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Abstract: In this manuscript, p-cyclic orbital ¢-contraction map over closed, nonempty,
convex subsets of a uniformly convex Banach space X possesses a unique best proximity
point if the auxiliary function ¢ is strictly increasing. The given result unifies and extend
some existing results in the related literature. We provide an illustrative example to
indicate the validity of the observed result.
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1 Introduction

Fixed point theory appeared first in the solution of the certain differential
equations, see, e.g., Liouville [15] and Picard [18]. Banach [2] successfully
derived the successive approximation method from the proofs of Picard
[18], and he initiated the first fixed point theorem: For every contraction
T on a complete metric space (x.d). by starting from an arbitrary
point = € X one can construct a recursive sequence {z = 7~'=} such that
d(Tw,.2,) — d(T+"2")., that is, ” is a fixed point, and it is unique. It
should be noted that in this proof the continuity of the mapping is
used efficiently, although it is not assumed so. Indeed, the continuity of
the operators is a necessary consequence of the “fulfilling contraction”
condition. Roughly speaking, “finding the unique fixed point for a given
operator” is equivalent to the existence and uniqueness of the solution of
the corresponding differential equations. After Banach, a huge number of
papers reported to improve, extend, and generalize the metric fixed point
theory, which implicitly improved the differential equations theory but
not only that. Metric fixed point theory has a wide application potential
in almost all quantitative sciences, in particular, theoretical computer
science, economics, and engineering.

Besides this improvement in fixed point theory, there are some
operators that do not admit a fixed point. In other words, in any point in

91


https://www.redalyc.org/articulo.oa?id=694173132006
https://www.redalyc.org/articulo.oa?id=694173132006

Nonlinear Analysis: Modelling and Control, 2022, vol. 27, nim. 1, Enero-Marzo, ISSN: 1392-5113 / 2335-8963

its domain, we have d(z,72) > 0. Accordingly, we could not find a solution
for the considered differential equations or some other equations that are
fulfilled by the given operator T . Roughly speaking, we could not find
an exact solution for the given problem. At this handicap, optimization
brings an approximate solution via “best proximity point.”

Let (x.49) be a metric space and 4, B be nonempty subsets of it.
Suppose, for a mapping 7:4- B, that the corresponding functional
equation T:-: <4 does not necessarily have a solution. Regarding that
d(A, B) is a lower bound ford(=.7x), an approximate solution :* = . to
the corresponding functional equationTx = = yields the least possible
error when d*.7-%) = aist(4, ), where dist(4,B) = inf{d(a,b): a < 4, b B}.. Here
the approximate solution 2+ is called a best proximity point of the
considered nonself mappingr : 4 — B. Note that a best proximity point
yields the global minimum of the nonlinear programming problem
winead(e.T2) SINCE d(w.Ta) > d(A.B) for all = < 4,

As it is emphasized above, the continuity of the given mapping has
a crucial role in obtaining the existence and uniqueness of the fixed
point. On the other hand, the continuity is a heavy condition for the
given mappings. Consequently, the following natural question appears:
is it possible to find a fixed point of a given mapping that is not
necessarily continuous? An interesting affirmative answer was given by
Kirk, Srinivasan, and Veeramani [14] (see also, for example, [7, 9, 16]).

Theorem 1. Suppose that (X, d) is complete metric space and the letters
A, B reserved to denote nonempty closed subsets of it. If, for a nonself
mapping T: AU B — AU B with T(4) c BaaT(B) c 4 there exists k= 0.1) such
that d(rz.7y) < k) for all =<4 and v=5, then T possesses a unique fixed
pointin 4 N B.

In Theorem 1, 7 is called cyclic map. In [10], the concept of “cyclic
map” was extended as p-cyclic map as follows.

Definition 1. (See [10, Defs. 3.1, 3.2].)Let 41424, peNp=2 be
nonempty subsets of a metric space (X, d).

(i) A map 7:U 4~ U A . is called a p-cyclic map if 1) cau for al
ie{1.2.....0}, where4,.; = 4. 11p = 2., the map 7 is called cyclic.

(ii) A point = € 4; is said to be a best proximity point of T in Ai if
A; if d{z, Te) = dist(A;, A;). Where dist(4;, Apy) = inf{d(z, v): @ € Ay, v € Ay ).

For p-cyclic maps, the distances between the adjacent sets play an
important role in the existence of a best proximity point. In [17,21] and
[12], the authors investigated the problem of finding a best proximity
point for a p-cyclic map in which the distances between the adjacent sets
need not be equal.

In [3], the following lemma is proved, and it is used to prove the main
results.

Lemma 1. (See [3, Lemma 3].) Let A and B be nonempty closed subsets
of a uniformly convex Banach space (xX.\-\) such that A is convex. e {z.).4=}
be sequences in A and (v} be a sequence in B satisfying:

(i) 20 =yl = aist(4, B);

(ii) For every >0 there  exists NeN such  that

| — ynll < dist(A, B) + e for all m >n = N.
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Then for every «>o. there exists x.=v such that for all »>n> .10, <«

In [11], the following notion of cyclic orbital contraction is introduced
in which the contraction condition need not be satisfied for all the points.

Definition 2. Let 4 and B be nonempty subsets of a metric space X.
A cyclic map 7:4uB - 4uB is said to be cyclic orbital contraction if for
somez < 4, there exists «k <. such that

d(Tg“;r: Ty) < f:xd(T%_lm: y) YVye A, neN.

In [13], the following notion of .-cyclic orbital nonexpansive map is
introduced.

Definition 3. (See [13, DEf. 6].) Let 4. 4..... 4, < 1.p>2 be nonempty
subsets of a metric spaceX. A p-cyclic map 7:UL 4~ UL 4 is said to
be p-cyclic orbital non expansive if for some =<4a<i<» and for each
k=0.12....(p- 1. the following inequality holds:

d(TP the, THy) < (TP 12, Thy) vy e A;, neN.

In [5,13] and [20], the authors investigated the existence of fixed
points and best prox- imity points for various types of cyclic orbital
contractions. Cyclic orbital contractions can be compared with the
notion of “contractive iterate at a point” introduced in [19], later
generalized in [4] and [6].

In [1], the following notion of cyclic ¢ -contraction is introduced.

Definition 4. (See [1, Def. 1].) Let A and B be nonempty subsets of a
metric space xands:[0,) - [0.) be a strictly increasing map. A cyclic map
r:4uB - auB is said to be cyclic ¢-contraction if

d(Tz,Ty) < d(z,y) — 6(d(x,y)) + 6(dist(4,B)) VYVze A, yeB.

Proposition 1. (See 8, Prop. 1].) Let x be a strictly convex normed
linear space. LerdiAs....4, be nonempty and convex subsets of x.
LT 0 A+ A be a p-cyclic map. Then T has at most one best
proximity pointin 4, 1<i<p

2 Main results

We introduce a notion called p-cyclic orbital ¢-contraction, which is
defined as follows

Definition 5. Let A, 4.4, ¥.p >2 be nonempty subsets of a metric
space x and ¢ : [0.) — [0.) be a strictly increasing map such that ¢ - o.
We say that a p-cyclic map 7: U, 4. + UL, 4. is p-cyclic orbital ¢-contraction
if for each k=0.1.2.....(»—1) and for some: <41 <i<p), the following
inequality holds:

d(Tpn—’_k;L",Tk—’_ly) \<,, d(Tpﬂ—’—k_l;l?,Tky) . @(d(TPn—f—k_l;r:Tky))
+ ¢(d(Aigr—1,Aitr)) Yy € Aj, ne N,
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Proposition 2. Every p-cyclic orbital ¢-contraction map is p-cyclic
orbital none xpansive.

Proof. Let T be a p-cyclic orbital ¢-contraction map satisfying (1)
for some = e A a<i<p.. Since A A < are ) and ¢ is a strictly
increasing map, we have

. i k—1 k
O(d(Ajyp—1,Ai1y)) < o(d(TP 2, T y)(l)-
Substituting equation (2) in equation (1), we get
d(Tpn—’_k;I?: Tk-f—ly) g d(TPﬂ—l—k_l:F,Tky) o @(d(TPn+k_1$:Tky))
+ @(d(Tpn—'—k_l.’E?Tky))
= d(TP”Jrk_l;r,Tky).

This completes the proof.

Proposition 3. Let Ay, Az, A, (p € N.p > 2) be nonempty subsets of a metric
space X. Let ¢ : [0,50) = [0,) be a strz'a‘ly increasing map. 7T UL A = Ul A
is a p-cyclic orbital p-contraction map such that equation (1) holds for some
weAa<i<p. then

Iim d(Tp”+k;1?, Tp*1+k+1y) = dist(Aj+r, Aitr+1)

T—r Do

Vye A, ke {0,1,2,....p).

Proof. Lety € A, (1 <i<p be arbitrary. Letd = dist(Ae Avpicr)
andd. = d@te oty for nen Then {4072 is a nonincreasing sequence
of non- negative real numbers and bounded below by dist (4:s.4:.1).
Therefore, (#.};, converges to r (say). This implies that r = if..d, and r > d.
Since T is p-cyclic orbital nonexpansive, we have

dﬂ_|_1 < d(Tpn—f—k—l—l:r,Tpﬂ-l-k-l-Qy)
g d(Tpn-f-kz: Tpﬂ-f—k-f—ly) _ é(d{Tpn-f—km?Tpn-i—k-i—ly))
+ O(d(Ajpr, Aisitr))-

This implies that

o(d,) < dp, —dpiq + 0(d). ()

As ¢ is strictly increasing and ¢<r <4, forall » e 1., we have

o(d) < ¢(r) < ¢(dn) Vnel.
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(4)
From (3) and (4) we get
Hence,
im ¢(d,,) = &(d).
—r oo (5)

By combining (4) and (5) we have ¢ = ¢@. This gives r = d as ¢ is a
strictly increasing map. Hence the proof.

Proposition 4. LA, .. 4, eNp =2 be nonempty subsets of a metric
space X.1a s (0.)  0,) be a strictly increasing map. y7T:U_, A — UL, A isa
p-cyclic orbital p-contraction map satisfying (1) for some « € A, (A <i<p) then

the following hold:

(1) limyp e d(TPTF" 1 TPrRy) = dist(A;ja i1, Aivr)
for everyy € A; and k €{0,1,2,...,ph
(i) limy, oo d(TPPPg, TP ) = dist(A;, Aivq);
(iii) lim,,_, o d(TP" Pa, TP lx) = dist(A;, A;xq):
(iv) lim,— oo d(TP"2, TP TPH12) = dist(A;, A;q).

Proof- By using similar argument as in Proposition 3(i)-(iv) can be
proved.

The following proposition is useful to prove the main result whose
proof follows from Lemma 1, Propositions 3 and 4.

Proposition 5 e, a,...4,0 < 5.0 > 2 be nonempty closed convex subsets of
a uniformly convex Banach space X. Lt - [0.0) - [0.<) be a strictly increasing
map. v7 Ui A~ U A is a p-cyclic orbital o-contraction map satisfying (1)

for some wc a0 <i<p. then the following hold:

(1) im0 || TP — TP TPz|| = 0;
(i) lim,,_, o |[|TP"z — TP Pz|| = 0;
(iii) lim,, oo |[TP* Tz — TPerPHig| = 0.
n— oo
Proposition 6. 1ot a,werin>2  be nonempty subsets of a metric
space X. Let ¢ - [0.00) — [0.00) be a strictly increasing map and o) = o If

YT UL A= U A s a p-cyclic orbital & -contraction map satisfying (1) for
somex2 Ai (16i6p), then

(i) dist(Aq, Ag) = dist(Ag, Az) = -+ = dist(Ap_1, Ap) = dist(A4,, 41);
(1) If {TP"z} converges to some & € A;, then £ is a best proximiry point of T in A;.
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Proof. (i) Letkeqo.12....0-1) be arbitrary. As T is p-cyclic orbital
nonexpan- sive, we have

(TP kg, PRl g) < (TP Rt TPntry).
Also,

dist(Ajsr, Aippr) < d(TPTrg, TP ),
Thus,

dist(Aitk, Aigrer) < d(TPHE e, TP ).

Now by taking limit on both sides and using Proposition 4(i) we get

dist(A;sx, Aipper) € lim d(TPTF 1, TPt g)

T—F OO

= dast (443;4_;;_ 1s 44i—|—k ) .
From the above inequality we get the following chain of inequalities

dist (Aiz1, Arsp) = dist(Aip, Aie1) = dist(Arpps Aispr1)
< dist(Aipp—1, Aivp) < dist(Aiyp—2, Aigp-1)
< - <dist(Aipp, Aigrrr) < -0 < dist(Aipr, Aigo)
< dist(A;, Ajqq) = dist(Aisp, Aigr).

Hence,
dist (A1, Ao) = dist(Aa, Ag) = - - - = dist(Ay_1, A,) = dist(A4,, A;).
(ii) Letd.» be the metric induced by the norm |z —y|. ».s « x. Now
dist(A;, Ai41) < d(E,TE) = n]i—lrl’;!:c d(T""z,TE)
< lim d(TPn_lx: £) = lim d(Tp”_l:r, TP"z)

n—FOC Tn—F00

= dist(Af_l, 44«;) = dist(A?-: 44-;.1_1).

Thus,dist(4:. A1) — (.79 and ¢ is a best proximity point of T in 4.

Theorem 2. red;a,...4,0=rp>2 be nonempty closed subsets of a
complete metric space X. Ler ¢ : [0.20) — [0.00) be a strictly increasing map
and () = 0.Let 7: Uz, 4. ~ UL, 4. be a p-cyclic orbital ¢ -contraction map of
type one satisfying (1) for some z« ;a1 <i<p Then there exists a fixed
point of 7, say, ¢=n 4. such that for any :=4.a<i<» satisfying (1), the
sequence {77z} converges to &. Proof. Let =<4, (1 <i<p satisfy equation
(1). Let us prove that given ¢ > 0. there exists an ng € N such that
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d(TPﬂ:E,TPmI) <€ Yn,m = ng

by induction on m. Lete > 0 be given. Now
d(TPﬂ:E, Tpm:r) < d(Tpﬂ-:C: Tpm+1;1?) + d(TPm+1:E, Tpma?).

From Proposition 4(i), for » - 1. we have tm,...ara77++12) = 0. Hence,
there exists an no € N such that

d(Tmn.‘E, Tpﬂ’ﬁ'f-lm) < (é) , D<d< (£> m = ny.
p : ©)

)

Hence, it is enough to show that

€

d(TP"z, TP lz) < 3

., m,n = ng.
7)

Fix » > such that (6) holds. Now (7) is true for m = n. Assume that

(7) is true for some m > ny. We will prove that (7) is true for m+1 in place
of m. Now

(TP, TPV g) < d(TP, TP ) + d(TP™ e, TP 2z)
+oe 4 d(TP Py, TP

<(5) (e

Hence, {17+} is a Cauchy sequence, and it converges to a limit, say, ¢ < 4.
For 1 =0 in Proposition 4 (i), we get we setlim, .. a2 772) =0 Now

d(&.T¢) = lim d(TP"2,T¢) < lim d(TP7 'z, €)
n—r o0 n—r 00
= lim d(T%" "'z, T""z) = 0.

n—oo

This implies that ¢ = T¢. and therefore,¢ is a fixed point in 4.. Since T is
p-cyclic, < =N 4. To prove that ¢ is unique, suppose 7 < 4; such that 7 =7»
Now from Proposition 4(i)

d(&,m) = lim d(T""z, T""t'p) =0

T —r OC

for k = 1. Thus, we have £ = n.
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Theorem 3.cerdiAs....4,0eNp>2 be nonempty closed and convex
subsets of a uniformly convex Banach space (x.). Lerd(e.y) = o~ 4l 2. € X, be
the metric induced by the norm.ze s 0.5) - (0.0) be a strictly increasing
map. T : U, 4 — U, 4 is a p-cyclic orbital ¢-contraction map of type
two, then for every = < 4: (1 <i<p satisfying equation (1), the sequence
{T"=} converges to 7. which is a unique best proximity point of T in 4..

Proof. If for every k=01, (p = 1). dist(Aisr, A1) = 0. then T has a
unique fixed point in (_, A: by Theorem 2. Let us assume that dist (a. A1) >0
We claim that for every « > 0. thereexistsan n=n such that for all n>n>n.

HTme — Trrtly

| < dist(A;, Airq) + €

Suppose not. Then there exists an<«>0 such that for all ex there
existsm>m>k for which

| TPy — TP+l > dist(A;, Aieq) + €05

By choosing 72, to be the least integer greater than 7 , to satisfy the
above inequality, we have

|TPeme—D g — TPretly|| < dist(As, Air1) + €.
9

Now by (9), for each &,

dist(A;, Ais1) + €0 < ||TP™ 2 — TP Fg||
< HTpm";z _ T]Dmic_i-"xH + HTpmm-—pm _ T'Pnk‘f'l:r_H

< Hir'imr.l,;zcm _ T]Dmk—pr + diSt(44j;44i+1) + €o-

By taking limit on both sides of above inequality as # — - and by using
Proposition 5(ii) we have

dist(A;, Aip1) + €0 < hlim HTPTM'JC — Tp’1k+13‘}} < dist(A4;, Aiy1) + eo.
i~ 00
That is,

lim HTPm”" x — TPretly
k— oo

= dist(A;, Ait1) + €o.
Now

HTPmk:r_ _ Tpn;,-+1$H < HTpm"-:a _ Tpmrkpr + HTpmer_,E _ Tp?lxc'i‘}J-f'l:EH

+ HTpni.-'f'P-i-lx _ TP";_--H;I,H'
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Now by using p — I times p-cyclic orbital nonexpansiveness of T to
”Tpmrhvz — Tpnk+ﬁ+lr“’ we get

HTp‘mgc-i—pa, _ Tpﬂk-l_p-'_l.‘l'” |T‘Pm},+1 Pﬂk+2$||
|T'pm}, — TPneTl, || _d (HTpm‘"‘;p — Tpﬂk+1$||)

+ o(dist(A;, Ait1)).

<|
<|

Let dist (4.4:) = dand |70 — 710 — . Then the above inequality becomes
[Trmtrg — Tom | < e — u) + o)

By using (11) in (10) we get
e < ||Tpm“ Tp”“°+p1:|| +pe — o(pg) + old) + HTW“""I""I:C — Tp”k""l;rH.

That is,

pre — i+ o) — o(d) < HTPmk T — Tpmkﬂsmn 4 H_:m:m~+1!3+1:C _ Tpnk—%l;l.H:

S(px) — 9(d) < TP e — TP *Pa|| + [T 7 Hly — Trmtial|. (12)
12

By taking limit on both sides of (12) as ¥ — ~ and using Proposition

5(i) and (iii) in (12) we have

lim ¢(pg) < o(d).

E—oo

Since for each .4 < i we have s <l o). Hence,

lim ¢(ux) = &(d).
k— oo

Sincep > d+«. by (8) we have o) >ed+«).  Thus,
limy oo #(ux) > 6(d+ o). That is, ¢(d) = o(d+ ). This is a contradiction to the fact
that ¢ is strictly increasing and 4 < d+ «. Hence the claim.

Now by Proposition 4(i) fork=1.jrme-17+12] - aist(4. 4. Combining this
with the claim, by Lemma 1 we have the following; for every « > 0. there
exists an », ¥ such that

HTPm:E — Tp”.-rH <€, M>n>ni.
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Therefore, (7=} is a Cauchy sequence in 4, and it converges to a
point ¢ < 4. By Proposition 6(ii) and Proposition 1, ¢ is the unique best
proximity point of T in 4.

Example. Consider endowed with the Euclidean metric.tet 4, 4, 45 4, be
the subsets of x defined as follows:

Ay = {(z1, 22

Ay =1

( )

Ay = {(x1,29): 1 =0,
( ): 1

Ay = {(:}:’-1:;1:2)

(0,
(0,
T((z1,22)) = (L.
(0,
L (=

T((0,1)) = (1,0), T((1,0)) = (0,—1), and T((0,—1)) = (—1,0).

Define ¢:00.0) ~0xwaw =e/a+n.c>0 It is easy to see that T is a 4-
cyclic map and ¢ is a strictly increasing map. We note that dist
(oaen=vai=12347 is 4-cyclic orbital ¢-contraction for all points in the
SEt S={{(wra) € Aim 1< < 15,2, =0}, (0,1) € Ay, (1,0) € Ay, and (0,~1) € A,}. The unique best
proximity point of 4:is (1,0 43 is (0,1). 45 is (1,0). and 4. is (0.-1). We see that for
all = = 5. the sequence {7z} converges to the unique best proximity point
of T in the respective set. Further, » = ¥ \s do not satisfy condition (1), and
w4 do not converge to the best proximity point.
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