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Abstract: This paper considers the optimal harvesting problem for a size-structured
model of unidirectional consumer—resource mutualisms in which the consumer species
has both positive and negative effects on the resource species, while the resource has only
a positive effect on the consumer. First, we show the existence of a unique nonnegative
solution of the system and give the continuous dependence of solutions on the control
variable. Next, the adjoint system is derived, which is necessary for optimality and
the existence of a unique optimal policy. Then necessary conditions for optimality are
established via the normal cone and adjoint system. Moreover, the existence of a unique
optimal strategy is proved via Ekeland’s variational principle and fixed-point reasoning
in convex analysis. Finally, we use numerical simulations to verify the main results and
find other dynamic properties of the system.

Keywords: consumer—resource interaction, size structure, optimal harvesting,
Ekeland’s variational principle.

1 Introduction

Ecological researches show that the outcomes resulting from interactions
between species can vary with context-dependent factors (see [6]). The
outcome of the interaction is that the density of each species may end up
above, equal to, or below its carrying capacity in isolation from the other
species (see [29]). Thus, the interaction outcomes of a two species system
are classified into positive (+), neutral ) or negative (-) effects (see [11]).
Wang and Wu [30] pointed that the interaction outcomes between two
species are not fixed but vary with biotic and/or abiotic factors. Moreover,
Wangand DeAngelis [29] divided the outcomes between two species into
six forms: mutualism (++), commensalism (+0), predation/parasitism (+ -),
amensalism (-0, competition (--) and neutralism ©0).

Holland and DeAngelis [11] established the consumer-resource
theory by using dif- ferential equations, which provides a way to deal
quantitatively with the problem. The consumerresource system is a system
that discusses the process of energy or nutrient transfer between a
consumer organism and a resource in which a resource is defined as a
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biotic or abiotic factor, which could increase the consumers’ growth,
while a consumer will utilize the supply of resource and then reduces its
growth rate (see [26]). The one way and two-way flow of energy or matter
between species makes that the consumer resource system can be divided
into unidirectional and bidirectional system (see [29]). In nature, there
are many bidirectional consumer resource interactions (such as lichens
and plant mycorrhizal fungi) and unidirectional consumer resource
interactions (such as insect pollinator and host plant).

The traditional consumer resource interaction is simulated by the +)
type relationship in which the consumer obtains some material benefits
at the cost of the resource, such as the classic predator—prey models or
parasite-host models. The unidirectional consumer—resource mutualisms
are consistent with the traditional consumer-resource interaction (see
(10, 27, 28]). Wang and DeAngelis [29] considered the following
unidirec- tional consumer—resource system:

dNy(t) . B 12Ny (t) . N
g Ny(t) {fl &N m — 01 Na(t) — diN1(t) |, |
(1)
d N2 (T) AT . a1 Ny (T) o
di *AQU) {@"’m —cfgﬂg(f) i

Here v, and n.0), respectively, represent the densities of the resource
species and the consumer species at time ¢.

However, populations consist of individuals with many structural
differences, such as age, size, location, status, movement, etc. According to
these structural characteristics, structured population models distinguish
individuals from one another to determine the birth, growth and death
rates, interaction with each other and with environment, etc. (see [22]).
In the last century, structured population models have played a significant
role in the mathematical analysis and control of populations in biology
and demography. Especially, age structured first-order partial differential
equations (PDEs) provide a main tool for modeling population systems
and are recently employed in economics (see [2, 14, 20, 21, 23, 24,
31]). In [20], the authors investigated the oscillation theory of the
following unidirectional consumer—resource model with age-structure in
the consumer:

LL\-I(IL) _ _ X195 (f)
= AN" f T = E .1\" I( — "3 -‘4- f 3

dt 1) |r—dy 1(‘)+1.2+A(1‘) )

ONa(t,a) ON3(t,a) ]
B + 5a daNs(t,a), a =0, @

3 ag1 Ny (f)ﬂ(f)
No(t,0) = —————

26:0) 71 + N1(?)

N1(0) = Nig 20, N»(0,-) = Nao(-) € LL ((0, +00), R),

where v is the density of the resource species at time +, and v.(.0) I the
density othe consumer species at time + with age a. 4) = [ 5(a)Na(t.0)da is
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the number of matured (reproducing) consumers with the age-dependent
maturation function 4(e) + and « are the intrinsic growth rate and
logistic type limitation of resource species, respectively. ¢ is the death
rate of the consumer species a.2vi(1)4(1)/(5 + 411) describes the positive effect
on the growth of the resource species due to mutualistic interactions
with the consumer species, where .. denotes the saturation level of the
functional response of the consumer species, and 72 denotes the half-
saturation density of resource species 5 \i(1)4() represents the consumption
level of resource species by the matured consumer axNi()A(t)/( + Ni(#)
in the boundary condition denotes the new born individual of the
consumer species v, depending on resource supplied by v, where 21 is the
interaction strength, and 7 is the half-saturation constant.

Note that age is only a special kind of size and size of an individual
has a strong influence upon dynamical processes like its feeding, growth
and reproduction, which in turn affect the dynamics of the population
as a whole [5]. Here sizes can be mass, length, diameter, surface area,
volume, maturity, and so on. For some animals, the amount of food
obtained by individuals is proportional to their surface area, and the cost
of the metabolism is proportional to their volume (see [25]). As a result,
modeling population dynamics, it is natural to assume that the vital rates,
such as fertility, mortality, and growth rates of individuals, depend on
their body size and time (see [3,7-9, 15, 17-19, 32, 33]).

To the best of our knowledge, so far there is no investigation on
the optimal control of size-structured population models of consumer-
resource mutualisms. The purpose of this paper is to make some
contribution in this direction. To build the model, we assume that ¥ is
the density of the resource at time ¢ and Na(«.¢) represents the density of
the consumer at time ¢ with size . Let @ = 0.) x [0.7]. Here 1 € (0, +c) is the
maximum size of any individual in the consumer species, and 7 < (0. +c) is
a given time. Similar to [20], let

l
A(t) = /;:'J’(.IT)A-'TQ(.L.I‘.)d;z: 3)
0

be the number of matured consumers with the size-dependent
maturation function s In a similar way as to develop (2), we propose the
following unidirectional consumer resource mutualisms system with size
structure in the consumer to study the optimal harvest problem
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AN a2 A N _
: dlf(f) = A\vl(f) T (114Nv1(f) + "-1142»7‘/—1(_?3) - \jlfl(ll) - Lll(ll) . HiE [U T].
('_:)4\-"2‘-:(1,‘. t) . OV (x, 1:)‘\"2(,!‘._ ) o e s it B
at o 4
(t,x) € Q, ()

(X91 N (IL) —1( )
Y+ Ni(e)

V(0,£)N2(0,1) = (
Ni(0) = Nyg 20, Ny(-,0) = Nog(+) € L ((0,1), Ry).

e 0,77,

All meanings of the parameters are exact to or similar as those
for system (2) except the following. Here vy is the growth rate of
individual’s size, that is,d./dt = v(«. 1. The control variables u1(1) and w0 are
the harvesting efforts for the resource species and the consumer species,
respectively, which belong to

U= {(ur,u2) € L=([0,7]) x L=(Q) | 0 < ua(t) < Hyae. t € 0,7,
0 < ua(z,t) € Hoae. (z,t) € Q}.

Here # and 1, are positive constans. Let (%) x(-.1) be solution of (4)
corresponding to (u;,u) e u. As done in [16], in this paper, we discuss the
optimization problem as follows:

max J(uq,us), (35)
(ui,us)eld

where

i a
J(uy,us) /.;.,1 tuy (t f)dt%[fi.u’g(;i'.f)'llg(.[.’,f)l\rg(.l'.f.)d.['df
0 0 0
15 T 1
1
; / Ul(f ti— j//(12[2.1.2(;1‘.1‘)}2(1‘1'(11‘.
0 0 0

Here w.) and w(st) are, respectively, the economic values of the
individual of the resource and the consumer at time #c >06G =12 is
the weight factor of the costs for implementing the controls. Thus, the
optimization problem represents the total net economic benefit yielded
from harvesting the resource and the consumer during a time of 7.

Denote  #i=0.00). L1 =010, Ry and L3=1(0.: 7). We make the following

I —

I

assumptions throughout this paper.

(A1) v:@o.nx01) -5 is a bounded continuous function; v is of ci-
class w1th respect to « < [0.) for each t € [0.7] . V(et) - 0 uniformly for
t € [0.7). Further, there is a Lipschitz constant r, such that V(.1
V(w.8)| < Ly |1 — o] forall g, 25 € [0,1) and £ € [0, 7.

(A2) 5 ey win 5]« < 7 and 5 is a positive constant. Moreover, for any

(.)€ 10.0) x [0.7], we assume that Vi(e.t) > ~do.,
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(A3) v et , and there is a positive constant v, such that jvuea < x.
2 Well-posedness of the state system

This section is devoted to the well-posedness of system (4). As in [16], we
first introduce the definition of characteristic curve.

Definition 1. (See [16, Def. 1].) The unique solution = = #(#ito. o)
of the initialvalued problemi() =v(r.#) witha(to) =20 is said to be a
characteristic curve. Let =) =«t0.0) be the characteristic curve through
(0,0) in , t-plane.

For any point .n in the first quadrant of rt-pne - such  that
v < =) that is swto <=0, define initial timer=r(x.t). It is clear that
if p(rit.x) = 0. Obviously. = ¢~2(0:1.) . Using characterlstlc curve technique as in
[1], the solution of system (4) can be defined as follows.

Definition 2. A pair of functions x.0.x..0) is said to be a solution of
system (4) if it satisfies

t

;\‘rl (f) = Ai"-l[) exp { / ['l' — (ilﬁfrl(b") -+ Li(‘j)) — 31;—1(8) — lll(.%'):| dh”}. (6)

Y2 + A(,s
0

Fiy (1.N2(-,7)) - o
N 1) = At f Gy (s, Nao(-,8))(p(s;t,x))ds, x < z(1),

Nag(p(0;t,x)) +f0 Gv (s, Na(-, 8)) (s t,x))ds, = > z(1),

where () = [{ () No(e. ) ar. By, ma 6 are given by

(121:\—1(1L fO (,‘) J.‘) di
%1+ Ny ( ) '

Gy (t,¢)(x) = —dap(x) — Vi(x,t)d(x) — ug(x, t)od(x)

FN1 (f (,)) —

for e [0.7] and ot
To discuss the well-posedness of (4), let x = r~0.1) « z~0.7:220.1) and define
anew norm in X by

{

|(_A-"’1.N2)H* — esssupy e Nl(\z‘ﬂ f/ Ny
te(0,1) A

(z,t)| dx

forsome » -~ 0. Obviously, 1.1 is equivalent to the usual norm on x. Thus,
X is a Banach space with the norm ... Further, denote

M = 111:1};{4\*"10 exp{(r 4 m;g)T}. Nag [1 4 exp{(LV + r_rrgl.-?)T}]}

and define the space
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X = {(Nl.Ng) eX |0 Ni(t) S Mae. te(0,T), Na(z,t) 20

and

[
No(z,t)de < M ae. (x,t) € Q
0
It is clear that x is a nonempry closed subsct in x. Define 4.« - x by

A(*?\Tl ; *F\TQ) = (Al (i?\"rl , *'T\TQ ) : AQ (j\rl , 4?\?’2)) :

where 4,35 wnd 43, ) are defined by the right-hand sides of (6) and
7, respectlvely Clearly, if(v.(t). Na(2.1) is a fixed point of , then it must be
a solution of (4) and vice versa.

Next, we show that 4 is a contraction mapping on x . To do this, we
first introduce the following lemmas.

Lemma 1. (See [13, Lemma 3.3).) For any <01 tont) = o) hen v
-0~ 0.1 45 continuous, decreasing and onto, and hence 7. has the inverse
1), which is continuous from 0.4 0.0,

Lemma 2. (See [13, Lemma 34).) Let = oty . Then &I is
differentiable with respect to 7, and

t

dz _ I-"’(_n.r)exp(/1”}(59(0? 7.1),0) df’): )
dr

2
and XU is differentiable with respect to n , and

t

o /1:}(99(017-?2)@)(10 : =
dny ‘

T

Theorem 1. Assume that (A1).(A3) hold. Then, for . <u, system (4)
has a unique solution (N,.N,) € x..
Proof. First, we show that the mapping 4 maps X intox. For

any (N, Na) € X, let b(t) = V(0,0N,0,6). Lt is clear that st = cammam/on + M) =
(2. %:(-1), From (A2) it follows that evis. v <o. Thus, foro<i<:o),
we have
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L
(jl-Qlﬁ"-l(f)Aﬁl(f) )
blg) =~ e At) = )N dax
= iy e = B | B e
0
z(t)F - I
< ang / Ny (;(;)27_()7)) du + 0215 f 4\20( (U & [)) du
L 2(t)
z(t)
2N =~ b(T) i - _
< a1 Ny + a8 s dr = ag913Nag + aa1 81 (10)
Vi)
0
Let s=r=¢10;t,0). By Definition 1s=¢whenu = 0, while s = 0 when s = z(t).

Moreover, from s = ¢~1(0:t.x) it follows that » = 4(#;5.0). Then from Lemma
2,(1.(/11.~: -V(0,7 (\pj Va(p(o:s,0),0)do), Thus Ww¢e haVC

0

t t
= —/b(s) eXl)(/L";C(.\r;(ﬂ'iﬁ;.()).O') da) ds < ]eL"(tS)b(.q) Js. (1)

t s 0

This, together with (10), yields «#) < 0275 + awi {21 0 Gronwall’s
inequality it follows that

b(t) < a1 3Nog exp{(a213 + Ly )t}. (12)
For .1 <+ <1, inequality (12) still holds, and the proof is more simple.

For any (Ni,Na) € & A(N1, N2) = (A1(N1, N2), A2 (N1, N2))., WeE consider .
From (6) it is easy to see that

|«41(N1- Nz)l(f—) < Nio EKP{(?' T O‘lz)T}-

Further, from (7), (11) and (12), for o<+ < -1, we can see that

l z(t) l
F , N
‘AQ(AN—LAIYQH(;IT.I() di \<\ NI( 2{ T 4\20 ( 0 LT )
Vi(0,7)
0 0 z(t)

t
Si'rgoff LV(E s)b( )(15
0
t

\<\ N‘TQO -+ L\‘zl.gﬂ?zoeLVI /e“mﬁs ds

0
< Nao |1+ exp{(Ly + a213)T}].

For :-1(1) <+ < 1, the above inequality still holds, and the proof is more

simple. Thus, 4 maps x into itself.
Next, we discuss the compressibility of 4. For any ov..x) and ot e,
from (6) it follows that
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| A1 (N1, Nz) — AL (N, N3)| (@)

t

pl(r+ai2)t exl){f{(]p\-'l(.ﬂ:) } (\12_4( ) — aqa — 31 A(s) ul(s)] ds}

=N,
10 / ’)2+—4—( )

t

e
— glrtomult exp{f[(]p\’i(s) - %‘Jjgf) —ays — BiA'(s) — 111(.€'):| ds}

0

< ANrIDe(rJralg T
t l

X f [dl Ni(s) — Ni(s)| + (‘” + 31) fﬁ(r)

0
L
Ni(s) = N{(s)| + f | N2 (e, ) = Nj(x, 5)] d;l] ds, (13)
0

t
i f[
0

where 11 = Nt T max {a, (a1s/92 + )3} For0 < ¢ < =-1(0), We have

Ny — Ny |(x, s) d‘z,} ds

[
f | Aa(Ny, Na) — Ag(NY, N3)| (2, 1) d

< 7)FN1(T,A-’2<-,T)) — (7. N5(-. 7))

da
V(0,7 :
0
z(t) t
—0—/[ Gv (s, Na(-, 5)) (o(s;t, ) — Gy (s, N (-, ))(p(s:i’.‘l'})|dsdx
o 7
i
+[/c; o N, ) linlsty m)) — G (o, Vo8 (i lssty 2)) | do
z(t) 0
= [+ I + L. (14)
For niws=-=s@wn. By Definition 1s=+¢whens =0 whiles=0 it
follows that +==:t. Then from Lemma 2 it follows that
de/ds = —V(0.7) exp([* Vi(p(o: 5.0).0) do). Thus,

t
L& eLVT/ |Fiv, (7, Na(+,5)) — Fny (7, N3(-, 5))| ds.
0

Further, we can obtain
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t
Il < ELVTf
0

LyvT / a2171|N1(s)A(s) — N{(s)A'(s)]
=€ / (71 + N1(8))(m1 + N{(s))

a1 N1 (s)A(s) B ag Ni(s)A'(s)

: 2 ds
71+ Na(s) 71+ Ni(s)

ds

t

geLvT/ {aﬂm(._ — A'(s)| + (21_4( )
0

t ol t
_ M
< eL"Tan.S[ f / | Ny — No|(w,s)dads + — f |V N;|(.s)ds]. (15)
i
0 0 0

For 1.+ 1, as in [12], using Fubini’s theorem and Lemma 1, we have

Nite) = NG as

t z(t)
Iy + 13 = / / Gv (s, N1(-,8)) ((s; t,x)) — Gy (s, Na(-, “))(";(‘S‘le,'t))[di‘(ls
O )
t i
7—]/ Gv (5,N1(-,9)) ((s;t,z)) — Gy (s, N3(-, 5)) (,;(5:1‘,.4')” du ds.
0 z(t)
From Lemma 1 it follows that if =% e =ni) = n.
Further, n = ¢(s;t, z). By Deﬁnition 17] = g(rit,x) = 0 when z = 7 1(s) (i.e. s = T(x.1)).

while n = @(s:t,1) < [ when = = [. Moreover, it follows from = o(s;t,x) that
r = ¢(t:s,n). Thus, from Lemma 2 we have @ - exo(f Vi (oto:5.0. 0 dojan. Thus, we

have

t

L+ I3 <elvT //!—((12 + V(. s) + ua(n, 5)) (N2(n. s) — Ni(n,5)) | dnds
00
oLv T((]2 + Ly + H») // |A\Q( (1, s)| dnds. (16)
Hence, from (14)-(16) we obtain
f | A2(N1, Na) — A2 (N7, N3)| (2, t) da

Ny(x,s) — Ny(x, 5)| dads

t 1
<e"VT(anf+dy+ Ly +H2)/f
00

t

o (BT oy BM /
ga!

0

t I
< M, f llNl(s) — N{(s)| + f | Na(a, 5) —Ng(i-..s)\d‘l-] ds, (17)
0 0

4\?1( ( )‘d‘s

393



Nonlinear Analysis: Modelling and Control, 2022, vol. 27, ntim. 2, ISSN: 1392-5113 / 2335-8963

where M = e"vT max{a218 +ds + Ly + Ha, a13M /y1}. For 2~1(1) <t < T, the above inequality
still holds, and the proof is more simple.
It follows from (13) and (17) that

| A(N1, N2) — ANy, N3,
= || (AL(N1, Na) = ALV, N3), Aa (N1, Vo) — Ao(NT, Ng)) |,

t
gﬁfgeassup{e’\t[/( — Nj|( /J\' — Ny|(z, s d.z) :l}
te(0.T)
0
M.
£ TE‘ (N1 — Ni, N2 — N3)|..

Choose 1 such that i -z = a1410. Thus, 4 is a contraction mapping on
the Banach space (x.J.). Hence, A owns a unique fixed point, which is the
solution of (4).

To conclude this section, we will discuss the continuous dependence
of solutions n the control variable. Letzs = z~(.7:21(0.1)).

Theorem 2. For any (u.uw). () € U fer (N, No) and (N N3) be solutions of (4)
COrresponding to (u.us) and (i;, ), respectzvely. Ifr is smal[ enougb, then there
are positive constants K, and k. such that

Ny — Nillzeo,1) + [|N2 — Ny || £s

< KlT[HUl . '“i||Loo(0,T) + |luz — '“'IQHLT‘;}
and

N2 — Nal|p

< I(Q-T[HCH = Q’:‘,”Ll(D,T) ~+ Hﬂ'l a 0’1 HLi(Q)} "

Ny — A’T{HLi({],T) -+

Proof. We only prove the first estimate as the proof for the second one
is similar. From (6) it follows that

Ni(t) - Nj(1)|

t

)| N N} la

slm"loe“*mﬁf [dﬂm(s)A-'{(s)|+°‘12 2 o B2)|Na(z, o)~ (2“ L
0

(72 + A(s)) (2 +A'(s))
l

+ 5 f :3(.1:)[4\-‘5(& s) — Nj(x, s)| da + )ul(s) - u’l(s)|] ds

0
AT, A(r4oq0)T
< AID'C'( 12)

t i

x / [lel — Ni|(s) + (%+31> / B(x)| Nz — Nb|(x, 5) di} ds
0

0
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4

_%_i?\-"loe(T-i-CliiQ)T/"U-i(s uy (s )|ds

0
E- 1

< M; /LV Ni(s)|ds 0/1 
+0/l“1(-5') — uy(s)|ds

where A1 = max(a1,. Ny +27y Further, from (7) we have

> — No|(z,s)dzds

Na(a.t) = Nj(a.t)| da

/

da

z(t)

[y (s Nales 7)) — s (G o )|
/ Vi(0,7)
0

Z(E) &

e

s, Na(+,5)) (p(sit.z)) — Gy (5. Na(-. 8)) ((s:t, x)) ‘ dsdr

t

No(-, 8)) (e(s3t,2)) — Gv (s, Ny(-, 8)) (e(s; 8, .1))| dsdx

z(t) 0

=J, + Js+ J3.

By a similar discussion as that in » (changing variable s =+ (0:7..)) we

have
t
Ji et [ |Ewv, (7, N2(-,8)) — Fiy (7, N3 (-, 5))| ds
0
< eLVTf fo 8(x) r,s)de — Ny (,5) f; B(x)Nj(x, s)dr| ds
J ot N NI

fiore !
_ 1
< eLVTanB/ l/ Ns — Nj|(xx, s) da + b /NQ(J'. s)da [Ny — Ny (s)] ds
] )

0 0
t 1

i t
. 01 BM
geL"Tflzl,;3/f|A-' — Nj|(=, s)dzdsﬂLeL"TamifD-"l — N{|(s) ds.
Y1
0 0

By a similar discussion as that in «- 1 (changing variable /= (s:1.)) we

also have
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t 1
J2+J3§eL"T//

<eL1Tff (da + Va(n, 5)) (Na(n, s) — N5(n, s))‘d?]ds
0
t 1

Gy (s,Na(-,5))(n) — Gy (s, N3 (-, 9))(1])‘ dnds

‘Tf/lzzg 1, 8)Na(n, s) — ub(n, ) Na(n, s)|dr;ds
0

0

[2
< eVl (dy + Ly + Ha) / [ Na(n,s) — N5(n, >)| dnds
0 0

t 1
- eLVT;Uf/ f'ttg(?). s) — ug(n, s)‘ dnds.
0 0

Hence, we can obtain

1
0
t 1

_ ot
BM
< eLVTL/LNl(S)—N{(s)‘ ds + eL"Tﬂ[/h/"uz(x. 5)—11’2((1'.5” deds
il ;
0

00

z,t) — Na(z, 1‘)| dr

l

[ 2
;eL"’T(agl,{?dg + Ly +H2 ] 2 T s — \2(1 G)‘Ci..i'(]-.‘?»

00
t
-<\ﬂf4[/ Ni(s) — Ni(s) dq—}—/]L\r — Ni|(x, s)drds
t
/|’ul( ) — uf(s ))ds}

0

where 1, = w2 1), The result follows immediately from above analysis.
3 The adjoint system

In this section, we will derive adjoint system of (4). Here and below
we denote by 7« and Nu(e) the tangent cone and normal cone of #/at o,
respectively.

Lemma 3. (See (4, Prop. 5.3].) Suppose that ..+ < 1~ satisfies
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AR
// 1)1# Yol 1) +p) (&% Hd{df 0 foranyv € Ty(a).
0o 0

Then there isoc L>(Q) such that ||0]|oe < 1 and pf — 9 € Ny(av).

Lemma4. Let (vi.N.) be solution of (4) corresponding to (u.w) e u. For
each (vy.vs) € Ty(ur.uz) Stch that (u+ -, w =) < u for sufficiently small - - o
we have

1

-
Z

4 TE 4"?\"—1] =% Tk |4 TE JT\'TQ] —F Z9

L

mlr—-

as - —uwwere (357 15 the solution of (4) corvesponding o (u, + v1. s + cvo) is
the solution of the following system.:

d;&f) = 21 (t) [r — 2dy N () + m — BLA(H) - ul(f)]
#3000 22220, — 515(0) - ().
()é)‘f w :—[d2+ug(;r;__f)] 2(( I flg(l IL) Q(J f) (18)

)
anN1(t)B(t)  aan: 1(”4(?).

)
z1(0) =0, 22(-,0) =0, B(t) = f B(w)za(w,t)de.
0

Proof. The existence and uniqueness of the solution to (18) can
be established in a similar way as in Theorem 1. By [1, Lemma
3.1.3], tim._o[N: — Ny]/= and lim.o[N5 — N3]/ make sense. Note that (v;, Ng) and (V1. N2)
are solutions of system (4) corresponding O (ux + va, g + vi) nd gy sl
respectively. For simplicity, we denote 4:(1) = fiswvicena eccce. It follows from
Theorem 2 that

—[A%(1) — A#)]

{
f pi\' 1) — Na(z.t)] di—)f gyl 1) de=.B{f)
0

as = > 0. Thus, (N7 - Ny)/e. [Ns — M1)/e) must be solution of

f)‘;_L
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d[L(Nf — Ny)]
dt

. %[:Nf (t) = rNi(8)] - %[dl (Vi ()" - da (V1)) ]
e
~ [ () (N3 () = Ma(0)] = ea ()N (),

AAE — )| | Ao — )] "
ot e

—é((ﬁ + ug) [N5 (z,t) — Na(w,t)] — va(w, )NS5 (x,t),

; Vi . 1[agNi(H)A%(H)  aaNi(HA([R)
V(0,8)= [N5(0,1) — Ny(0,8)] = = A )
( )E[ 5(0,) — Na(0,1)] o S p——AES

[N5(-,0) — Na(-,0)] =

m | =

[\ (0) = N1(0)] =

o | =

It follows from Theorem 2 that

oy | =

[rNE(2) — rN1(t)] = rzu(t),

| =

~[ua (D) (N (#) = N1(1))] = wa(t)z1(2),

~[d1 (N () — (N1 (8))7] = da [N + Nl]%[Nf(f) — Ny(8)] = 241 N1 ()21 (2),

1lanNf(H)A®())  aM(HAR)] | a12792Ni(#)B(E) | a1yen(t)A()

o + A% () 2t AR | (e AD) Yo + A(?)
;[Sle(t)Ag(t) — .3’1A"1(1)A(_tﬂ — BiN1(t)B(t) + B1A(t)z1(t),

H\v—ﬂ

%[d%wf( t) — daNy(,t)] = daza(x, 1),

| =

[ 2(x,t) (N5 (2,t) — No(x,1))] = ua(x,t)z2(x,t),

1{0-213 S(#)A(t)  aaN1(B)A(F) . am%(ﬂfé B(t) 5 az1y171(t)A(t)
& (

m+Ni@t) m+Ni@) Y1+ Ni(t) (71 + Ni(t))2

as = -0 Taking =~ 0 in (19) and using the above results yield system
(18).

The adjoint system corrcsponding to control (.« and state (V.. N) is

dnéit) — —n(t) [,. — 2d, Ny (£) + m — BLA() — uy(t)
O
1 V(o2 [y + e, O] (o) - Crmfrz:}(f’:);\;((t;:%m o

+ wo(w, t)us (x, 1),
m(T) =0, nelz, T) =nall, 1) = 0.
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Methods similar to Theorem 1 can be used to prove the existence of
the solution to system (20). Moreover, for (20), by similar discussion as
in Theorem 2 one has the following result.

Theorem 3. For each (. < u, the adjoint system (20) has a unique
bounded solution on.n) < 1=0.1) x 1=@) . Moreover, for v sufficiently small,
there is a positive constant &, such that

Im =l + lIn2 = mallz=(@)

< K3T [|lur — ¥ || 0,7y + [luz — bl 0,1)] -

where . and i) are the solutions of system (20) corresponding to
(u1.u) and (uh.u) e u, respectively.

4 Optimality conditions

In this section, we will give first-order necessary conditions of optimality
in the form of an Euler-Lagrange system.

Theorem 4. Let (i) be an optimal harvest policy for the optimization
problem (5), let and (Ni.N3) be the corresponding optimal state of system

(4). Then
ol (t) =F w . ab(x.t) = Fa [(wa + 372()‘\’Y2*](.‘¢'-t) -
1 2
where the truncated mappings r. are given by
0, &«
FF) =48 058 1=12, (22)
H;, 5> H;,
where on).0.1)) is the solution of the following system:
I (t o A* (1 ,
T = )[ — 2N + R ((z‘)) — LA () - ui(2)
_oomne(0,0)A(®) *
RO
M wer OB o - ’ aom2(0. 1) NS ()5
o +1 (LIL)I = [do + ub(x,t)]me(z,t) — - + A\'f ) -
anz28() N (D) (1) )
+ il ()\ ( )Ul(f)* 2+ﬂ1 (ﬂ)g

+ wo (&, t)ud (i, t),

1
miT) =0, mn,T)=mn(l,1t)=10, A*(t) = /i( N3 (z,t) dz.
0

P;’OO]F FOI' any (v1,v2) € Ty(uf, u3), one has (uf,us) = (uf + cvy, ud +cvg) € U, ONE haS
for sufficiently small ¢ > 0. Let (¥i.35) be the solution of system (4)
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corresponding 5.5, From the optimality of «i.w it follows that
J(ui.u5) < J(uj.u3). Thus, from Lemma 4 it follows that

(s T J(u§, ug) — J(ut,u¥)

=0+ €
a7 i

= /wl(z‘)ul dl‘+[ t)NT () — crui(t )] 1(t) dt
0 0

1
fwg x; E)ud (&, 1) za(x, t) dodi
0

1
/ wa(x,t) N5 (@, t) — coud(w, t)]|va(w, t) du dt. 24)
0

O\q D\H

Here (s1(1). 22(x.1)) is the solution of (18) with (u.u) wa (v. ) replaced by
(ui.u3) na (N7 ;), respectively. Next, we show that

ar T T
/iwlll zp|dt + /-/:wglzgzg} dedt = /[mﬂ"’f vy ] dt + /fi?]gﬂ‘jl:g} dedt. (25)
00 00

0 0

In fact, multiplying the first equation in (23) by (.. and integrating

on (n.m), we obtain

a 4

1= Yo A*(t
/1] (7 Lat = /rh t)21(t) [.' —2d1 Ny (t) + L() — L A*(t) — uf(z‘)] dt
0 0 L

dt 9 + A* (f)
s At
‘ a1 y1z1(E)A* () i
0 0
Multiplying the second equation in (23) by =1 and integrating on ¢,
we obtain
T 1 . )
/] [( uc: J18 d(I ‘.‘2 } da dt
00

1 T
/r,ag x,t)[dy + ub (i, t)] z2(a, t) dw dt — 31/111 B(t)dt
0 0

dt

T
m ()N (t )Mdt— /1]2(() f)w
) ]

(12 + 4°(1))* (n + N7 (1))

D\ﬁ OL\% O\ﬂ

!
/wg(l tyus(w, t)ze(x, t) du dt. (27
0

It follows from (26) and (27) that
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[ T F [0 a(Va)
dz | )zo AV 29 »
/ '“W dt + //i}g { B + B ] die dt

a2 A* (1)

OL“‘\’-E

T
e [1 — 2dy N7 (t) + — L A*(t) — 1’1] dt — 31/ mNy B t)dt
0

Y2 + A*(t)
T T -
s Bk
/]172 %, t) dgAUz(.} f)]yg(l f)(1L<1f+/:]1 DN (t %dt
00 0
7 T
. /wl(i’)ul £)dt — //Wz 2, )l (z, )22 (x, ) da dt. (28)
0 0D 0

Similarly, multiplying the first equation of (18) by u () and multiplying
the second equation of (18) by (., with (u.uw)wmi v x) replaced by
(i) and (v7.;) in (18), respectively, we also have

Fr T AV z5)

Z C
T4 g =3 L dt
fotrace ] o[t 2]

0 0 B8

U T
N A% (t
= / e [-,- P M — BLA*(t) — uﬂ at— ] [N B](t) dt
0 0

Ya+A*(t)

i T
a9 B(t
0[7]2 x,t [dg+l$2(l f)]VQ(I t) da (1#!171( NS (¢ )%df

O\sq O\'—sﬂ

T sl
n (D) NT () (t) dt — /ff;g x, )Ny (x, t)ve (. 1) da di. 29
00

By (28) and (29) we obtain that equality (26) is true. Substituting (26)
into (24), for each (.12 € (i u3), we have

T
[{ )+ ()| Ny (t) — crui(t) boi(t)
0

L
- [f {{wa(z,t) +mo(x, t)| N3 (x,t) — coul (2. t) pva(x, t) dr dt.
0 0

Hence, we have (e +mvi - cvug)). [(wa + m)V; - cougl(.t) e Ntz u3). ' This implies
the conclusion of this theorem.

5 Existence of a unique optimal harvesting

The purpose of this section is to show that the optimization problem (5)
has a unique solution by means of Ekeland’s variational principle. First,
we embed the functional 7(.) in the space 0.1 x 2@ by defining
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i ) J(ur,ug), (ur.uz) €U.
J(uy, ug) =
o —00, (ulr HQ) &‘ U.

Lemma 5. The functional .. is upper semicontinuous with respect to
(un1.u2) 1N L(0.7) x LY(Q).

Proof. Assume that (u.43) — (1.1) as n — +. From Riesz theorem there is
a subsequence of (1.4 still denoted by (@) such that

@®)* = (u(®)? as.in[0,7],  (ub(r,1)* = (ua(,)” as. inQ

as n - . Then, using the Lebesgue’s dominated convergence theorem,

I8
" 2
nil}ljlfoof uy (t (ul(f)) dt.
0

P i l
lim // ug (: 2 dadt f ? da dt.
n—-+4oo
0 0 0

Let (¥, Na0) and (32, 72) be the solutions of system correspondingto «+..x and

we have

Pt~ T

(u1,u2), respectively. From Theorem 2 it follows that

i i

0 0

i i

/Wl ) N1 () [ul (t) — ua (t)] df—l—j’wl(l‘)ul(fjll\ﬁn(tj — Ny(t)|dt
0 0

<M

||w1||Lm({1T)H“1 “1HL1(0,T)

+ [lwll oo 0,7y Hy Ko T [ ||t — Ul”Ll(o,T) + |z — “QHLi(Q)]'

Thus, we obtain

T
lim / wy (O)ul (t
n——+co
0

Similarly, we also have

ub‘l Ifl :\ ( )

D\*ﬂ
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T 1
lim ffwz(l tyudy (@, t) Nop (@, 1) d df :ffwg (i, t)Na(w, t) dw dt.
n—-+oo
0 0

From Fatou’s lemma it follows that tmsup, ... J(u}.u3) < J(ur.us). ' This means
that Jiu, w) is upper semicontinuous.

Theorem 5. If r-o is small enough, there is a unique optimal
harvesting policy (ui.w) cu , which is in _feedback form and determined by
(21).(22).

Proof. Define the mapping 5:u — 1~0.1) x 1=(@) by

wa + 12 ) N
- ( 2 }2) 2

€1 Co

B(uy,ug) = | F1

where (vi.vma(nm) are, respectively, the solutions of (4) and (20)
corresponding to (u.«:) cu. Now, we show 5 owns a unique fixed point,
which maximizes 7.

From Lemma 5 and Ekeland’s variational principle it follows that for
each - - o, there exists (.45 cu such that

J(us,u5) = sup J(uy, ug) — €, (30)
(wq,u2)EU
f(u‘i us) = sup J.(uy, us), (31)
(w1,u0)eU
where
jg(ul.u.g) = J( (uq, fHul U]‘”Ll(O,T) — ﬁ”u% - “'QHLl(Q)'

It is clear that perturbed functional /...« attains its supremum at oz ..
In the same manner as that in the proof of Theorem 4, we obtain

() — 7, [AOF N | Va0
i 1 i
(e t) = Fo [ [wa(, t) + ?;g-(‘{r,t)]ﬂ-’g((zr.t) i \/EHQ(If]
L C2 Co

where (v ma 5 are solutions of (4) and (20) corresponding to
(580 € L0, T) with |61 (1)) < 1ae. in (0,T), and 6y € L=(Q) with [fa(, #)] < 1 a.e. inQ.

Step 1. We show that the mapping 5 has only one fixed point

(i) For any (u.u <u, from (22) it follows that (.0) < B(u.uw) < (a1, 1. Thus,
B maps U into itself.

(ii) From Theorems 2 and 3 we know that (.32 and (..1.) are continuous
about the control variable (u1.1) Thus, for any (u;. us). (u. u5) € 4, we have
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HB(U.LUQ) - B(-u.’l.-ufz)” < G +jh)h1 — (e ?j?’l)hl
1 &t L>=(0.T)
(wo+m2)Na  (wa+mp) Ny
= R e L>(Q)
< K'4T(lel + (’gl)
ullze(o,r) + luz — gl Lo (@)

X [[|usz —

where x>0 is a constant. Obviously,s is a contraction if 7+ is

small enough. Thus, 5 has a unique fixed point(u,. u). (u}.u)  u. In addition
Theorem 4 shows that if the optimal policy exists, it must be the fixed
1S, (5, u5) - (ar, @

point of 5. Thus, the uniqueness holds
Step 2. We show that @.e is the optimal policy. That is,s.) - (.2 as

e 0t
Note that
= Hﬁ.l = ui”Lf’C(O,T) + H-EQ — UEHLS‘:(Q)

H (. tin) — (ui.u3) HOO

and

y + g VEl|82(2, )| oo

(Ul Uz H

|| B(uf. u3) —
§_ \/;(1_1 = Co 1).

Hence, we have
E =

H(al I_:lg) = (U-%i‘ L‘é H
3 HB Uy, ug) — (fu1 us) ” ||B (uf,u3) —
—I—(z H H]_.U.Q)— (“1'“2)” —b—f( —|—(2 )

- is sufhiciently small such that x.1

1 <1, then
e e VE(G + &)
(Ul- 11-2)H < 5 =i =

= 1= Ral'le; = +iy")

H (ﬁl , U2 )
Thus, (s.«) - (@.m) s » 0+. From Lemma S it follows that

é IX4T(

If 7+

S

J(@1,83) = sup J(u,us).
(u1,u2)eld

<u is the optimal policy

This means that
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6 Numerical tests

In this section, we provide some examples to illustrate the effectiveness
of the obtained results. Note that our problem is highly nonlinear,
and one cannot expect an explicit optimal controller. In the following
examples, we do not consider the interaction between resource
and consumer species and do not consider the costs of controls.

We take = 2, dy =08,dy =01, 71 =7 = 81 =0, a3 = ag = 0.8, Bx) = 1042(1 + x),
Vizg,t) = 1—2,1 =1, T = 1, wi(t) = 0.35(1 + sin(4nt)), wa(z,t) = 1/120 x
(5mx + sin(8xt) + 1).,

Exﬂmp[e 1. Take Hy = 0.5, Hy = 2, Nyp = 1.5 and Nog(x) = 2(1 + x)2(1 — )2 (see Figs. 1-
3)

Example 2. tae 1, = 05 1y = 2. 5y = 100 Noo() = 501+ 021 - o (see Fig. 4).
Example 3. Take Hy = Hi(t) = 0.5 + 0.2sin(4xt), Hy = Ha(e,t) = 2+ 0.20 +
0.3sin(8t), Nyo = 15 and Nao(z) = 2(1 + 2)2(1 — )2 (see Figs. 5-7).

From the numerical simulations given in Figs. 1 and 4 we can see
that the optimal harvesting strategies for both the resource species and
the consumer species basically have a bang-bang structure. Further, by
comparing Fig. 1 and Fig. 4 it can be seen that given other parameters,
the optimal harvesting strategy for the resource species has nothing to do
with its initial value, and the optimal harvesting strategy for the consumer
species has nothing to do with its initial size distribution. Thus, it leads
to the conclusion that the bang-bang structure of optimal policies is
much more common in optimal population management. In this paper,
we assume that the maximum harvesting efforts for the resource species
and the consumer species are, respectively, positive constants. However,
from the numerical simulations in Example 3 it can be seen that if the
maximum harvesting effort for the resource species is a bounded function
with respect to time ., and the maximum harvest effort for the consumer
species is a bounded function with respect to time + and individual size
r, the optimal harvesting strategies for both the resource species and the
consumer species basically have a bang-bang structure. From the right
part of Figs. 1,4 and 5 it can be seen that for consumer species, harvesting
individuals with larger sizes is conducive to obtaining more economic
benefits. This has obvious biological significance because we assume that
individuals with larger size have greater economic value.
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Figure 1

Optimal harvesting efforts ul#(t) in Example 1 (left) and u#2 (x, t) in Example 1 (right)

N_(x.t) without harvesting

Body Size x

N, (x,0) with harvesting
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0 g Time t Body Size x 0 0
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Figure 2

Population density N2(x, t) in Example 1 with u2 = 0 (left); with u2 = u#2 (right).
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Figure 3.

Trend of the total population in the case of harvest and no harvest in
Example 1. Resource population (left); consumer population (right).
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Optimal harvesting efforts ul#(t) in Example 2 (left) and u#2 (x, t) in Example 2 (right)
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Optimal harvesting efforts ul#(t) in Example 3 (left) and u#2 (x, t) in Example 3 (right).
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Figure 6.

Population density N2(x, t) in Example 3 with u2 = 0 (left); with u2 = u#2 (right).
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Trend of the total population in the case of harvest and no harvest in

Example 3. Resource population (left); consumer population (right).

7 Conclusion

This paper is concerned with the harvesting problem for a size-structured
model of unidi- rectional consumer—resource mutualisms in which the
consumer species has both positive and negative effects on the resource
species, while the resource has only a positive ef- fect on the consumer.
In the previous sections, we have established the well-posedness of the
system by constructing a suitable solution space and equivalent norm.
Then the continuous dependence of solutions on the control variable and
the adjoint system of the state system are investigated. More important
result is the existence of a unique optimal harvesting policy, which
provides a theoretical basis for practical application. As for the structure
of the optimal policy, in Theorem 4, we have presented a feedback
strategy.

Let us make some comments on the difference of our results and
methods with those of closely related works. For the optimal control
problems of size-structured population models, the authors in [15,17,18]
proved that the optimization problems admit at least one solution but
paid no attention to the uniqueness. In addition, the structure of the
optimal strategy did not considered in [15].

In our paper, we show that there is a unique optimal harvesting policy,
and the struc- ture of the optimal policy is given in the form of feedback.
As far as we know, most of optimal control problems for population
systems are naturally formed in an infinite time horizon. However, in this
paper, we consider the optimal harvest problem with a fixed horizon ,
where. To our knowledge, even for the population model of ordinary
differential equations, the infinite-horizon optimal control problems
are still challenging. For example, it is difficult to establish a suitable
transversality condition so that one can choose the correct solution of
adjoint system for which Pontryagin maximum principle is applicable.
For more details of the infinite-horizon optimal control (including age-
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structured systems and size-structured systems), please refer to [24]. We
leave these for our future work. Moreover, as done in [20], we can
investigate the existence and stability of positive equilibrium and the
existence of nontrivial periodic solution of the system.
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