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Abstract: In this paper, relative controllability of impulsive multi-delay differential
systems in finite dimensional space are studied. By introducing the impulsive multi-
delay Gramian matrix, a necessary and sufficient condition, and the Gramian criteria,
for the relative controllability of linear systems is given. Using Krasnoselskii’s fixed point
theorem, a sufficient condition for controllability of semilinear systems is obtained.
Numerically examples are given to illustrate our theoretically results.
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1 Introduction

In many motion processes of nature, science, and technology, the state
of motion may be changed or interfered suddenly in a very short time,
and then the system state will be changed. If the state change time of
the disturbed system is very short, it can be regarded as instantaneous,
and then this kind of instantaneous sudden change phenomenon is
called pulse phenomenon. Time-delay systems are systems with aftereffect
or dead time, genetic systems, equations with deviating arguments
or differential difference equations. They are used to model various
phenomena from population systems, viscoelasticity, biological sciences,
chemistry, economics, mechanics, physics, physiology, and engineering
sciences. In the real world, impulsive phenomena and time-delay effects
are intertwined and interact with each other. Impulse technology is
widely used in the state control of time-delay systems and has applications
in military and civil fields.

The delayed exponential matrix functions approach was presented
in [6, 10] for discrete and continuous delay systems with permutable
matrices, respectively. This new approach has been used in the stability
of solutions and control problems for linear and nonlinear delay systems
(see [1-5,7-9, 11, 13-20]).

Medved’ and Pospisil extended the idea of deriving the representation
of delay differ- ential equations in [6,10] to multi-delay differential
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equations with linear parts defined by pairwise permutable matrices
in [16] and obtained sufficient conditions for the asymptotic stability
of solutions. You and Wang [22, 23] extended the multiple delayed
exponential matrix function in [10] to the impulsive case and used it to
discuss the representation and stability of solutions in [24]. However,
there are still very few results for the relative controllability of impulsive
multi-delay differential systems. In this paper, we study the following
impulsive multi-delay differential systems:

V() = Av(t) + > Buv(t — 0m) + f(t.v(t) + Cult), tel. t¢ T,
m=1

Av(t;) =v(t]) —v(t7) = Dw(t), tic T,

v(t)=19(t), —-v<t<0, ¥ :=max{v,...,0,}, 1]
where ¥, >0.A. B, C.D; are constant N <N matrices,

AB,, = B, A. BB, = B,.B,, AD; = D;A, and BD; = DB, for each
mj=1,2 .. . ni=12.... vecy=c(—v.0.rY). and wnerd.  Now

FeECUTxRYRYN), J:=[0,m], m >0.0<t <t < <t, <. and the control function
u() takes values from I2(7RY) Letu(r) = lim oo vt + e andw(t]) = v(t) represent
respectively the right and left limits of v(t)art =1

First, we investigate the relative controllability of the linear case of
(1), i.e., s - 0c=" using the impulsive multi-delayed matrix exponential in
(2). Next, we construct a suitable control function for (1), which means
that we give a condition (necessary and sufficient) for « < 2(.2%) to lead
the solution of (1) with 7 = 0w, at the time . We apply Krasnoselskii’s
fixed point theorem to show that (1) is also relatively controllable under
suitable conditions.

The rest of this paper is organized as follows. In Section 2, we give
some notations, concepts, and important lemmas. In Section 3, we
establish relative controllability results for linear and semilinear systems,
respectively. Examples are given to illustrate our main results in the final
section.

2 Preliminaries

vtT)  C'RTRY) = v e ¢®TRY): v <Let rv be the w~-dimensional Euclid
space with the vector normu, and =~ be the ~.n~ matrix
space with real value elements. For ., crv andace¥, we introduce

the vector infinite-norm il = mecexivi and the matrix infinite-

NOrMmi| = mscv sl ol respectively, wherer and «; are the elements
of the vector » and matrix4. Let c@¥) be the space of bounded
linear operators in =* . Denote bycw.zv) the Banach space of vector-
value bounded continuous functions from s- =¥ endowed with the
norm |vlc = s, @) In addition,|¢le =swpicoa vl We introduce a
space CHRT,RY) = (v € C(RT,BY): v e

o+ rY)pDenoterczY) = (v : 7 = BY: v & C((htaBY), there exist »¢) and ve)
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withv(i7) = v(t) for anyi=1.2...} andprc'(¥) = (v:7-®% v e preurY). Let
X,. X» be two Banach spaces, and r,(x,. x»)denotes the space of all bounded
linear operators from x,wx. Next, z7(J.x») denotes the Banach space of
functions v: 7 - x.. which are Bochner integrable normed byl o) for
some 1< p < oo.

We recall the notation of the multi-delayed matrix exponential given

by [16]:

(9: t<_1}]‘

Xi—i(t+7;), —ﬁjgt<0,

By, ,Bjt <XJ 1(t+v;) + B; fot i1t —s1)Xj—1(s1)dsy + -

g?}L_ . ?}_; — Bh
+ f(h—l 3 r,,—l f(,,—l)ﬂ j—1(t = s1)
CTTES) X (st — set)a(os — (= — 1)9,)dse - di,
\(z—l)-%@f(zﬂj, z=1,2,..., 2]
where x @ -e 20,25 .and e is the zero matrix.
From [24] we knowy(.): 2« r-r¥-¥and
A(t—
V(t,s) =M TIX(t, s+0), t>s,

Where

X(t,s):gil, ‘L]B (f 5)+ Z D E B (t v— f )X(f},sj

s—<t; <t

o]
3

=e49mB m=1,...,n
Next, the solution of (1) has the form

V() = V(t, —9)i(=0)

0 . O
+ /y(f,s)[q_r'l"(s) — Ay(s)] ds — Z B, / Y(t, s+ Um)(s)ds
v m=l
i1 tit1 t
+Z /yts][f(sz/(s))—l—(:‘u ds—l—/yts [F(s,v(s)) + Cu(s)| ds
=0 i
= V(t, —0)P(-7)
0 . O
+ [V - 40 s = Y B [ Vit s+ 0)00s) ds
9 m=l

+ /y(t,s] f(s,v(s)) + Cu(s)] ds.
0 (4)
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Lemma 1. (See [16, Lemma 13].) If 1si<vevcwnizin then

[eBrBalt=Pn)|  olbrttbnlt e R

Lemma 2. Suppose that sz is CONVErgent, |, < ane’ a, < B,
m=1,....n. Forany ¢ >s we have

el < TT (D4 1) Jesteros)

s—<i; <t )
pesl< ( TL (Dsl+1) )etaiore,
s<t;<t
o=y + -+ Q. ©

Proof. Without loss of generality, we suppose thatt <s—v <t
and it <t < tiunii=0.12,.... We use mathematical induction.
Fori=0, by Lemma 1,

”X(t S H HgﬂBll,, ﬂ n(t— 5}” < e(cu-f- o ) (P —s) < ea(H—ﬁ s)

Fori=1, using Lemma 1, we have

nn(t s H +HD:+15 ﬂ(t 9— t1+l)X(t5+1,S)H

| )] < e
<e a(t—l—t‘;‘ 5)+||D_+1||e[a1+ +an)(t ﬂ+ﬁn—tg+1)ea(tg+l+ﬂ—s)

_ a(t-l—t‘;' 5) + ||D +1||ecr(t+1?n—s) < (||Dz-+1|| + l)ea(t—f—ﬂ—s)‘

For 1= we suppose that

[xEs)| < T (DslI+1) et

s—it; <t

For 1 =% +1. using Lemma 1, we have
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i+k+1 j—1
< ea(t—i—ﬂ—s) L Z ||D_‘}| ea(t—l‘)—l—ﬂn—tj)( H (||D2| + 1))ea(tj+19—s)
j=i+1 2=it1
?+x+1 j—1
< (1 I1D;Il TT (ID=)+ 1))6‘“*1"“”
j=i+1 z=1+1
1+k+1
_ ( ||D |+ 1)) a(t+id—s) _ ( H (IIDj| + 1))ea(t+ﬂ—s}_
j=i+1 s—i<t; <t
Thus, we obtain (5).
Finally, using (3) and (5) via i <<+ one derives (6) immediately. The
proof is finished.

Lemma 3 [Krasnoselskii’s fixed point theorem]. (See [12].) Let 5 be
a bounded closed and convex subset of Banach space x , and let .. F.. be
maps of 5 into x such that Fu+Fwes for every pair vy IfF) isa
contraction and F is compact and continuous, then the equation r+ ko=«
has a solution on 5.

Theorem 1 [PC -type Ascoli-Arzela theorem]. (See (21, Thm. 2.1].)
Let ocreux) where x isa Banach space. Then 2 is a relatively compact
subset of Pc(1.x) if:

(i) 2 is a uniformly bounded subset of ro(.x)

(ii) 2 is equicontinuous in (i, tis1), i = 0,1,2,..., h (here to = 0 and th41 = 71);

(iii) 2¢) = witr v e 2.t e 1\ 7). 265 = wit): v € 2) 267) = W(r7): v < 2) are relatively
compact subsets of X.

3 Relative controllability

Definition 1.(See [11, Def. 4].) System (1) is called relatively controllable
if for an arbitrary initial vector functionvcc'(-2.0.8%). the final state of the
vector» =¥ and time 7, there exists a control« = £2(/,®") such that system
(1) has a solution » = ¢ (-v.0u &) that satisfies the boundary conditions »

and v cc'(-0.0)ULRY)
3.1 Linear systems

Letsev =o.: <. System (1) reduces to the followinglinear impulsive multi-
delay controlled system:

V() = Av(t) + Y Bur(t —9m) +Cult), teld té 7,

Av(t;) = D (t;), tie T,
v(t) =v¢(t), —I<t<0. [7]

The solution has a form
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0

v(t) = Yt ~0)0(=0) + [ V(t.9)[u/(s) - Av(s)] ds
—9
—Um

— Y Bm [ Yt s+9m)d(s)ds + [ Y(t.s)Cu(s)ds.
m=1 ‘4 0/

Similar to the classical Gramian matrix, we consider the impulsive
multi-delay Gramian matrix as follows:

T1
Wo, .0.[0,71] = / V(r1.5)CCT YT (11, s)ds.
0

Theorem 2. System (7) is relatively controllable if and only if w... .0
is nonsingular.

Proof. First, we verify the sufhciency. Since w, ., 0.7 is nonsingular, its
inversew,, . [0.n] is well defined. For any final statew., < =" one can select
a control function as follows:

u(t) = CTYT (r )W, !

Where
0
n= vy, —V(r,—9)(—19) — [y(rl, s)[¢'(s) — Av(s)] ds
)
L ~Vm
+3 B, / V(11 s + D )to(s) ds.
m=1 o
Then
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0
v(m) = Y(m, —0)(—0) + [y(ﬁ, s)[¥'(s) — AY(s)] ds
-9

n —tm T
- Z B‘m. / y(Tls s+ ij)ﬂ'(s) ds + /}’(ﬁ, S)CU(S) ds
m=1 9 0

0
= Y(r1, —0)¥(=9) + /y(ﬁ, s) [0 (s) — Av(s)] ds
—9

_19173

— Z B, / V(1. s+ Um)(s)ds
m=1

—1
=V

Next, by contradiction we prove the necessity. We assume thatw, .0
is singular matrix, i.e., there exists at least one nonzero state » = &~ such that

Then one obtains

0 = I;TH';?}L.----_QT., [0., Tl]I:’
T1 T1
= [ 0T Y(r,s)CCT Y (7, s)ds = / |7ty (m, S)CHQ ds,
0 0

which implies 57y, oc =0t forall <<
Since system (7) is relatively controllable, according to Definition 1,
there exists a control «() that drives the initial state to zero at m, i.e.,

0
v(m) = Y(r, =) (—9) + /y(’rl, s)[-rg',-"(s) — Au":(s)] ds
n —Um - T1
— Z B,, V(r. s+ )0 (s)ds + [ V(r,s5)Cuy(s)ds
X /

Similarly, there also exists a control =« that drives the initial state to »
(nonzero) at m, i.e.,
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0
v(m) = V(. —9)b(—v) + /y('rl, s)[¥'(s) — Av(s)] ds
—

n —Um T1
— Z B, / V(r1, s+ Um)t(s) ds—I—/y('rl,s)Cuz(s)ds
m=1 9 0
= 1. [9]
Then from (8) and (9) we have
T1
U= [y(*rl,s]C[ug(s) —uq(s)] ds.
0 (10
Multiplying both sides of (10) by i+, we obtain
T1
ol R ~T _ _
VU= /u Y(11.5)Cua(s) — uy(s)] ds = 0.
0

Thus, 7 = 0. which conflicts with » » 0. Thus, the impulsive multi-delay
Gramian matrix w, ,[0.~] is nonsingular. The proof is complete.

3.2 Semilinear systems
We assume the following:

The operator W : L*(J,RY) — RY defined by Wu = [;* V(1. s)Cu(s)ds
has an inverse operator W !, which takes values in L?(.J,R")/ker W. Then

we set M = ||[W—1! | Lo (&Y, 22(JrN)/ kerw)- From [20, Remark 3.3] we know
M = (W5, .00, 1IN

(H1)
The function f : J xRY — R is continuous, and there exists a constantq > 1
and L;(-) € L9(J,R™") such that

1£(v() = (o) < ErO)lw) = v

. v,veRN.

(H2)

Theorem 3. Suppose that (H1) and (H2) are satisfied. Then system (1)
is relatively controllable, provided that
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a||C|| M

Al + a

My |1+ (ellAlIFa)m 1) <1,

[11]

wbere a = T (D + 1), and My = al1/(Al+ op) || Dfl|paqarty. 1/p+1/g=1p,g > 1
Proof- Using hypothesis (H1), for arbitrary v() = rc and < we define
the control function w. () by

0
u, (t) = W1 ( — Y —0)e(=0) = [ Vi) [#(s) - Av(s)] ds
—
n — T1
+ Z B, / V(1,5 +0m)(s)ds — /y(ﬁ,s)f(s,y(s)) ds) ().
m=1 9 0

[12]
We show that, using this control, the operator#: rc - rc., defined by

0

u (8) = W ( = Vr~0)0(=0) — [ V(r1.9)[0/(5) - Av(s)] ds
)
n — T1
+ Z B.. / Y(m1, s +95)(s)ds — /;}f(ﬁ,s)f(s,p(s)) cls) ().
m=1 9 0

has a fixed point v, which is a mild solution of (1).

We check that#» -»... which means thatu. steers system (1) from
) to v~ in infinite time = This implies that system (1) is relative
vontrollable on /.

For each positive number r. 15, = (v € Pc: v < 7} (a bounded, closed,
and convex set of PC ). Set r; = sup.e; [7(¢.0)]..

We divide the proof into three steps.

Step 1. We claim that there exists a positive number r such that
7, c5.From (H2) and Holder’s inequality we obtain that

t

t 1/p t l/q
/ A=, () ds < ( [ erllal+a)(t=s) ds) ( [ L} (s) ds)
0 0 0

1 (Al +a)pt e
<|— 1 (elAlrarn g Lol roc s
{Uf’l”*ﬂ‘)p( )} I Lsllzacrmy

and
t

i
/C( A=) || £ (s, 0) | ds < R;fe( All+a)(t—s) g — 17
[ 0

e (el _ 1),
p, (a3

From (12), (H1) and (H2) we have
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[l )] < W[, @n 22088 ker ) (||Vn | + [V, =)|| || (=)

0
4 f (. )[[|/(s) — Aw(s)]] ds

[l ds

+ZN&J/Hﬂﬁ&WM

m=1

T1

- [l o)

h
<M | [lvr, || + (H|wu+1)“”“WﬁMW(mu
h - 0
+{ II( DHH)]wMMm”W%)AﬂM®
Jj=1 9

j=1

I
|D ||+1 ) Zn: | B,ll f ([All+e) (71 =0 75)“1«’ H
I

h 1
+ H (1D + 1 )/E(A||+a>(n (Ly(s)|w(s)|| + || £(s.0)])) ds

-

|

(
(i

(

|

i= 0
0
Mhn+wwﬂmww(ameMWMQH ) Au(s)]| ds
et

n

+ 5 4B H[ AT+ =0m=2) ()| ds

m=1

1 (Il +a) e
ThNAT T alpm _ ] L .
C{(”AH + a)p(e )] [ILfllLeqrms vl pe

ally  altarn
el 1
T+ )

< Mlwr, || + MM + MMs|v| peo.
Where

M, = aellAFC1H9) g —g) | 4+ | aell4lF)1=2) |47 (s) — Ay(s)|| ds

L

_aRy
§ : B, f Al +a) (7 —dm —s) A ellAl+a)m _ {1y,

From (H1) and (H2) we have
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o
My = aelll4l+a)m+8) |13 _g)| faei\"H+°“”-5?‘\|w’(s)_Auefs;“ds
—

e
all
+ZﬂHBm”/°l"‘l+m (T1—Pm —EJH‘;“(s)”d;+ |A”i ((.LIHH-Q ).

From (H1) and (H2) we have

lemvel < Ie-millse-ol+ [l v s
—Pm
+3 1t j Ve, s-+ oo as
+ [ ol ass [ Pealici e

(1‘[ (105l + 1))e""" A (9|

—1

h 9 ) ‘
+ (H (151 + 1)) f I () — A s

=1
L —tm

+ (H 1051+ 1) ) Zuﬂmu ]e”‘“*‘”” = s)|| ds
F=1

t
+

v (I 021+ ) )s041sre= o + e 0
/(o

(o511 + 1))ﬂ‘"‘" =)
acty<t

¢ (Ml || + MM, + MMyJv]|pc) ds

h
< My + Malv|lpc + (H (10511 + 1)) el

=1
t

% (M||yr, || + MM, + MMy||v||pe) fetl\f‘\ +altt—e) gg
o

h
CIM | o
<M [H (H 101l + 1) ) \LH”+0(°M [ajt 1)]
h
€M (jaj+a
(H 151 +1) )”A” (I — 1) o |
=1

UM ag+e
+M; ( (B ) ||A”+a[c“'""’D't—ljuwupr
=1

al|C||M

TAT+
ajepar

TAT +a

al|C|M (ell4l+ers

Ioira )l

<M, [1+ L ettaterms )]+

+Mz[1 + (elllal+alm 1)%

=

Where

M1+ aIICiII‘J( (All+e)s — 1)] + a”‘fﬁ””( All+a)ms 1) |v,, ||

T =
1 - My[1 + L (e +ms — 1))

Hence, we obtain 7. s for such an r .
Now, we define operators Fy and F on 5, as

(Fiv)(t) = Y(t.~0)b(=0) + / Y(t.5) [0/ (5) — Avh(s)] ds

—ZB /J)ts—i-ﬁm)yr ds—l—]y(tsCu s)ds

m=1

And

teJ,
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(Fav)(t) = /y(t,s)f(s: U(S)) ds, teJ
0

Step 2. We claim that F1 is a contraction mapping,
Letv € 5. From (H1) and (H2), for each ¢ = 7, we have

s (£) = (1)
<M / Yt )[|£(5,v(5) = £(5,7(5)) | ds
0

T1

<u | ( 11 (||Dj|+1)) A=), () ((s) — 7(s)]]) ds
0 s<t; €Ty
h 1
< M( [T (1p;1+ 1)) [ AL (5)ds = 4]
j=1 0
1 . 1/p
< Ma [7(” Ay e - 1)] ILs oz v =7l

< J"rfi"rfg”lf — “;'”pc.
Thus,
[(Fiv)(t) = (Fay) (1)
t

5) — uy(s)]|ds

h i
(H 1D || +1 )/e{||‘4||+&}(71_5) ds ||C||\MM:||lv —~| pc

= 0

al|Cl|M M; (oAl

-1 _ A

=

so we obtain

a
Fiv — Fivy <Tlv—Allpe, T=—""T"""2(clAl+e)m _ 1)
[Fiv = Fivllpe < Tllv = 7llpe, A+ o (e )

From (11) we have 7' < 1, so F is a contraction.

Step 3. We claim that 7,:5. - pc is a compact and continuous operator.

Let v <5 withy, +vins.. Using (H2), we have 7(sv.(9) = ss.v) in PC,
and thus, using the Lebesgue dominated convergence theorem, we have
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|| (Favn)(t) — (Fav)(t)]|

< /”y(t,s}H”f(s,un(s)) — f(s,u(s})”ds
0

t

h
< (H (10,1 + 1)) [ A (110) = (500 0
=1 0

—0 asn—0,

which implies that F; is continuous on 5,.
To check the compactness ofr:s —rc, we prove that =,
is equicontinuous and uniformly bounded. In fact, for any

veB tr<t<t+d<tit1.k=0.1,... h,

V(t+d, s)f(s,v(s))ds

(Fav)(t +d) — (Far)(1)
t+d t
= / V(t+d,s)f(s,v(s))ds — fy(t, s)f(s,v(s)) ds

+ [ AT (X (t+d, s+ 9) — X(t, s+ 0)) f(s,v(s)) ds

+ (e‘q(“rd_s) — e‘q(t_s)).?c'(t, s+19)f(s,v(s))ds.

St S~

Let

t+d
Si(t) = f Y(t+d, s)f(s,v(s))ds,
So(t) = [ eUHI=)(X(t+d, s+ V) — X(t, s +9)) f(s,v(s)) ds,

S5(t) (e“l(t"'d_s) — e“l(t_s))rl’(?!fT s+ 1) f(s,v(s))ds

|
O O O

{e“ld — D)Y(t.s)f(s,v(s)) ds,

where 1 is the identity matrix.
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From above we see that

||(Fav)(t +d) — (Far)@)|| < [|S1 @) + |[S2@) || + [|S3(®)]]-

Now, we only need to check i1s@i-0wsi-0i-125 Clearly,

t4d
Isuell < [ e+ a7 (o)as
t4d
< (T (0l D)) 2 ) oo + 1,00 s

s<tySt+d

t
. 1/p
< [ - 0] Wslusa e
By
+
AT+

—0 asd—0,

(ellall+a)d _ 1)

IS0l < ] et e +d, s+ 9) = X (e, 5+ D)5 s.00)) | ds

Ce"""‘/” eBie 3 (t+d—t—s) 69,.. B (t—t—s)
@

..... 1,0 fn

N z n. (EB“""‘?B (trd—9—t;) EB, B (¢ o t-‘))X[t S_H})H

s<tyst

* L;(s ”v(s |+ ”f{s,_O ||

x| L1(s) vl + 176,00 4

+Zhj||Dj||\Ifi‘it.;;ﬁ"“”““’]—ff )
t t

([ e senizsboes [l sollseofa)
0 0

t ) 1/p
By, Bpitid 9 By, Bpit—9—
< ellAlTl{HLf”Lq[JR_]r(f|}£d1t:_ . (t+ =) E‘?ll o s]HP ds)

i 1/p t
P |:HLI”L=][_L]‘(+)T([”X(tj_.5+1"})de5) +R;f||(t’{zj,_ s+ﬂ)|}ds} }

By the continuity of ¢+ we have is1-0si-0 Also,
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|

sl < [ e = e 1 (s, ()] as

0
£
< HcM—IH/( 1T «D;) +1)>C{II-1II+0)U—5)
0

s<t St
x (Ly(s)|lw(s)]f + 1 £(s,0)]) ds
1 1/p
< lleAd_ T a({ ollAl+a)prs _ ] I .
H || {:HAH +&)P( ) H f”L‘?(J_.[R"')

n Ry (Cf|.4|+a)n_1))_>0 asd — 0.
Al + e

As aresult, we immediately obtain that

|(Fov)(t +d) — (Fav)(t)|| = 0 asd — 0

for all » = 5. Therefore, s, is equicontinuous in PC .
Next, repeating the above computations, we have

|| (Fa)(@)

< [eolisemolas

A

[(TL i+ 1) )= o)t + L, 0 s

b \s<t<t

A

i/
L (IA[+a)ps } '
< | (eI — 1 ILgllzaqrmeyr
T )| WEslzmon
aBy  (lal+em
(IAl+e)m _ 1),
N A +a-(c )

Hence, 7, is uniformly bounded. From Theorem 1,7, is relatively
compact in PC . Thus, = : 5. - pc is a compact and continuous operator.

Furthermore, using Theorem 3,7 has a fixed point » on 5. Obviously,
v is a solution of system (1) satisfyingv(n) = »-.. The boundary condition
v(t) = 0(t). —9 < t < 0 holds from (4). The proof is complete.

4 Numerical examples

Example 1. Consider the following semilinear impulsive multi-delay
differential controlled system:
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2
V() = Av(t) + Y Buv(t —9,,)
m=1

_|_f(t?y(t)) +Cu(t), teld t¢& T,

2
Av(t;) = (UU 009) v(t;), tie7,

v(t) =(3,4)Y, —-03<t<0,

and set  J=[0.06.7 =069 =039,=02 Then ¢—max{v.os)—03 and
7 ={0.35,0.7,1.05,... }.

2 -1 0.2 0.1 03 —0.1
A:(o —3)’ Bl:(o 0.3)= Bﬂ:(o 0.2)’
(1 0 _[(—0.06tu1(t)
¢= (0 —1) - b)) = ( 0.04tw, (1) ) :

Notea. B,.. p, are mutually permutable for m-1.2.:=123.... and

0.6
Wo.3.0.2[0,0.6] = / Y(0.6,5)CCTYT(0.6,s)ds

o o

S—

6
= [ A=) x(0.6,s + 0.3)CCTXT(0.6,5 + 0.3)e?” (0:6=9) 4

= Wy + Wy + Wy + Wy + W + W,

where
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0.6

Wo.s.02[0,0.6] = f V(0.6,5)CCTYT(0.6,s)ds
1]
0.

6
[ ADG=3) (0.6, s + 0.3)CCTXT(0.6, 5 + 0.3)eA” 069 g5
0

=Wi+Wo+ W5+ W,y + W5 + Ws,

where

_ - B2
Wi eA(0:6=9) {1 +B1(0.2 — ) + B2(0.3 — s) + %(0.1 —s)?

Il
o
DL\E‘

+ Dy [I + By(0.05 — 5)]] cc” {1 + BT(0.2—s)+ BY (0.3 — )

(B3)*
T

(0.1— )2+ [T+ BT (0.05 — 5)] DIT] AT (0.6-2) g4
0.1 -
. A(D.6—35) 5 o B3 2
Wy = /e‘ N1+ Bi(02- ) + By(03 — 5) + L (0.1~ 52 + Dy

0.05
(ET)Z

xCCT[I+Bl(0‘J—s)+B2(03— s)+ (0.1 —s)? +D1T]

%o AT(0.6-5) ds,

Q.

o

eAO6=) T 4 B (0.2 — 5) + B2(0.3 — 5) + D]
0.1
x COT[I+ BY(0.2 — 5) + B(0.3 — 5) + D ]e?"(06=2) g5,
0.25
Wi= [ eI+ By(0.3 —s) + Dy
.2
x CCT I+ BY(0.3 — s) + D e (0:6=9) g,

=]

0.3

Wy = / A= [1 4 By(0.3 — )| CCT[I + BF (0.3 — 5)]e (06=2) g,
0.25
0.5
We = f A(0.6=5) 7T AT(0.6—s5) ds.
0.3

Specifically,

. _ (00432 0.0427 . _ (00449 0.0446
= 10.0427 0.1010)° 2710.0446  0.0955

w. — (0:0955 0.0954 . — (00523 0.0525
37 10.0054 0.1769 ) 47 10.0525 0.0838)°

~(0.0405 0.0405 _(0.2272  0.2272
0.0405 0.0583 0.2272  0.2639

Then

0.5036 0.5029)

Wo.3,02[0,0.6] = (0_5029 0.7794 M = \/ [W53.0.00,0.6]|| = 3.0308.

Further, for any», # € R2,

86



Zhongli You, et al. Relative controllability of impulsive multi-delay differential systems*

Hf(t: v)— f(t,,u)” = max{—0.06t|v; — p1|,0.04¢|2 — pa|}
< 0.06t max{ |1 — p1l, |2 — p2l}
= 0.06t||v — u]|.

Note

~ 0.3644 0.3735
—AY 0.3
| Bl = He 1B1|| = ( 0 0.7379) H < ae’

choose a7 = 0.61384,

—~ AATE ‘
|Bell = [le™ 42 Ba| = (0'461 " oo{a%iil) H S

choose ay = 0.4820,

a = ay + ag = 1.09584,
As a result,

+a=4.09584 a =TT, (ID]| + 1) = 1.2,

|4

1 1/p ~
My = a[iﬂ A+ a)p(e(HA”Jra)pTl - 1)] L7 Lo amey = 0.0785,

allCli
AT +a

Mo [1 + (elllAlFelTs 1)]

1.2 x 3.0308

= 0.0785
0.0785 x {1+ 109534

(o 098406 1)] = 0.8226 < 1.

Thus all the conditions of Theorem 3 are satisfied, so (13) is relatively
controllable on [0,0.6]; see Fig. 1.

4-5 T T T T

w1 (£)

— 1t}

Figure 1
The state trajectories of v(t) in [0, 1] when u = [0.8¢, 0.9¢] T in Example 1.
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T

=

Example 2. In Example 1, letstvo) 0.1 < pos. NoteWosea0.06 is a
nonsingular matrix. From Theorem 2 we know that the linear multi-delay
system is

= vy, — V(m1, =0)¢(=0)

0 n —
_ fy(_fl. s)[v'(s) — Aw(s)] ds + Z B f V(r1, s+ Um)(s)ds
—9 m=1 9
= vy, — V(0.6, —0.3))(—0.3)
0 —0.2
— f Y(0.6,5)[¢(s) — Av(s)] ds + B f Y(0.6,5 +0.2)1)(s) ds,
—0.3 —0.3

and then the control function is given by

u(t) = CTY (. )Wt [0,71]n

= CTXT(0.6,1 4 0.3)er" 60wl 10,0.6]y

(CT[1+ BF0.2—1) + BF0.3— 1) + B2 (0.1 — 1)?
+[I + BF(0.05 — )] DT]eA" 0605t 1[0,0.6]y, 0 <t < 0.05,
(B)?

CTI+ BT (0.2 — 1) + BT (0.3 1)+ B2 01 - 12 + DT

xeATO6=0 =L 10,061, 0.05 < ¢ < 0.1,
CTIT + BY(0.2 — 1) + BF(0.3 —#) + DI 060751 0,0.6]n,
0.1<t<0.2,
CT[1 + BF (0.3 — ) + D]eATO6=0w L 1[0,0.6]5. 0.2 <t <0.25,
CT[I+ BY(0.3 —)]eA"O6-01p 1 10,0.6], 025 <t<0.3,
CTeATO6=0 -1 10.0.6]y, 0.3 <t<0.5,
O, 05<t<06.

\

S Conclusion

In this paper the relative controllability of impulsive multi-delay
differential systems in finite-dimensional space is considered. In [24] the
authors construct the index of impulsive multi delay matrix and give the
explicit solution of linear impulsive multi delay differential equations.
Based on the expression of the solution of linear impulsive multi delay
differential equations, necessary and sufficient conditions for the relative
controllability of linear systems and the Gramian criteria are given. In
Theorem 3, using Krasnoselskii fixed point theorem, we give a sufficient
condition for the controllability of semilinear systems.

In Theorem 2 the control function is given, but it is not necessarily
optimal, and we hope in the future to study the optimal control problem
of impulsive multi-delay differential equations. In Theorem 3, we require
the operator 7 to be compact, and we hope to study controllability under
noncompact conditions in the future.
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