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Abstract: This paper is concerned with a sixth-order diffusion equation, which describes
continuum evolution of film-free surface. By using the regularity estimates for the
semigroups, iteration technique and the classical existence theorem of global attractors
we verified the existence of global attractor for this surface diffusion equation in the

spaces H3(Q) and fractional-order spaces Hk(Q), where 0 < k < oo.
Keywords: global dynamics, sixth-order parabolic equation, absorbing set.

1 Introduction

In order to describe the continuum evolution of the film-free surface, the
authors in [5] proposed the following classical surface diffusion equation:

vnp = DAgp = DAg(py + po) = DAS('{QgC-’@g + A%+ ,uw).

where v p.. s 2. v and T are the normal surface velocity, the surface
diffusivity, the number of atoms per unit area on the surface, the atomic
volume, the molar volume of lattice cites in the film, the universal
gas constant and the absolute temperature, respectively. = pssoaovs/(rr)2 .
Moreover, Ag is the surface Laplace operator, v represents the
regularization coefficient that measures the energy of edges and corners,
C.p means the surface curvature tensor, and 1, being an exponentially
decaying function of # that has a singularity at # - 0 (see [5]).

Particularly, in the small-slop approximation, the cases of a crystal,
which has cubic symmetry and high-symmetry orientations, arise an
evolution equation in the following form for the film thickness:

du

— = D{D’u+ D*u— D[|Du*D*u]

ot
+D [u.ﬂo(u) + wo (u)|Dul* + '11.‘3('15)192-1{] }
(1]
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where (1) e 0r = 2x(0.7). 2 = (0.1). D = 9/0e. and wozs(n) are three smooth functions,
respectivelyus(io) = 0.20: = aus/i). From the physical consideration, Eq. (1) is
supplemented with the following boundary value conditions:

Du(x,t) = D3u(w.t) = Du(w,t) =0, == U.&).

and initial condition

u(x,0) =ug(x), xel0,1].

(3]

We remark that Eq. (1) is related to the formation of quantum dots
in epitaxially grown thin solid films. This formation has been attracting
attention as a very promising area of nanotechnology that can lead to
a new generation of electronic devices. According to the mechanism
for the formation, the substrate induces the film growth in a certain
crystallographic orientation. In the absence of wetting interactions with
the substrate, due to a large surface-energy anisotropy, this orientation
would be thermodynamically forbidden, and the surface would undergo
a long-wave faceting (spinodal decomposition) instability. In [5], the
authors show that wetting interactions between the film and the substrate
can suppress this instability and qualitatively change its spectrum, leading
to the damping of long-wave perturbations and the selection of the
preferred wavelength at the instability threshold. This creates a possibility
for the formation of stable regular arrays of quantum dots even in the
absence of epitaxial stresses.

In [15], on the basis of the Schauder-type estimates and the techniques
in Campanato spaces, the author assumed that the smooth functions
woaaln) satisfy

ws(ug) = 0, 2uws (1) = wy(u),
5 3 ,
Wolu) = [ wo(u)ds > 1 [ug(uﬂ :
0 4]

and studied the existence of classical global solutions.

The dynamic properties of diffusion systems such as the global
asymptotical behaviors of solutions and global attractors are important
for the study of diffusion models, which ensure the stability of diffusion
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phenomena and provide the mathematical foundation for the study of
diffusion dynamics. For the higher-order diffusion equation, there are
many classical results related to its global attractors, see, for example,
Dlotko [3], Li and Zhong [7], Schimperna [10], Alouini [1], Cheskidov
and Dai [2], Huang, Yang, Lu and Wang [6], Duan and Xu [4] and so
on. To the best of our knowledge, the existence of the global attractor for
problem (1)—(3) has not been addressed yet, which is the main goal of
this article.

In this paper, by using the regularity estimates for the semigroups,
iteration technique and the classical existence theorem of global attractors
we consider the global attractor of solutions for the initial boundary value
problem for Eq. (1). The main results are Theorem 1 in the next section
and Theorem 2 in Section 3.

This article is organized as follows. In Section 2, we give some
preparations for our consideration and prove the existence of global

attractors for problem (1)—(3) in the Sobolev space H*(Q). In Section
3, we prove the existence of global attractors for problem (1)—(3) in the

Soboley space HY(Q) with any k > 0
2 Global attractor in H’

In order to consider the global attractors of problem (1)—(3), we select
a closed metric space ¢ and prove the existence of global attractors of
problem (1)—(3) in this space, whereu = (u: v e #(@). Dulecas = 0. [} udr =0},

For convenience, we give the following lemma on global existence and
uniqueness of solution to problem (1)-(3).

Lemma 1. Assume that w < % and the functions w:s(n) satisfy (4).
Then (1)-(3) admits a unique global solutionu(-.t), which satisfies

u(,t) € L°(0,T; H?(2)) N L*(0,T; H°(12)).

The proof of existence and regularity of solutions is based on the
Galerkin method and a priori estimates in the following. Thanks to the
above existence lemma, we know that there exists a continuous operator
Semigroup(“”)}rzu in H3(02) satisfying S(t)uo =u(t.to). t > 0. |

Then, by the classical existence theorem of global attractors (see [14]),
we give the following theorem on the existence of the global attractor of
problem (1)-(3) in H*(Q).

Theorem 1. Assume « < 72 and the three smooth functions v satisfy
(4). Then the solution u of problem (1)—(3) possesses a global attractor «

in the space H*(Q)), which attracts all bounded set in the space H*(Q).
Similar to [14], we assume that the semigroup sv.., is generated by
the solutions of Eq. (1) with initial conditions « < #«. Then we give two
lemmas to prove Theorem 1.
Lemma 2. There exists a bounded set » whose size depends only on Q
such that for all w ez cv, there exists ¢ > ty = to(B) > 0 satisfring S(t)ug € B.
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Proof. It suffices to prove that there is a positive constant C such that
for large #, there holds|u())x: < ¢. Now we begin to prove the lemma.

Let

1
1 1 1 1
F(t) = / (§|D2u|2 — §|Du\2 + E|Du\4 + Wolu) — 511.‘3(-11)|Du2) du.
0

Integrating by parts and by (2) we have

d

1
7P = / (D%D%t — DuDuy
0

1 1 -
+ E\Du|3Dut + Wolu)us — Eué(u)ut|Du|2 - u‘g(u)DuDut) dux

1
= / (D*u+ D*u — |Dul?D*u + Wo(u) + wo(u)| Dul* + w3 (u) D*u)u, dr
0

= — | |D*u+ D*u — D[|Du|*D?u]

OL\H

+ D[wo(u) + wa(u)|Dul* + ws(u) D?u] |2d£

<0.

Hence, F (t) < F (0), then

1 1 1
1
/ |)DQ-U;|2¢,1.-+E / |Dul* de + / Wo(u)du
0 0 0
1 / 1 /
< F(0) + 5 / | Du|? d + 5 /wg(_-u)\Du\Q du.
0 0

(5]

Then by Poincaré’s inequality and (2) we derive that

1 1
5 1 2 |2
| Du|” dr < 5 } D -u.| da.
m

Combining (5) and (6) together gives

22
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1 1

1
§/|D2u)2cu+ /Du|4dz +/n (u) da

0
; 1
u} d +—/|Du4di +1/ ws(u)]? da.
0

Notice thatw,w > /4w, then there exists ¢ - 22rw) -1 such that

!DQH}Q de < C.

0 (7]
It then follows from (6) and (7) that
1
/ | Du| 2de < C.
0 (8]

Note that w < th. By Poincaré’s inequality and (8) we deduce that
fori>nwm >o,

\u.\g dr < ' / \D-u\g dr < C.

L

Hence, by (7), (8) and (9) we get sup ...i<c and w...ipi<c. Multiplying
(1) with D6u and integrating it over (), we obtain

23
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1 1
%%/‘Dau‘gdm+/‘DGu‘2dr
[i 0

1 1
= f |D%u|” dz + f D?[| Duf? D*u] D®uda
0

0
1

- /DQ [wo () + wa(u)| Dul* + w3 (u) D*u] Du dx

0
1 1 1
< / ‘DEH‘Q dr 4+ 2 / |D2ﬂ-|3DGu dr + Gf DuD?*uDPuD%udz
0 i 0
+

[|Dul? + w3 (u)] D*uD udz

+ | [w)(u)|Dul* + wf(u)|Du|*] D°udz

S O O~ _

+ [ [wh(u) + (3wh(u) + 2w} (u))|Du|?] D*uD®udz
1 1
+2 [wg(-uﬂDzu‘zDau dz +3 /-w{;(-u)DuD‘guDGu dz
0 0

1
= /\Dau\zd:wrh+I2+I3+I4+I5+IG+IT.
0

By Nirenberg’s inequality we have
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1

C (jmﬁufdz)m(j|92u12dm)”8+ CQ([{D?ulsdr)lm]Q

1]

1
f |.D51'.c|2 da =
0

1
< g*fgnﬁufdz +CL,
0

1
f |.D2'e.c|E da =
0

1

f |.D2'e.c|4 da =

1]

1
f |.D31'.c|4 da =
0

L]

| i 1/8 1 3/8 1 17242
f|D3u|2dw < |on ([|Dﬁu12dz) (f{DQuFdz) +Cg(f1D? |2d:c) ]
i} a a o

s;sleEuizdz—i-C‘-,
L]

1 1 1/4 1 1/4 1 172492
f|ﬂ“u|2dw < |on ([|Dﬁu12dz) (f{DQuFdz) +cg(f1D?u|2dz) ]
i} a a o

1
gs[IDEuizdz—kCz-
L]
Then
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1 1 1
I € G[|D2u|“dz+c[|1:r6u|:’dxga'/}DGu|2dx+c_:,
0 0 o
1
I, < 6sup |Du| [ D*uD*uD udx
T2

1 1 1 1
S_C[|D2u|'Ld.7:+C/|D3u|1dx+C-'f|D6u|2dxsg'f|DGu|2da:+C;.
1] 1} [} (1]

il

1
< sup}[Du}2+w3{u]|fD1uDﬂudx
zei? J
1

1 1
s_cf|D"u|2dx+cf|D‘3u|?dxg_g’f}DGuFdHc;.
i} a

0

I

1 1
< sup |wj (w)(Du)? + wj (u)(Du)?| fDGudx < ¢ f |DSul’ dx + €,
e}
(1] o

1
< sup |wh(u) + (3w)(u) +2wg(u}){pu)‘2|fo2wﬁudx
Er=ir

o

1 1 1
é_C[|D2u|2dz+0[|DGu|2dxés"/}DGulzdI+C’;,
a Q 0

I

=)

1 1 1
é_?sup}w;[u}|f|D2u|2D°udx QC/|D2u}'1dx+Cf|D°u|2d;r:
=2 J 2 e
1
g_s'f|D°u|2dx+cg.
o
1

1 1
I < ssup}wgf_u}nu|fn3w“udx < cf|D3u|7dx+cf}D°u|2dx
zef2
] 1] 1]}

1
< s'/|DGu|2dx+c;.
(1]

Summing up, we have

=]

1 1
%ﬂnsufdxﬂl—35’}f|ﬂﬁu|zdxgsc;.
0 0

Assumingthate’ issmall enough anditsatisfies 1 — 8¢’ >0, wehave

1 1
;/{Dgu{‘?dw + ' | D]t de < .
0

0

1
2

Applying Gronwall’s inequality, we have
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1 1

/ |D3-u.|2 dr < e~ ¢t / | D3ug|* d +
0 0

(jh'
cr

Therefore, for initial data in any bounded set »c ), there is a uniform
time #,(B) depending on B such that for 1> >0,

0 [11]

Sobolev embedding theorem givessu.. 0% < ¢ .Adding (7), (8), (9) and
(10), we have 10l < ¢ L) = masin(5).:5), then the lemma is proved.

From the above lemma we know that {S(t)};>0 has a bounded
absorbing set in H*(Q). In what follows, we prove the precompactness of
the orbit in H?(Q)).

Lemma 3. For any initial data u0 in any bounded sets < #:), there is a

T (B) > 0 such that

lu®)||ge <C VE=T > 0.

Proof. The uniform boundedness of H>(Q) norm of u(t) has been
achieved in Lemma 2. In what follows, we give the estimate on H%norm.

Differentiating (1) with respect to x, multiplying the resultant by D’u
and integrating on €, using the boundary conditions, we have
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1
o }D4u|2dx+f|DTu|2dJ:
o

= |Dﬁu|2d:r

o T

1
+f [12|D2u}2 + wp(u) + (3wh(u) + 5wl (u))|Dul
0

+ Twh(u) D*u| D*uD u dx
1 1
+ EfDu|D3u|2D7udx + [ [8DuD?u + 4wy (u)Du] D*uD udzx
0

1]

1
+f [[Du|? + ws(u)| D*uD udx
0
1
+ f [wy (u)|Dul* + 3wy (u) DuD?u + wh'(u)|Dul®
+ (Twy (u) + 2wy (u)) | Dul* D*u

+ 6(wh(u) + w(u)) Du|D?u|*] D7u dx
1
:f|ﬂﬁu|2dx+J1 I A A A 5

N [12]

By Nirenberg’s inequality we have
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i
f |J'__)6‘:.¢I2 da =
0

leSulida: <
o o o

1

g£f|D?u|2dz+cz,

i}
1 1 1/8 i 38 1 1292
f|D*‘u|2dwg Ca(fgﬂ?ufdz) ([wﬁufdz) +Cd(fiD3u|2d$) ]
1] 0 1] (]

1
leaulzda:
il

1

1 3/8 1 1/8
CS([}D?uFdz) ([lDau}?dz) +c,'4(f
0 1]
1

a
< E'[|D7u|2d.r +CL,
0

03(0[1|D7u12dz)”32(f

1

< £[|D7u|2dz + O,
a

< [Cs(Dflm?u{?dx)m(j{pau{?dz)

< £f|D7u|2d.r +Ce.
a

1

Hence, we have

4y

Ja

I

J

-

&

1 1 1
s;cf|D3u|2dz+cf|DTH|2dzs:,a’f}D?udeJrc;,
n [}

i}
1

1 1
< Gsup|Du|f|D3u|2D7udJ: < Cf|D3u|4dr+Cj|D7u}2dx
zeil
0 L1}

1]

1
<e f |D7uf* dz + C,
]

1
= sup |8DuD2u + 4w’3(u}Du|fD4uD7udr
zeil J
1 1 1
< c.*f |D'u|" dz + cf |D7u|’ dz < &' f |D7u|*dz + CL,
D i i
1

1
= sup |(Du}2 - wgﬂu}|/D5uD7udJ: = C’j
Tefl
0

1
|Duf* da + Cf|D?u}2dx
1] ]

1
=& f |j:""’t¢|-2 dx + €L,
0

< sup |wg' (u)(Du)® + 3w (w) DuD*u + wh' (u)(Du)®
T2

1/242
D)’ d.r) ]

f4 1 1/242
+Cd(f{Dau|2d.r) ]
o

15/32 1/244
|Dsu|2d.1:) -+ Cq([lﬂsuizd.r) :|

+ (7w (u) + 2wy (uw)) (Du)? D?u + 6 (wh(u) + wh (u)) Du(D?u)?| f DTudx

1
<& j |j:""’t¢|-2 dzx + C;.
i
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Summing up, we derive that

lhf|D n| dr + (1 — 627) fﬂn| dr =
§

0

Assumingthate’ issmall enough anditsatisfies 1 —6¢’ > 0, we have

1

Qdf/}Dél“} de € — f}D7u| du + C!\<\C/|D4u|2d‘c+0"

0 [13]

By (10) we have

|D3u|” de + C||D%u||* < €.

[14]

2d|

Integrating (14) between tand t + 1 and by (11), we have
t+1

[ 108l ar < [poun|* + e <

By Poincaré’s inequality we have

f |l ar < THD%H dr < 71)}96“” ir<C
‘ [15]

Therefore, by (13), (15) and the uniform Gronwall inequality we have

1
D*uf*de <Ot 1.
0

The lemma is proved.
Now we give the proof of Theorem 1.
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Proof of Theorem 1. Combining Lemma 2 with Lemma 3, by [14] we
have completed the proof of Theorem 1.

3 Global attractor in Hk

In order to consider the global attractors for Eq. (1) in the Hk space, we
introduce the definition as follows:

H =< ue L% £2): ude =0

[16]
1
Hyjp =S ue H*(2)NH: Dulsg =0, / udr =0
" 17

1
Hy = {u € H*(2)N H: Dulpn = D*ulogn = Dulag = 0, /u de = 0}.
0 [18]

In this article, we let

G(u) = D* — D*[|Dul?*D?*u] + D? [wo(u) + wa(u)|Dul? + w3 (u) D?u

be a nonlinear function, and we assume that the linear operator L =
D®: H; > H in (16)-(18) is a sectorial operator, which generates an

analytic semigroup ™, and L induces the fractional-power operators and
fractional-order spaces as follows:

,Cﬂ — (—L)& . H& — H. v & RY]

where Ha = D(L”) is the domain of L* By the semigroup theory of
linear operators, Hg # H, is a compact inclusion for any > a..

Now we give the main theorem of this article, which provides the
existence of global attractors of Eq. (1) in any kth space H*.

Theorem 2. Assume . < #*2) and the smooth functions w..0) satisfy
(4), then the solution # of problem (1)—(3) possesses a global attractor
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in the space HY, which attracts all the bounded set of H in the H*-norm,

where £ € [0, o).
On the basis of Ma and Wang [9], it is well known that the solution

ur.w) of problem (1)-(3) can be expressed as
t

u(t, ug) = eug + ML (y)dr,

*

0 [20]
where L = D%and

G(u) = D?*g(u)
= D* — D*[|Dul?D*u] + D?[wo(u) + wa(u)|Dul?® + ws(u) D?u].

Then (20) means
t t
u(t, ug) = etFug + /e(tT)Lng(u) dr = etbuy + /(—L)l/ge(tT)Lg(-u) dr.
0 0

In order to prove Theorem 2, we first prove the following lemma.
Lemma 4. For any bounded set U € Ha, there exists a constant C >

0 such that

| ee(t, uo)|| g, SC Yt20,ug €U C Ha, a >[(2Jl.]

Proof. For a = 1/2, this follows from Lemma 2, i.e., for any bounded
set U # Hy», there exists a constant C, C > 0, such that

H'lt(f-.uo)HHUg SC Vi20,uo€U CHyps.

Then we only need to prove (21) for any o > 1/2.
Step 1. We prove that for any bounded set U # Ha (1/2 < « < 2/3),

there exists a constant C > 0 such that

< a <

Lo =

u(t, uo)|| ya < C VE20, ug €U,

FSYISE N N

32



Ning Duana, et al. Global dynamics of solutions for a sixth-order parabolic equation describing continuum evolution of film-free surface*

We claim that g : H1/2 » H is bounded, by Sobolev embedding

theorem we have
Hyo — H?(92), Hyjo — WH(0),
Hyjg = W2%Q),  Hyjp— L®(0).

Then we obtain

1
Hg(u)”Hg < Cf (}]92u|2 + | Dul® + ‘Dgu}4
0

+ |'l.',!0(lt)|2 + |u‘g(u)}4 + | Dul® + |ws(u)|* + |D2u|4) dur
< C([[ull + lullfyrs + llwo(w)[Fee + [lwa(w)]|
+ lullfyrs + HH‘S(U)”;C + [lullfy2.a)

C(lullye = lullfyrs + lluliiyss +€)

<
< C(lully, , + lullfy, , + lulld, , +1).

(23]

which means that g: H;, > H is bounded. By (19), (20) and (23) we
find that

t
||u(t, ug)HHﬂ = |letLug + /(—L)Use“_ﬂ[’g(u] dr

Hl'.k

0
t
< Cllualla + [ (1) g dr
0
t
< Clluolla + / [(~L)/#+eet=L|| - |lg(w)||,, dr
0
t
< Clluol|Ha + Cf(t — 1) Be 0T g7
0
t
< Clluol|lga + C/T_-Be_‘sr dr<C Vi=0,ucUC Hg,
0

where 8=1/3 + a (0 < 8 < 1). Hence, (22) is valid.
Step 2. We prove that for any bounded set U # H, (2/3 < a < 5/6),
there exists a constant C > 0 such that

[u(t, wo)||,; <C Vt=0,uoel, % <a<
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We claim that g : Ha > H1/6 is bounded, by Sobolev embedding

theorem we have

H, — H3(12), H, — W), H, — W28(2), H, — W8(2),
H, — W34(0), H, — W8(0), H, — W24(0), H, < L>™(42),
where 1/2 < o < 2/3.

Then we obtain

1
o], , < € [ (D% + 1DuP|D]* + Duf? D%
Pt () PDuf? + fuh(w) 2 Dul® + |wa () 2| Duf?| Dl
+ |wh ()| Duf?| D2ul* + [ws ()2 D) da
< C(llulfn + Nullfrns + lallfyas + lullfyis + o
o) e el + e () o el e + ) el
+ Nl + N () lallfy.o + lalizs + eos )] fulo)

< C(llullFr, + lulltr, + llullf, + lul,).

[25]
which means that ¢ : He » H1/6 is bounded. On the basis of Step 1
and (25), we deduce that
i
||u(t, ua)HHQ = ||e*fup + /(—L)lfse(t_T)Lg(u) dr|| «
2 H
t
< Olluol|, + [ H(_L)1/6+ﬂ-e(t—7)Lg(u)||Hl:6 dr
‘0 ’
<C

¢
ol Ha + / |‘(—L)1/6+&e“_7)LH ' ||9(“')||H1,5 dr
0
t

< Clluollma + C/(t — ) P g

0
t

wol| e + C/f—-ﬁe—f” dr <C V>0, ugpe U C H,,
0

<C

where p=1/6+ a (0 < < 1). Hence, (24) is valid.
Step 3. We prove that for any bounded set U # Ha (5/6 < o < 1), there

exists a constant C > 0 such that

ut, uo)||,, <C Vt20,uelU, -<a<Ll

26]

|

34



Ning Duana, et al. Global dynamics of solutions for a sixth-order parabolic equation describing continuum evolution of film-free surface*

We claim that g : He » H1/3 is bounded, by Sobolev embedding

theorem we have

H, < HY0), H, < W2*%(2),  H, < W2%(2), Ha < W3(02),
H, = W* (), H,—=W"(2), H,—=W?>»*2), H,< L)

where 2/3 < o < 5/6.

Then we obtain

1
o1y, , < C‘f(|D4u|2+ |D?u|® + |DuD?*uD?uf? + | Du*| D*u|’
" g (w) PIDul* + fuwh(w) P D2l
+ Jwh () P Duf® + |wh (w) 2| Dul*| D?u|”
+ g (u) 2 D] + |wa (u) 2| Duf?| D¥u)?
+ [wf () 2| Duf* [D?ul* + wh (w) | D?ul*
+ [wh () 2| DuP | DPuf” + Jws(w) 2| D] ) da
< C(lullre + lulSas + ullfyrs + lullfyes + lullis.s + .
oo ()| Ze il o+ [y (20) 13 Nl 22+ 120y () 3.y
+ lealyz.s + llwa(w) [ ulliyns + w2 )l o llullfyr.a
+ o0 () [ ee al 1.5 + N1 (1)1 o Nl 2 =+ [0 )] oo ] 1.0
+ s s+ llwa(w) |3 lull )

< C(llullly, + lullfy, + llully, +lul, ),

which means that g: H, » Hj 3 is bounded. On the basis of Step 2 and
(27), we deduce that

Jut )] o =

HCk

t
etLuO+/(_L_)IXSe(t—T)Lg(u)dT
0

<C

¢
u0||Hn+/“(—L')ae(tT)LQ(“)HHUS dr
0

<C

t
ol s, + ] |(=L)7e ]| lgw)|, 5 7
0
t

<C

uol| g, + cjf—“e—f"f dr<C ¥t>0,uyeUcCH,.
0

Hence, (26) is valid.

In the same fashion as in the proof of (26), by iteration we can prove
that for any bounded set U # H,, (¢ > 0), there exists a constant C > 0
such that

|u(t, wo)l|, <C Vt=0,uo €U C Ha, a 2 0.
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That is, for all & > 0, the semigroup S(t) generated by problem (1)—(3)
is uniformly compact in H,. Lemma 4 is proved.

Lemma 5. For any a > 0, problem (1)-(3) has a bounded absorbing
set in H,. That is, for any bounded set U € H,, there exists T > 0 and a
constant C > 0 independent of ug such that

Jutt,wo)|,,, <C =T, woeUc Ha,

28]

Proof. For o = 1/2, this follows from Lemma 3. Then we prove (28) for
any o > 1/2. We proceed in the following steps.

Step 1. We prove that for any 1/2 < a < 2/3, (1)-(3) has a bounded
absorbing set in H,,.

By (19) we have

t
u(t,ug) = eFug + /(—L)lfge(t_n‘r“g(-u) dr.

T [29]

Assume that B is the bounded absorbing set of problem (1)—-(3) and B
satisfies B # Hj». In addition, we also assume the time ty > 0 such that

1
u(t,up) e B YVt =tg, upe U C Hy,a > 3"

Note that < cewer -0 is the first eigenvalue of the equation

o

— =10.
on

—Au = Au,
Then for any given T > 0and ug € U # H,, (¢ 2 1/2), we can obtain

lim He“_T]Lu(T,ug)HH = 0.

t—roo

Adding (23) and (29) together, we have
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[t wo) || ;o
< [l uto, wo), + /H L)/t =D| - g, dr
Het o)L u(ty, UO)HH +C/|‘ )1/ 3taglt= TLHdT
to
T—to
< He(t_t[}}Lu(tD’uO)HHQ+C / T—I/S—ae—éf dr
0

—to)L
< e ulto, uo)f|, + €, 31]
where C > 0 is a constant independent of uo. Then by (30) and (31) we
have that (28) holds forall 1/2 < o < 2/3.
Step 2. We prove that for any 2/3 < « < 5/6, problem (1)-(3) has a
bounded absorbing set in H,,.

Adding (25) and (29) together, we have

Jut, uO)HHC"

< = u(ty, ug) [, + ] |~/ e DL g, dr
< He(t_t”)‘r‘u(toguo HH +C / H 1/6+a (t= T}LH dr
to
T—1g
< He(t_t[))Lu(tO?uo)HHn L / T—lfﬁ—ae—dT dr
: J
< He(t—to)Lu(tO:uo)HHQ + C, 52]

where C > 0 is a constant independent of uy. Then by (30) and (32) we
have that (28) holds forall 2/3 < a < 5/6.

Step 3. We can use the same method as the above step to prove that for
any 5/6 < o < 1, problem (1)-(3) has a bounded absorbing set in Ha.. By
the iteration method we can obtain that (28) holds for all & > 1/2.

Now we give the proof of Theorem 2.

Proof. Combining Lemmas 4 and 5, we have completed the proof of
Theorem 2.
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4 Conclusion

In the study of a mechanism for the formation of quantum dots on the
surface of thin solid films, there arise a sixth-order parabolic equation
(1) (see [5]). Mathematically, Eq. (1) is a nonlinear evolution equation.
Studying the properties of solutions for Eq. (1) is so interestingand maybe
useful for the study of the surface of thin solid films. Recently, Zhao
[15] studied the existence of classical solutions of the initial boundary
value problem of such equation. In order to study the long-time behavior
of solutions, we prove the existence of global attractor of Eq. (1) with
boundary and initial value conditions. The main idea comes from Temam
[14] and Ma and Wang [9]. By using the properties of sectorial operator
we define a semigroup related to the fractional-order Sobolev space
Hk(0, 1) (k € [0, o0)). Then applying Sobolev embedding theorem and
iteration technique, we obtain some useful a priori estimates and prove
the existence of absorbing sets and asymptotic compactness of semigroup,
obtain our main result on the existence of global attractor.

It is worth pointing out that there are also some other papers that
studied the existence of global attractor for dissipative equations in
fractional-order Sobolev spaces (see, e.g., semilinear parabolic equation
[11], fourth-row Cahn-Hilliard equations [12,16], modified Swift—
Hohenberg equations [13], sixth-row Cahn-Hilliard equations [8] and
the reference cited therein). We also remark that although both [8] and
this paper are focus on the sixth-order diffusion equations, the equation
considered in [8] is a sixth-order convective Cahn-Hilliard equation,
which is different from equation (1). Due to the different terms of both
papers, the calculations are different from the paper of Liu and Liu [8].
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