS? ¥
i

BS*I* — (u+0+0)I* =0,
ol* — uR* — pR* = 0.

rS*1 1 —

From above we can obtain

.‘1+5+0- * g * * "(‘IIAf))(IIA(S‘FU)Z(RO*l)
= R* = I, = = -
3 o+ p K322+ 6(p+p)+pulp+o)

S*

It is obvious that s -0, when =, -1 1 -osystem (2) has a unique
endemic equilibrium, and whenr, < 1.7 <0, there is no endemic
equilibrium of system (2).

In the following, we will discuss the locally asymptotical stability of
the trivial equilibrium £, the disease-free equilibrium £, the endemic
equilibrium for system (2) and the existence of Hopf bifurcation around
the endemic equilibrium g~

To discuss the locally asymptotical stability of system (2), we have to
linearize it. Let us consider the following coordinate transformation:

e(t)=8(t) =5,  yt)=It —I,  =2(t)=R(t)—R,

where (5.7.7) denotes any equilibrium of system (2). So we can obtain
that the corresponding linearized system is of the form
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275 - —
7 )L’(f) — Bla(t — 1) — BSy(t — 7) + p=(t),

A

DOu(t) = (,-

D%y(t) = BIy(t —7) + BSz(t — 1) — (n+ 6 + o)y(t), @)
D%2(t) = oy(t) — pz(t) — pz(t).

Taking Laplace transform on both sides of (7), we get

_ 0
5%8(8) = s* 1x(0) = (7' — 2}&5)9(‘,) — Ble™*T | S(s) + / e (1) dt]
0
— BSe™*" l](s) + / e po(t)dt| + pR(s),
4 (8)
s (s) — s* y(0) = BSe™" | I(s) + /e_“ 2(1) (lt]

0

f ] (n+d+o0)I(s),

4 Ble " | &

R(s) — 5% 12(0) = o I(s) — (u+ p)R(s)

Here s(s).1(s). r(s) are the Laplace transform of +().y). =), respectively.
The above system (8) can be written as follows:

5) by(s)
A(s)- | I(s) | = | ba(s) ] .

O
—_—
on

where
s% —r 4 ﬁ | ,Sfe’)”' B BSe A —p
A(s) = —.,SIe*)‘T 5% — B8e T 4 (u+a + ) 0
0 —0 s+ (u+ p)
and

bi(s) = s Lz (0) — BIe™*" | e %ty (t)dt — BSe™*T | ety (t) dt,

ba(s) = s 1y(0) + BIe ™ [ e i (t) dt + BSe™ " [ e *ipy(t) dt,

“‘L""'\CD “*\o
“"\o “".\"‘wo

bha( ) =8 L2(0).
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Theorem 5. The trivial equilibrium r.0.0.0) is always unstable.

Proof. The characteristic matrix at £0.0.0) is
s* —r 0 p
Aq(s) = 0 s*+ (p+0o+90) 0
0 o s®+ (u+ p)

The characteristic equation at the trivial equilibrium £,0.0.0 reduces to
(sa — l‘) (sa +p+o+ 6) (50‘ + 1+ p) = . 9)

Obviously, Eq. (9) has a positive root «« - + 0 < « < v. Then the trivial
equilibrium £,0.0.0) of system (2) is always unstable.

Theorem 6. If =, < 1, then the disease-free equilibrium E, of system (2)
is locally asymptotically stable for all - > o

Proof. The characteristic matrix at £wo.0) is

s 41 BKe =" T
Ag(s) = 0 s*—BKe "+ (u+6+0) 0
0 —o s* + (pu+p)

Then the characteristic equation at the disease-free equilibrium £ 0.0
is

(s® +7){s® + p+p) 8% +{u+ 0+0) — BKe | =0
When - >, the characteristic equation can be translated into

(5% +7) (5™ + p+p) [s* + (u+ 0+ ) — BK] = 0. (10)
Let .« — » (10) can be rewritten as

A+r)A+p+p)A+(u+5+0)—BK] =0
Its characteristic roots are

/\1 — =T /\2 — = = iy

As = BK — (u4+6+0) = (Ro—1)(u+ 6+ 0).
Obviously, » <03 <0. Hence jaetu)l = a0l = 7 > an2 x| = when the

basic reproduction number ®,<1 . Hence, all the ecigenvalues

satisfy As(s) satisfy |arg(\)| = 7 > aw/2( = 1,2,3) when R < 1. According to Lemma

2, the disease-free equilibrium £, is locally asymptotically stable when
Ro < 1.
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When 7 # 0, since the first two factors of the left side of Eq. (10) do not
contain time delay 7, we only need to consider the third factor

s% — BKe™ 4 (u+6+0) =0, (n

Assume s = iw = w(cos(7/2) +isin(r/2)) (w > 0), then g is substituted in
(11), we get

(iw)® — BKe ™7 4+ (u+d4+0) =0.

Separating the imaginary parts and real parts leads to

T T

w® cos 5 +(p+ 0+ 0) =K coswr, w® sin = —BK sinwr.

¢

Squaring and adding both sides of this equation, we can obtain

aT

w

w?® + 9+ 8 + o) cos

F(u4+b+0+BE)(p+d+0)1—Rp) =0. (12)

Obviously, 2 + 6 + o) cos(ar/2) > 0, then by our assumption that =, <1,
Eq. (12) has no positive roots, which ensures that Eq. (10) has no purely
imaginary roots if =, < 1. According to Lemma 2, the equilibrium £, is
locally asymptotically stable for any delay r # 0 if =, <1. The proof is
completed.

Next, we discuss the local stability and bifurcation results at the
endemic equilibrium point g+ When =, < 1, the endemic equilibrium
point g+ exists. The characteristic matrix at g is

s —r 4 2}‘?! 4 BT*e— 5T 3S*a—ST g
Azls) = ~Be™ s — BS*e™* + (u+0 +6) 0

0 -0 s+ (u+p)

The associated characteristic equation of system (2) at g+ can be
described as

Bi(s) + Ba(s)e *" + Bse *" =0, (13)
where
Bi(s) = (s*)® + p1(s®)? + pas® + ps, Ba(s) = q1(s™)* + g25%,

Bg = aga4a5 — a1azay — aspo

and
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p1—a; t+aq+as, P2 — ajas + aqas + ajay, P3 = Gi1a4as,
g1 — ags — as, g2 — agas + asay — ajaz — asas,
2rS* Jmee e -
a =r— i ay = BI*, as = BS*, ay =p+ o+ 9, as =t + p.
a6

Case 1. When - =0, Eq. (13) becomes

(5%)° + (p1 + @1)(s*)? + (p2 + ¢2)s™ + (p3 + B3) = 0.

On the basis of Routh-Hurwitz theorem, the endemic equilibrium
point - is locally asymptotically stable if

p1+aq1 >0, p3 + Bs > 0, (1 + q1)(p2 + q2) > ps + Bs.

Case2. When r = O,ICt s = iw = w(cos(m/2) + isin(m/2)) (w > 0) be aroot Oqu
(13). Substituting s_in (13), we obtain

(c1 +id1) + (c2 + idg)e™™T 4 Bae T =0, (14)
where
35 ar - " am
c1 = w % cos 5 + prw=® cos(am) + paw® cos 5 + p3,
3an , T
d; = w>®sin a + prw?® sin(am) + paw® sin Ct) ,
2w ol am e _» ) a . 0T
o = qw % cos(am) + gaw®™ cos 5 ds = qrw™? sin(am) + gaw™ sin —
Separating the real and imaginary parts of (14) yields
(cg + Bs) cos(wT) + dg sin(wr) + ¢ =0, a15)
dy cos(wT) — (co + Bs) sin(wt) + dy = 0. i
From Eq. (15) we have
((','2 e Bg)(’.‘l & (]1(1’2 (C‘Q =+ Bg)dl = (,‘,1([2

cos(wt) = —

sin(wr) =

(CQ Jng,JQ *(z% ((‘.2+Bg)2 +(]§

It is obvious that co2r) + swr) = 1, and
6 5 40 3a 20
W 4+ 01w + Vo™ + V3w Y 4 VW + VW™ 4 vew = 0,

where
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QT .
v1 = 2p1 COS 5 'ngzgﬁ-—-qf%—ngcos&wﬁ}

‘ am 3am
v3 = 2| (p1p2 — q1g2) cos i B3 cos

-U4::_pg-—-q%-—-2(P1P3'+‘91£33)005(0ﬁ7L

o
i ek 2
5 b= P35 — B4,

vs = 2(pap3 — q2B3) cos
Let
Fw) = WO 4+ 01w + Vaw?® 4 V3w 4 VW2 + VsW™ + vew.

Then let us discuss the distribution of roots of Eq. (13). It is imperative
that the following lemma is useful and needed.

Lemma 3. For Eq. (13), the following results hold:

() If o1 >0 00> 005> 0,04 >0 05 >0, 0 > 0and p} - B} # 0, then Eq. (13)
has no root with zero real parts for all + > o.

(i) If 01> 0. v2 > 0. v3 > 0,04 > 0, v5 > 0, v6 > Oand p3 — B3 # 0, then Eq. (13)
has a pair of purely imaginary roots i, whenr=r, j=1.2.3....., where

Tj:

1 { ) ( (Cfg—}—Bg,)(’.l—O—dldg
arccos| —

2iwl, d=124,... .
(CQTBS)2+(.{% )+ ‘]:}' 2 '

s

Let «(-) = o) +iv() be the root of Eq. (13) such that when- = = satisfies
on) =0.u(r) = Taking the derivative of Eq. (13) with respect to 7,

ds e T[sBa(s) + sB3] (16)
dr  Bj(s) + By(s)e*" —7Ba(s)e*" — Bare T

In (16), consider the numerator and denominator terms described as

e_ST[Slgz(S) +'5l33] = 61 + i,
B;(%) + Bé(s)e*” — 7B3y(s)e™ ¥ — Bare *T = ¢3 + igy,
where

[ Paypun 2 o
: LT . . (¥T
g =gar el lcos 5 sin(wm) —sin

COH(&JW)}

am . . am _
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P

2am 2am
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Then from Eq. (16) we have

Define +* = min{r}, and based on the bifurcation theorem for functional
differential equations [6], we have the following theorem.
Theorem 7. Assume r,~1. For system (2), the following results hold:

1. If vi>0(=123456), then the endemic equilibrium » is
locally asymptotically stable for - > o:

2. If v >06=123456 and u >0, then the endemic
equilibrium #- is locally asymptotically stable for € [0.7) and

3. System (2) undergoes a Hopf bifurcation at the endemic

equilibrium £ when - =7 ¢ =123,
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S Numerical simulations

In this section, several illustrative numerical examples are presented to
confirm the the- oretical results and to examine the dynamical behavior
of system (2). All the figures are plotted by using Matlab 2018a. From
Section 4 we can find that delay + and fractional order o are the
important factors, which affect the convergence speed of solutions.
We select parameters as follows: » = 0.15. K = 00, 5 = 0.007. p = 0.004, e = 0.035.
§=01.0=02 with initial conditions s, =350, 1o =5 R, =50. We
can calculater, — 1ss0507015 >~ 1. System (2) have three equilibria
El(O.O.O).EQ(QO.O.U)and E*(47.85714286, 10.68840472, 54.81279344). We Only discuss the
stability of .

From Fig. 1 we can see that the positive equilibrium of system (2)
exhibits a Hopf bifurcation when bifurcation parameter r passes the
critical value - when fixes.

L. 7 = 08anda = 09s. We can calculate » = ssom03574 from (15).
Obviously,r < +* = 3.827603574. From Theorem 4 we can obtain
that ¢ is locally asymptotically stable (see Fig. 2).

2. r=12anda =0.98. It is to see that 7> =3827693574. From
Theorem 4 we can find that #- is unstable and Hopf bifurcation
occurs (see Fig. 3).

3. 7 =12 and a = 0.90. We can calculate
7 = 12.32545463 and 7 < 7*. Then p- is locally asymptotically
stable (see Fig. 3).

T T T T __.__J.,_-..__,_ m—
fﬁf
|‘ 7
. ]
i o
1 1 1 1 1 =
2 2 6 8 10 12
T
Figure 1

Bifurcation diagrams of system (2) showing the influence of 7 for & = 0.98, where r = 0.15,
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For the following parameter values r = 0.15, K = 90, 8 = 0.007, p = 0.004, . = 0.035,6 = 0.1,0 =
0.2, 7= 0.8 and « = 0.98, the endemic equilibrium E# of system (2) is locally asymptotically stable.
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For the following parameter values r = 0.15, K = 90, 8 = 0.007, p = 0.004, p = 0.035, 8 =
0.1,0=0.2,7 =12 and & = 0.98, the endemic equilibrium E# of system (2) is unstable.
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For the following parameter values r = 0.15, K = 90, = 0.007, p = 0.004, u = 0.035,6 = 0.1, 0 =
0.2, 7 =12 and « = 0.90, the endemic equilibrium E# of system (2) is locally asymptotically stable.

6 Conclusion

In this work, we studied a fractional-order SIRS epidemic model with
delay and logistic growth of the susceptibles. The dynamical behavior
of system (2) is studied. Local stability of the equilibria for system (2)
and Hopf bifurcation are analyzed. The trivial equilibrium £0.0.0) of
system (2) is always unstable. The disease-free equilibrium £, of system
(2) is locally asymptotically stable for all 7 > 0 when R, < 1 when . When
Ry > 1and7 =0, the endemic equilibrium is locally asymptotically stable.
According to Theorem 4, when =,-1 and the last two conditions of
Theorem 7 satisfied, the stability of the endemic equilibrium changes at
Hopf bifurcation point *. Our findings illustrate that using the time
delay 7 as bifurcation parameter, one can conclude that the positive
equilibrium loses its stability, and Hopf bifurcation occurs when time
delay increases. The numerical simulations shown in Figs. 1 and 2 verified
the effectiveness of the obtained theoretical results. From Fig. 3 we
can speculate that the positive equilibrium loses its stability and Hopf
bifurcation occurs when o is used as bifurcation parameter. It will be
considered in future work.

Modeling of epidemic diseases by delayed fractional-order differential
equations has more advantages and consistency rather than classical
integer-order mathematical modeling. Our model takes into account
several factors (time delay, Logistic growth, fractional order, etc.), which
is more realistic. The model is thought to contribute valuable insight
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for public health, which is useful for some the prediction and control
measures for some diseases.

References

1 E. Ahmed, A.S. Elgazzar, On fractional order differential equations model for
nonlocal epidemics, Physica A, 379(2):607-614, 2007, https://doi.org/1
0.1016/j.physa. 2007.01.010.

2 D. Bernoulli, Essai d’'une nouvelle analyse de la mortalité causée par la petite
vérole et des avantages de I'inoculum pour la prévenir, in Mémoires de
Mathématiques et de Physique, Académie Royale des Sciences, Paris, 1760,
pp- 1-45.

3 A. Boukhouima, K. Hattaf, N. Yousfi, Dynamics of a fractional order HIV
infection model with specific functional response and cure rate, Inz. J.
Differ. Equ., 2017:8372140, 2017, hetps://doi.org/10.1155/2017/83721
40.

4 E. Demirci, A. Unal, N. Ozalp, A fractional order SEIR model with density
dependent death rate, Hacet. . Math. Stat., 40(2):287-295, 2011.

5 W. Deng, C. Li, J. Lii, Stability analysis of linear fractional diferential system
with multiple time delays, Non/inear Dyn., 48:409-416, 2007, hteps://d
0i.org/10.1007/ s11071-006-9094-0.

6]J.K. Hale, Theory of Functional Differential Equations, Springer, Berlin, 1977.

7J. Jia, X. Huang, Y. Li, J. Cao, A. Alsaedi, Global stabilization of fractional-
order memristor- based neural networks with time delay, JEEE Trans.
Neural Networks Learn. Syst., 31(3):997- 1009, 2020,https://doi.org/10
.1109/TNNLS.2019.2915353.

8 G. Ranjith Kumar, K. Lakshmi Narayan, B. Ravindra Reddy, Stability and
Hopf bifurcation analysis of SIR epidemic model with time delay, ARPN
Journal of Engineering and Applied Sciences, 11(3):1419-1423, 2016.

9 C.P. Li, Z.G. Zhao, Asymptotical stability analysis of linear fractional
diferential systems, J. Shanghai Jiaotong Univ. (Engl. Ed.), 13(3):197-
206,2009, https://doi.org/10. 1007/s11741-009-0302-1.

10 F. Li, X.-Q. Zhao, A periodic SEIRS epidemic model with a time-dependent
latent period, J. Math. Biol., 78(5):1553-1579, 2019, https://doi.org/10
.1007/500285-018- 1319-6.

11 H.-L. Li, L. Zhang, C. Hu, Y.-L. Jiang, Z. Teng, Dynamical analysis of a
fractional-order predator-prey model incorporating a prey refuge, J. Appl.
Math. Comput., 54:435-449, 2017, hetps://doi.org/10.1007/s12190-01
6-1017-8.

12 D. Liu, J. Li, Y. Xu, Principal resonance responses of SDOF
systems with small fractional derivative damping under narrow-band

random parametric excitation, Commun. Nonlinear Sci. Numer. Simul.,

19(10):3642-3652, 2014,https://doi.org/10.1016/j.cnsns. 2014.03.018.

13 Q. Liu, D. Jiang, T. Hayat, A. Alsaedi, Dynamics of a stochastic multigroup
SIQR epidemic model with standard incidence rates, J. Franklin Inst.,
356(5):2960-2993, 2019, https://doi.org/10.1016/j.jfranklin.2019.01.0
38.

14 J.A.T. Machado, M.E. Mata, Pseudo phase plane and fractional calculus
modeling of western global economic downturn, Commun. Nonlinear Sci.

385


https://doi.org/10.1016/j.physa
https://doi.org/10.1016/j.physa
https://doi.org/10.1155/2017/8372140
https://doi.org/10.1155/2017/8372140
https://doi.org/10.1007
https://doi.org/10.1007
https://doi.org/10.1109/TNNLS.2019.2915353
https://doi.org/10.1109/TNNLS.2019.2915353
https://doi.org/10
https://doi.org/10.1007/s00285-018
https://doi.org/10.1007/s00285-018
https://doi.org/10.1007/s12190-016-1017-8
https://doi.org/10.1007/s12190-016-1017-8
https://doi.org/10.1016/j.cnsns
https://doi.org/10.1016/j.jfranklin.2019.01.038
https://doi.org/10.1016/j.jfranklin.2019.01.038

Nonlinear Analysis: Modelling and Control, 2022, vol. 27, ntim. 2, ISSN: 1392-5113 / 2335-8963

Numer. Simul., 22(1-3):396-406, 2015, https://doi.org/10.1016/j.cnsn
5.2014.08.032.

15 F. Mansal, N. Sene, Analysis of fractional fishery model with reserve area
in the context of time-fractional order derivative, Chaos Solitons Fractals,
140:110200, 2020, https://doi.org/lo. 1016/j.chaos.2020.1 10200.

16 J. Mena-Lorca, H.-W. Hetheote, Dynamic models of infectious diseases as
regulators of population sizes, J. Math. Biol., 30(7):693-716, 1992, http
s://doi.org/10.1007/ BF00173264.

17 B. Meng, X. Wang, Z. Zhang, Z. Wang, Necessary and suflicient conditions
for normalization and sliding mode control of singular fractional-order
systems with uncertainties, Sci. China, Inf- Sci., 63(5):152202, 2020,http
s://doi.org/10.1007/s11432-019-1521-5.

18 Z.M. Odibat, N.T. Shawagfch, Generalized Taylor’s formula, Appl. Mazh.
Computation, 186(1):286-293, 2007, https://doi.org/10.1016/j.amc.20
06.07.102.

19 I. Podlubny, Fractional Differential Equations, Academic Press, New York,
1999.

20 K. Razminia, A. Razminia, J.A. T. Machado, Analysis of diffusion process
in fractured reservoirs using fractional derivative approach, Commun.
Nonlinear Sci. Numer. Simul., 19(9): 3161-3170, 2014,https://doi.org/
10.1016/j.cnsns.2014.01.025.

21 F.A. Rihan, Q.M. Al-Mdallal, H.J. AlSakaji, A. Hashish, A fractional-order
epidemic model with time-delay and nonlinear incidence rate, Chaos
Solitons Fractals, 126:97-105, 2019, https://doi.org/10.1016/j.chaos.20
19.05.039.

22 F.A. Rihan, C. Rajivganthi, Dynamics of fractional-order delay differential
model of prey- predator system with Holling-type IIT and infection among
predators, Chaos Solitons Fractals, 141:110365, 2020,https://doi.org/10.
1016/j.cha0s.2020.110365.

23 P. van den Driessche, J. Watmough, Reproduction numbers and sub-
threshold endemic equilibria for compartmental models of disease
transmission, Math. Biosci., 180:29-48,2007, https://doi.org/10.1016/S
0025-5564(02)00108-6.

24X.Wang, Z. Wang, X. Huang, Y. Li, Dynamic analysis of a delayed fractional-
order SIR model with saturated incidence and treatment functions, Iz J.
Bifurcation Chaos Appl. Sci. Eng., 28(14):1850180, 2018,https://doi.org
/10.1142/50218127418501808.

25 Z. Wang, X.H. Wang, ].W. Xia, H. Shen, B. Meng, Adaptive sliding mode
output tracking control based-FODOB for a class of uncertain fractional-

order nonlinear time-delayed systems, Sci. China, Technol. Sci., 63:1854—-
1862,2020,https://doi.org/10.1007/s11431- 019-1476-4.

26 F. Zhang, T. Zhao, H. Liu, Y. Chen, Backward bifurcation in a stage-
structured epidemic model, Appl. Math. Lett., 89:85-90, 2019, heeps://d
oi.org/10.1016/j.aml.2018.10. 001.

386


https://doi.org/10.1016/j.cnsns.2014.08.032
https://doi.org/10.1016/j.cnsns.2014.08.032
https://doi.org/10.1016/j.chaos.2020.110200
https://doi.org/10.1007
https://doi.org/10.1007
https://doi.org/10.1007/s11432-019-1521-5
https://doi.org/10.1007/s11432-019-1521-5
https://doi.org/10.1016/j.amc.2006.07.102
https://doi.org/10.1016/j.amc.2006.07.102
https://doi.org/10.1016/j.cnsns.2014.01.025
https://doi.org/10.1016/j.cnsns.2014.01.025
https://doi.org/10.1016/j.chaos.2019.05.039
https://doi.org/10.1016/j.chaos.2019.05.039
https://doi.org/10.1016/j.chaos.2020.110365
https://doi.org/10.1016/j.chaos.2020.110365
https://doi.org/10.1016/S0025-5564(02)00108-6
https://doi.org/10.1016/S0025-5564(02)00108-6
https://doi.org/10.1142/S0218127418501808
https://doi.org/10.1142/S0218127418501808
https://doi.org/10.1007/s11431
https://doi.org/10.1016/j.aml.2018.10
https://doi.org/10.1016/j.aml.2018.10

