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Abstract: This paper investigates the global dynamics for a class of multigroup SIR
epidemic model with time fractional-order derivatives and reaction—diffusion. The
fractional order considered in this paper is in (0, 1], which the propagation speed
of this process is slower than Brownian motion leading to anomalous subdiffusion.
Furthermore, the generalized incidence function is considered so that the data itself
can flexibly determine the functional form of incidence rates in practice. Firstly, the
existence, nonnegativity, and ultimate boundedness of the solution for the proposed
system are studied. Moreover, the basic reproduction number RO is calculated and
shown as a threshold: the disease-free equilibrium point of the proposed system is
globally asymptotically stable when R, <1. while when R, > 1. the proposed system
is uniformly persistent, and the endemic equilibrium point is globally asymptotically
stable. Finally, the theoretical results are verified by numerical simulation.

Keywords: SIR epidemic model, multigroup, reaction—diffusion, fractional order,
asymptotic stability.

1 Introduction

As we all know, mathematical models play an important role in
researching the dynamical behavior of infectious diseases. In the classical
epidemic model, it is generally considered that individuals are completely
mixed, and everyone has the same possibility of infection. However,
due to the differences in age, geographical distribution, and other
factors, it is more realistic to divide the total population into several
different populations, that is, to establish a multigroup epidemic
model. Lajmanovich et al. first proposed the SIS multigroup systems
and researched the stability of the endemic equilibrium point [11].
Subsequently, there are many research efforts devoted to investigating the
importance of multigroup epidemic models [6, 8, 14]. Guo et al. were
the first to successfully establish the complete global dynamics of the
multigroup epidemic model based on the basic reproduction number [7].
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Boosted by the work of Guo et al., many researchers discussed the stability
of various multigroup systems [3, 15, 20, 21, 25].

Meanwhile, individual diffusion behavior is widespread in the actual
propagation of infectious diseases. With the development of global
transportation, individuals in incu- bation period can easily travel from
one place to another, which is thought to be one of the main reasons of the
global pandemic of infectious diseases. For instance, SARS first appeared
in China’s Guangdong Province in November 2002 and then quickly
spread to other parts of China and even the world [26]. Also, COVID-19
was first detected at the end of December 2019 with successive cases
occurring worldwide. Therefore, in order to better understand the impact
of population mobility on the spread of infectious diseases, it is necessary
to incorporate human movement into epidemic model to provide more
theoretical guidance for epidemic control. Li et al. analyzed the stability
and the uniform persistence of a SIRS epidemic model with diffusion
[12]. Xu et al. studied the stability and the existence of traveling wave
solutions of a SIS epidemic model with diffusion [28]. Recently, many
diffusive epidemic models have been used to model within-group and
inter-group interactions in spatially environments, for example, Wu et al.
investigated a multigroup epidemic model with nonlocal diffusion and
obtained the asymptotic behav- ior of traveling wave fronts [27].

It is worth noting in real life that the spread of infectious diseases
not only depends on its current state, but also on its past state.
Actually, it can be achieved that current state of fractional-order
epidemic models depends on the past information since any fractional
derivative contains a kernel function [30]. Furthermore, Smethurst et
al. found that the patient waits for the doctor’s time to follow a power
law modelr(s, > )= B 241 [24]. More importantly, Angstmann et al.
proposed a infectivity SIR model with fractional- order derivative, and
they showed how fractional-order derivative arise naturally by con-
tinuous time random walk [2]. As generalized of classical integers ones,
Hethcote firstly proposed a fractional-order SIR model with a constant
population [8]. Then Almeida et al. considered the local stability of two
equilibrium points of a fractional SEIR epidemic model [1].

Typically, the reaction term describes a birth-death reaction occurring
in a habitat or reactor. The diffusion term simulates the movement
of the individual in the environment in real-world applications. The
diffusion is often described by a power law =) - =()* ~ pi*. where D is the
diffusion coefficient, and ¢ is the elapsed time. In normal diffusion, the
order o — 1. Butif o > 1. particle undergoes superdiffusion, which mainly
describes the process of active cell transport; if « < 1, this phenomenon
is called subdiffusion, which can be the diffusion of proteins within
cells or the diffusion of viruses between individuals [29]. And it results
in a Caputo time-fractional reaction- diffusion system with fractional
order « < 1. Meanwhile, it is pointed out in [19] that long waiting times
model particle sticking, and the density of this process spreads slower
than normal diffusion. Also, as shown in [19], Caputo time-fractional
reaction— diffusion curve has a sharper peak and heavier tails, which can
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be used to describe the ability to control the transmission of the disease
when only a small number of people are infected, such as COVID-19. The
study of subdiffusion system has attracted widespread interest in recent
years. Mahmoud et al. studied the Cauchy problem of the fractional-
order evolution equation and obtained the expression of the solution of
the time fractional- order reaction diffusion system [18]. The subdiffusive
predator—prey system is discussed, and the analytical solution of the
system is studied in [29]. However, few works have been devoted to
studying the subdiffusion epidemic model. Motivated by this, in this
work, we focus on time-fractional reaction—diffusion epidemic system,
which means the spread of infectious diseases is slower than a Brown
motion.

Based on the above discussion, the dynamics of the multigroup SIR
epidemic model with generally incidence rates is investigated in this
paper. Particularly, the susceptible individuals, infective individuals, and
recovered individuals are assumed to follow Fickian diffusion.

The organization of this paper is as follows. A class of diffusive SIR
epidemic model with time fractional-order derivatives is formulated and
some preliminaries are introduced in Section 2. In Section 3, global
dynamics of the proposed model are studied, and numerical simulations
are presented to illustrate theoretical results in Section 4. Finally, a brief
discussion is given in Section 5.

2 Model development

Before presenting a class of multigroup reaction-diffusion SIR
epidemic model with time fractional-order derivatives, some necessary
preliminaries are presented.

2.1 Preliminaries

This section begins with some notations, definitions, and results.
Notation. Let v=c(@r") be a continuous function; v, = c@r? be the
positive cone of v:x-vx«v with the norm [¢|x = max{|é:]+. |¢[+}. Where
o=(n4) and @ e vi=12:x beaopen set of x such that x — x0 uax. where ox
is the boundary of x:x, - v. «v. be the positive cone of x.
Definition 1. (See [22].) Caputo fractional derivative of order aa ¢ ro)
for a function 1 < ac”(0.~).®) is defined by

L
o _ n—ao yn _ 1 f(ﬂ}(T)
S0 (1) = (IG7°D" ) () = s / e T

WhCI‘C R(a) =0 and n=[R(a) + L
Lemma 1. Let ai(x) ¢ £2(2) and F(t.2) € L=((0.T}: L*(2)) be nonnegative and
w@0ii=1.2 be the solution to the following system, respectively:

p2
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If a1(x) 2 az(x) and Fr(z,t) = Fa(a.t), then yy(a,t) > y2(a,t) for 2 % (0,T].

Proof. Let vt = w0 w1 then ve.o satisfies the following system:
0D y(x,t) = dAy + Fi(t, z) — Fy(t, x),

?_y:(]: zedR te(0,T],
ov

xe 2, te(0,T]

y(0,2) = ay(x) —as(x), =z € 1.

Based on u()-ax) >0 and .5 -Fu@e = 0. we have v > 0. Therefore, it can
be deduced that st > w0

Lemma 2. (See [29].) Consider the following system:

EDy;(x,t) = diAy; + fi(tx,y;), z€2,i=1,2,...,

. T,
o,
Vi 0, zedn i=1,2...n,
dv
yi(0,z) = ai(z), ze2,i=12,...,nl (1)
Suppose 1. is mixed quasimonotonous and satisfies the local Lipschitz
condition

| fi(ur, uz, us) — fi(vi,va,vs)| < L(|ug — v1] + |ug — va| + |ug — vs

),

where  is constant, and u.-v| <= where €0 is a given constant. If the
upper solution v(z,#) and the lower solutions v satisfy ve.o < ve.o. system
(1) has a unique solution in v.0.ve.0!

Lemma 3. The system with time fractional-order derivatives
§Dfu(z,t) =dAu+b—pu, x<0,te(0,T].
du |

— =0, xzedf, te(0,T],

ov

u(0,z) = a(z), =€ (2)

has a unique global asymptotic stability of constant equilibrium « v
Proof. Define the Lyapunov function

1
Viu) = 5 (u— u*)g dz.

2

Calculating the fractional derivative of vw along the trajectories of
system (2), one has
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DYV < ](u —u*){Dfude = —( /;a(-u —u*)? de + / [ Vu||? CL’E‘) .
2 2 2

Let
Vi= /,u(u —u")dz + [HV’U-H2 dz > 0,
2 2
and..=0ifand onlyif. = ... Then according to [4], there exists a unique

global asymptotic stability of constant equilibrium .. = b/« for system (2).
Lemma 4. Consider the following system:

SDpw) = o(w(®),  w(0) =wo, |,
where o) satisfies the local Lipschitz condition, and o < o <1 Then for
00 078 has wit+ i, wo) = wit,w) WILH wy = w(ty, wo).
Proof. According to the definition of Caputo fractional-order
derivative, one has

Let s—¢+t.then

t+11

1 w(T) — olw(t 4
m0/<t+tl-ﬂﬂd“g( (+8u))

By calculation, gpg,u(t + ) = swi+ ). Hence, wit+t,uw) is a solution of
system (9). Further, w(t + t1.wo)limo = w(t1. ws) = w;. By the uniqueness of the
solution it is deduced that w(t +t,we) = w(t, wy).

2.2 System description

In [10], Korobrinikov et al. studied a multigroup SIR model as follows:
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dS T
— =A—HS - S B

j=1
Iy & i
s =mS Y Byl — ol
i=1

dt

Ele:?‘ka—,{LRk, ;621:2---:'”'
dt “

But individual movement is not be considered in system (4) that is
unrealistic, then Wu et al. considered the following SIR epidemic model

with diffusion [27]:

dS, —

o d1xASE + b — p1p Sk — ; BriSkg;(L;),
df; - .-

T dop Al + J:Z:l BriSkgi(L) — (par + ri) Ik,

dR;.

p—— Zdl_IL-ﬂS;C—I—?‘;;IJL-—IiLg;L-R;h E=1.,2....n.
dt 5)

Based on the previous analysis, since fractional order has the long-
term memory, which can describe the spread of infectious diseases more
accurate. In addition, it is traditionally assumed that the incidence of
disease transmission is bilinear with respect to the number of susceptible
individuals and the number of infected individuals. But in reality, it is
often difficult to obtain detailed information on the spread of infectious
diseases because they may change with the surrounding environment.
Therefore, the general incidence rates will be chose in this paper.
Motivated by the above work, as an extension of system (5), a class of
multigroup SIR epidemic model are investigated as follows:
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§Dg Sy, = dyp ASy + by — 1Sy, — Zﬂ: Brifr(Sk)g;(I;), =€ 802, t=0,
j=1
SD{ Iy = dor AT +Zﬂ:.5kjfk(3k)gj(fj) — (o + i) e, TER, >0,
=1
§Df Ry = dsr ARy + rels — pseRe. 7€ 2.1 0
%:%:djk =0, €9, t=0

(Sk(0,2), 11 (0,2), R (0, ) = (11 (), do (), dar (),
re 2, k=1,2,...,n, (6)

Where ¢o: implies Caputo fractional-order operator o<a<u:a=-oo:
denotes the Laplace operator;a/o0 denotes the outward normal derivative
on the smooth bound- ary 92:5,(z.1). 1,(x.1). and R.(=.1) represent the number
of the susceptible, infective, and recovered individuals in #h group at time
t and spatial location z. respectively; i ¢ = 1.3 imply the nature death
rates of s, and Rxin #n, respectively; #2- denotes the disease-related death
rates of % in kh; b, represents the recruitment rate of the total population;
r= implies the recovery rate of the infected individuals in kth group; .,
(k=1.2.3 denotes the diffusion rate of s.. . and = in kn group; 5., represents
the infection rate of s, infected by 1,. Furthermore, di. bi. pux (i = 1.2.3). i
and r« are positive constants for & =1.2.....n. and s,(:#) are nonnegative
constants for k=1.2,....n.

Before giving the main results, hypothesis in terms of generalized
incidence ratess.(s) and (1) is made as follows:

® o s and g satisfy the local Lipschitz condition and s = o
gr(0)=0fork=1,2,....n:

i si(s:) is strictly monotone increasing ons; < [0,) and a(/x) is strictly
monotone increasing onr; < 0.0 forall k=12, n

(i) gx(1x) < el for all 7, > 0. where e = g(0):

() (B)i<ks<n is nonnegative and irreducible. Furthermore, 5, > o if and
only if 4;(1;) >0 forz > 0. ands., -0 if and only if 1) =0

W p<pm+m forall k=1.2,....n

Remark 1. Note that under hypothesis (H), many existing
models can be regarded as a special form of system (6), such
AS folSk) = xSk fo(Si) = enSu/(L + arSn). grli) = exli grll) = el /(L+ bTy). and other
nonlinear incidence rate in [16].

3 Model analysis

Some dynamical behavior of system (6) are investigated in this section.
Here it can be found that the susceptible class s, and the infected class
1, are not effected by the recovered classz: of system (6). Hence, we will
focus our attention on the following reduced system:
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6D S = dixASy + b — 1Sk — Y By fe(Sk)g; (1), @ € 12,

=1

6D T = dor Ak + Y B fr(Sk)g; (1) — (pok + i), x € 02

oDy Iy, 2k AT, Brj fx(Sk)g;(L; pok + i)k, T € 12,

j=1

oSy Ol ,

(‘_.)U—%—O, redf, t>0,

(Sk(0,2), It (0,2)) = (d1k(x), dor(z)), =€, 1<k<n. o
Then some basic properties of system (7) are discussed in following

parts.
3.1 Nonnegative and boundedness

It is significant to demonstrate the existence, uniqueness, and
boundedness of a nonnega- tive solutions for system (7) before
implementing its stable process. Thus, this subsection moves to the
discussion of proprieties mentioned above.

Theorem 1. Under hypothesis (H), there exists a unique nonnegative
solution w0, I(x,t)) of system (7), and it is also ultimately bounded
Jfor any given initial function oiz) = (i) 6n(x) € Xy k=120, where
S(w, 1) = (S1(x,t), Sa(w,b), +..r Sulz t)), and I t) = (I (. 0), Lo, 1), ..., I (2, 1)),

Proof. Consider these two function Fu(Si.fi) = b5~ S0, B fu(S)g, (1)
and (s 1) = S, A filSio (1) - e+ ol According  to  condition (i) in
hypothesis (H), itis obvious that i, and . are mixed quasimonotonous.
Consider the following auxiliary system:

DSk (t) = —pinSy — Y Bri F(S1)g;(L),
=1

SDFLi(t) =) B F(Sr)gi(Ly) — (paw + 7%) L.
=1

5,(0) = I,,(0) = 0.

It is obvious thats,.z) - 0.0 is a pair of the lower solution to system (7).
Then, according to Lemma 1, one has s, > 0and 1, > 0.
Furthermore, the following auxiliary system is introduced:

ED&S(t) = by, — p1x S, Sk(0) = ||Sk($= U)Hm

then the above system (8) has a solution as follows:
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520 = (1S40l = 2% ) Ba(cpunt®) +

Therefore, timsup,.. 5ut)  b/ue. then there exists a constant Ty satisfied s, <
w/u tort > T, Further, consider the following auxiliary system:

§DTy = [Brker fr(Tr) — (pak + )] I + Z Brei fie(Sk)g; (Tk),

) =1Lk
I,,(0) = || I (=, 0)][ . ©)

then the solution for the above system (9) is

I = B [(Brrcr fr(Sk) — (pak + ) )t%]

D it ik Bri fr(Sk) g5 (Ik)
Brrcr fe(Sk) — (par + 1)
D i1 ik Bri Fu(Sk) s (In)

Brrchfre(Sk) — (pok + 1)

i HIFC(R'O}HQ -

Similarly, n.o <70, Sincesorsie.n-n-ms. then

0 D7 Si(w. 1) — dikASk —bi Sk + 3 B fe(Sk)as (L)
n =1

> B fr(Sk)gi (L) = 0.
j:1 (10)

However, it is easy to see that

§Dg Sy (,t) — digASy, — by, + xSy, + Y Brs fr(Sp)g; (1)
=1

= —b <0. (11)

It can be deduced from Eqs. (10) and (11) that

6D Sy (z,t) — dipASy, — F11(Sk, 1)
>0 >§ DfSp(x,t) — dipASy, — Fii(Sy, Iy).
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Similar to the above analysis, it can be obtained the following equation:
GCD?.T_:L-(;IT, f) — dzkﬂfk — F5; (gk: f_:L)
>0 >G DL (@, 1) — dor AL, — Far(Sy. 1,).

Based on the above analysis and Lemma 2, system (7) has a unique
nonnegative global solution. Furthermore, the expression for the solution

of system (7) is
t
Si(z,t) = TR (£) i + [ﬂﬁm(t — $)F1(Sk, I1) ds,
0
t
Ii(z,t) = TR (8) oy, + [ M) (¢ — §)Fo(Sk, I1) ds,
0
where
TR (t) = [ga(ﬂ)Gik(tQQ) dé,
0
MR () = o /Ht‘*_lga(ﬂ)Gik(tQﬁ) 49, i=1.2, k=1,2,....,n,
0
Call) = L [e)‘QEQ.J(—A) d\, zisanimaginary number,
2z
r

withc.o  represents a  probability density;cu®ee  represent
generated strong continuous operator semigroups by diA: Gult)so.
denoting generated strong  continuous operator — semigroups
bydzia — i — v k= 1.2,....n). can be rewritten by [23]

Gow(t)par = /TEk{t:I:Z)(ﬁf’Ek(z)dzw
5

whereT is the Green function yielded
Tor(t,x,z) = S eTJh'-”'IT'(;r)'-”IF(z) 1<k<n
2B\ by Ly H"’j 5"’ k) — — '3
j=1

with = be the eigenvalue ofiua -y~ with the eigenfunction «e

satisfying
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k_ i k I
0> 7 = —pop — 1 2 7y ?---Tj 2.

Hence, by the boundedness of the eigenfunction« one has

ke — 3 1.
Tow(t, z,y) < wap E wope b = wope™ H2ETTE)E

According the upper solutions, of system (7), one has msup,_ 5. = b/
which implies s is ultimate bounded. Further, the ultimate bounded of
1 will be analyzed. Let n, = s + 1, and 7 - j, M- Adding the first two
equations of system (7) and integrating it on . one has

C_Dt P,:.b E};L|Q| — ,L-:l;ng

Therefore, by [13] one has

o byl 2 bel2] bl
P < ( /(@m—q‘)gk) dz — = |)Ea [—mkia] +— = 12 (t — o0),
By Hik Hik H1k
o)
then there exist two constants M > 0 and7 >0

satisfying s < a for ¢ > 7. According to [17], the operator families ()
is uniformly bounded. Hence, there exist two constantsi; >0 and
Ty > Ty > 0 satisfyingr# < a, for ¢+ > To. Finally, the uniformly boundedness
of the infected group 1.1 can be studied as follows:

Ii(x,t) = TR (t)py + /ﬂ-f(ﬁ’” (t — 8)For(Sk, Ii) ds

UlllcboHom/[@ )0 (0)Gar (0(t — $)*) Fap, dO ds

| Brjwar fi(S9)e; M
< Mi||gol|, + Y == ——,
Il g —
where s =nun. thus 1. is ultimate bounded. Therefore, there exists
a unique positive global solution(se.o.1¢.1) of system (7), and it is also
ultimately bounded.

3.2 Stability analysis

In this subsection, the global stability analysis of system (7)
will be discussed. It is easy to find that the discase-free
equilibrium point £ = (s¢,0.5%.0.....52.0) of system (7) always exists where
s =w /i :=1.2....w Define the following fuction:
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Ro = p(M(S?)),

where M(s%) = (5, 715D/ (2 + rid)wen. and s015%) is the spectral radiuses of the
matrix M(s".

Lemma S. The basic reproduction number r, - .

Proof- Linearizing system (7) at the disease-free equilibrium point s,
one has

DCD?ML- = digAury — prpag — Z B i (SE)CJ"U-QJ'

i=1
§D{ugy = dopAugy, — (pay, + ri)u Bri fi(S)eiua;
0 D uar, = dog Ausy — (par +ri)uar + Y Brj fi(Sk)cjuz;.

j=1

Let r=unhenn and v =dig(un + 1,0 +). Then it is easy to find
m(s’) = v=r. Obviously, we have # - ,v-'». By the definition of the basic
reproduction number [5] one has &, = o(#v—"). Thus, by the properties of
matrix eigenvalues it can be deduced that &, - r,

Therefore,r is considered as a threshold parameter in place of &, In the
following, the uniqueness and the global stability of £ = (s¢.0.52,0.....52.0)
are studied.

Theorem 2. Under hypothesis (H) and <1 there exists the unique
equilibrium point o of system (7), and it is globally asympototically stable

in domain . where
f:ﬂxfgx---xfn, sz{(Sk,Ik)ER+: S,ILE:__S‘E}

Proof. Let s—(s,,5,,...,5.%. 50 — (s0,50,....soy%, and 1= (.L.....1.)". where $§=b/u.

Define |

M(S) = Brj f(Sk)c; '

H2k T Tk 1<k, j<n

It is clear to find from .0 < r that 0 < s, < s2 ¢ = 1.2.....». Then one has
0 < M(5) < M(s%. Since B is irreducible, it can be obtained that (s
and Mm% are irreducible. so ar(s%) + 11(s) is also irreducible. If 5 = s, the
inequality »(1(5)) < par(s%) holds. Further, it can be deduced thate(s) <1
if s < s* and s # s°. Thus,a(s)1 = 1 has a only trivial solution 1 = 0. This
shows that x° is the unique equilibrium of system (7) when # < 1. Further,
M) is positive, then & - (s is an eigenvalue of the matrix M%),
and (" has a nonnegative eigenvector corresponding to »(s°). Let
a=(o.02...0) e the positive left eigenvector of (s") corresponding to
the spectral radius »0us*). that is, (a.as. . a0p(4(s") = (@105, a)r(s°). Define
Lyapunov function

153



Nonlinear Analysis: Modelling and Control, 2022, vol. 27, nim. 1, Enero-Marzo, ISSN: 1392-5113 / 2335-8963

/ — I dax.
k=1 2k —I— >

mn

L1(t)

Calculating the time fractional derivative of . along the trajectories of
system (7), one has

Crya
oD It Z /sz + 7y (Zﬁk}fk (Sk)eily — (p2k + 75 )1 ) dz
= /p(f'.-f(so) —1)al da.

2

Let..(.)

Let .0 - 1,0 - srsorae. which is a positive definition function in r. Then
itis concluded from [4] that & is globally asymptotically stable in domain
r.

Theorem 3. Under hypothesis (H) and -1 system
(7) is wuniform  persistence, that is, for any initial value
Oule) = (G11(2), 0a () & Ko with dye £0Ck =1.2,....m). the solution (s(1.0).1(..0)) satisfies

liminf Sk(t,¢) > 6, liminfli(t,¢) 25, 1<k<n,

t—ro0

where 5>0 is a constant.
Proof. Define a set

Xo={o=(d1,02) € Xy: dox Z0, 1 <k < n},
and
0Xo =X, /Xg={od=(¢1,02) €Xy: ¢ =0, 1 <k <n}.
Letv(t.a) = (s.1) be the solution of system (7) under the initial value
Yo=Y (0.2) = (0ile).eate)) « % Forany ¢ > o.it can be known thatall nonnegative
solutions(s(t.4). 1¢.4)) generate asolution semiflow () : x. — x, with 71y, =

Y(t,, ). Thus, we have T(0)y, = v(0). and it is obvious thatr©) - £. where £ is
the identity matrix. It can be deduced from Lemma 4 that

Tt+s)Yo=Y(t+s,z, ¢)=T({t)Y(s,z,0)=T(t)T(s)Yo.
Then 70+« =107(s). Based on the above analysis, one has () isco-

semigroup on x.. Obviously,7(1) is compact for ¢ > 0 and point dissipative
in x.. The following system is considered:
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1kSk-

It can be found from Lemma 3 that s is globally asymptotically
stable. Thus, system (7) is globally asymptoticaﬂy stable at the
disease-free equilibrium pointe® = (st.0 0.It can be deduced that
the discase-free equilibrium g0 in is ox, a global attractor of 7.
which implies o@x) - (5. Let M = ). where a = 20} Considering
fo>1 there exists a sufficiently small constant = >0 such that

p(M(5°%e0)) > 1. Where s(M(5°,20)) = (5 /57 = 265/ ok + riDmen: If wo(% 1 xo £ 0. there
exists a solution (5.7 of system (7) with the 1n1t1al value such that
(Sk-Ii) — (S,0) (B = 1.2,..., mast o, then there exists a constant r>o0 such

that s> 50—« and 5 >=tort >+ Since B is irreducible,ar(s.<y) is irreducible.
Let(ar.az.....e) be the positive left eigenvector ofM(s°.z0)corresponding to
the spectral radius r0us.0). that is,

l:Ojls L85 PRI & )p(ﬂj—(sﬁ ED)) = (a-l: (D P a'ﬂ]ﬂ'f(sos EO) .
Define the following arbitrary function:
1(t) = Z / n — I da.
Le T
=1 H2k k

Calculating the time fractional derivative of 7. along the trajectories of
system (7), one has

Ty

SD{Ly(t) > / p(M(S°.20) —1)al dz >0,
17

which leads to a contradiction with s 1,) = 0. Therefore,w=z°) n x, — 0.
Thus, it can be deduced from [25] thatr is uniformly persistent. It is
concluded that system (7) is uniformly persistent.

The ultimate boundedness and the uniform persistence imply the
existence of a pos- itive equilibrium point of system (7). Therefore, the
existence and global stability of the positive endemic equilibrium point
of system (7) can be further discussed.

Theorem 4. Under hypothesis (H) and &, - 1. system (7) has at least one
endemic equilibrium v = (si. 1.5, 1) satisfying

b = parSy + ) Bri fr(S5)g; (1),
=1
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> Bri Fu(Si)gi (1) = (par + ) I}
=1

Furthermore, if

(fk(sk)gj(fj) fre(Sg)g5(1; ))(fa(qa)gj(f) fk(SE)gj(I;))<0
Sk S; Sl SiI: o

system (7) is globally asymptotically stable at the endemic equilibrium

point E*.
Proof.  According to  Theorem 1, for any given
initial condition (=) = (bule). ex(o) <% k=12 the corresponding

solution (si(z,#), Iu(2,#) (k = 1.2.....n is ultimately bounded, and system (7)
is uniformly persistent when @, ~1. Therefore, there exists a positive
equilibrium point E* of system (7) that satisfies Egs. (12), (13).

Next, the global stability of # - (si.1:....s:.r) will be analyzed. Define the
Lyapunov function

"
Lo(t) = E cxVi(t),
k=1
Where
* * Sk * * IF{
Ifli\,(t): /[(S"‘_S"'_gklnﬁ)_ (I]‘—Ik—f;\lnf—*)} d.'E._ 1§k\<\n.
0 k k

and the coeflicients ¢ will be determined in Eq. (20). Calculating the

time fractional- order derivative of " along the trajectories of system (7),
it can be conclude that

ED?I,fk(t)g/(l— gi)dlkaskdi /(1——)@&1&1& dz
2 2
S*
—/(1— )P’Jlk(qh S’:)dz
Sk
n

/Z B [ (Sy) g4 I*)(l - %) +ij3fk Si)g;(L; )Sk dz

Sk

*

/ijJfﬁ (Sk)g;(L; )I — (por + ri)({r — If) da.
o 15)

For each 1<% <n. it can be deduced from the divergence theorem that
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/dlkASk do = 0, /dgkﬂfk dz = 0,

7) 2
f di ASy, dg::/dlkuvz'gk”z de, /deAIk dx:fd2k|sz||2 d.

S 52 T 7

Thus, Eq. (15) can be deduced that
5 D§Vi(t)
2 9 a2
52 I S
I 7)

= . . St fi(Sw)g; (I;)S: I
3 B fu(Si)g; (1) (2 — 2 4 2RIk Tk
+/ Pri 5oy 4 )( Se T fe(S0)g; (I7)Sk I

o 1=1
B fk(sk)gj(fj)fz)dx'
fk(sz)gj(‘{;)jk (16)

Let i(w) = 2= 1 —Ina, then

9 _ §+ fi(Sk)gi (L;)Sy I fr(Sk)gi (L) 15
Sk Je(Sp)ei(17)Sk I fi(S7)g; (7)1

_ _h(g) - h(skfjfk(sz)gj(f;)) B h(fk(sk)gj(fj)fg)
- \S Sty fi(Sk)gi (1)) Fr(Sp)a; (I

+h(;’_) - ;(}'_‘»)

Substituting Eq. (17) into Eq. (16), the following inequality holds:

2 2 o2
R B N L

52 2 Sy
Q Q Q
no s SiT; Fu(Sp)ay (13)
+!;dkjfk(5k)9;(fj)(h(i) h(.‘j‘;f}‘fk(sk)gj(fj))
) fk(smju-)fgf)) ,
h(fk(smgju;)fk @

+ h/ éﬁkjfk(sz)g}-u;)(h(f—}) —h(}'—")) dz.

Calculating the fractional-order derivative of . alongany solution of

system (7), one has
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- S| |? Tl Se—5%)2
S‘D?‘[’E < ch ( [Sl':d”f HVS;H dx fffgdzk [V k” dx /ﬁtlkwdl)
k=1 ) k b o

2 Sy
o zﬂ(w >( (3) - Grrenm)
+!2/Zn:q(}2:3“f;, (S5)a; (I ( (—) h(i“)))d;;.

Since £+ is the endemic equilibrium point of system (7), one has

;ck(éﬂm(sz)gju;)(h(;) —h (}T“)))

= Z h( ) > iBini(S7)ae(I7) — ci(par + i) I,
i=1 (19)

where ¢ denotes the cofactor of the #n diagonal entry of e 5, where

(18)

Zj?q .*31;‘ 321 s _.-"Snl_
B_| P2 2w Baj ... —Bn2
| _..1'317/1 __.1'327/1 s Zj?’_—ﬂ .'8‘1‘1j1
(20)
withs, = suneos . It can be deduced from [7] thati. - o exists a unique
positive solutlonc = (c1,e2....,¢n). Therefore,
E cifBik = ck E SL g -
=1 (1)

Thus, substituting Eq. (19) into Eq. (21), it can be obtained that

T

> ciBinfi(S))ae(I}) —c;»dejfk (Sp)g;(I}) = ex(par +ri)I7.

j=1 j=1

158



Zhenzhen Lu, et al. Global dynamics for a class of reaction—diffusion multigroup SIR epidemic models with time fractional-order deriwztz‘ves*,.,( 22)

Further, it is concluded from Egs. (18) and (22) that

§Dg Ly < —Ls,

- A VA . IVI|? S — S7)?
Lg:ch(/Skdlk 32"” cln:-+]fkdgk” Iz"' dr + /“”ﬂ“sk")df)
Iz .

— k
k=1 It o 2

u = . . S; Skl fi(Si)ai (L)
oS Zmrsnnnn (o(E) +(Grmemm)
i (Sk)g; ()T :
* "(fk<sg>gj (f;)fk))) -
Based on [4], the endemic equilibrium point & - s.5:.....s:.1) of system
(7) is globally asymptotically stable.
Corollary 1. When s - s. the endemic equilibrium point v = si1;.....
s is globally asymptotically stable if hypothesis (H) and &, > 1 satisfied.
Remark 2.1t can be seen that Corollary 1 is similar with Theorem 6 of
[17] when -1
Remark 3. Not considering infection between populations, that
is, when s,=00#) the reproduction number =& of group k
IS = seesi(s))/ e+ ). Furthermore,the disease-free equilibrium point

B} = (b/p.0) is globally asymptotically stable when # <1, and the endemic
equilibrium point & = si.1i) is globally asymptotically stable when =1

4 Numerical simulations

In order to verify theoretical results numerically, numerical simulations
are presented in this section. We consider system (7) with two-group
case, which is suitable for infectious diseases transmitted between two
cities or communities. Furthermore, system (7) with two groups (n =
2) can be calculated by the central difference method in L ; -type space
and Alikhanov-type discretization in time [9]. Furthermore, we consider
the following incidence rate as an example: si(s) = .. o) = i/ +-1). which ©
is a positive parameter measuring the psychological or inhibitory effect.
Obviously, s miu) satisfy hypothesis (H). The corresponding system
can be expressed as

§Dy Sy = di1ASy + by — 1151 — B11Sh 1 -&rfl — 1251 1 —:?rfz’
§D T = dor AL + 115 1 —;T%ﬂl + B1251 1 _:irb — (p21 +m1) 1,
§Dy Sy = d13ASy + by — 11251 — .521521 _&rh —_522521 —frfg’
§Df Iy = dys AL + .521521 Jflﬂl + .522521_57112 — (po2 + ?"2224‘;2)
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Let assign the following values to the parameters of system (23):

by =001, pp =012, By =055 F12=05 po =02 r =014,
bg = 001, Hi2 = 0.7, ,821 = 05, ,822 = 02, Ha22 = 01, Tro = 02

It is easy to calculate that & - o150 <1 Based on by Theorem 2, the
discase-free equilibrium point £° of system (23) is global stable which is
verified by Figs. 1 and 2. Further, the following parameters is chose:

by — 01332, g1 =015, B =055 Bia—05, po—024, r—0.1,
by =0.057, p12=01, B2y =05, F2=02, jpo2=015, rz=0.15

System (23) has a unique equilibrium point # = (si.1.5:.). It can be
calculated that #-10w1-1 and Eq. (14) is satisfied. Based on the above
analysis, the endemic equilibrium point #° of system (23) is global stable,
which is verified by Figs. 3 and 4.

Further, with regard to the disease-free equilibrium point of the first
group, the influ- ence of different fractional order . on the stability of the
infected are discussed. The error

009 - 0.
008 -
b 007 -
0.086 -

005 ..
4

Figure 1
The first group stability of the disease-free equilibrium E°.

Figure 2

The second group stability of the disease-free equilibrium E°.

160



Zhenzhen Lu, et al. Global dynamics for a class of reaction—diffusion multigroup SIR epidemic models with time fractional-order derivatives*..

008
- 004

an?.

Figure 3
The first group stability of the endemic equilibrium E.

images of the infected of - o.4md0 0750 ~075m0 095 are described in Fig,
5, respectively. It is easy to seen from Fig. 5 that although the infected will
disappear, different order o will have a sensitive effect on the change of
solution. Further, when o tends to 1, the numerical solutions of system
(7) are also convergent to the solutions of the classical ones [17]. But
the relationship between the change of the solution for system (7), and
fractional order o is not discussed.

Figure 4
The second group stability of the endemic equilibrium F’.

Figure 5

The error about different fractional order of the disease-free equilibrium point.

S Discussion

In this article, incorporating the population diffusion and time fractional-
order derivatives, theory analysis of a class of multigroup SIR epidemic
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model are investigated. Firstly, the existence and uniqueness of the
nonnegative solution for system (7) are established. By using Lyapunov
functions the global stability of the disease-free equilibrium point EO
is obtained when the basic reproduction number # < 1. Besides, when
Ro > 1. the uniform persistence and the global stability of the endemic

equilibrium point E* are discussed. The proposed model, a more accurate
epidemic model, can help us to understand some dynamical behaviors of
infectious diseases. Moreover, theoretical results may provide some useful
guidance for making effective countermeasures on infectious diseases.
However, the relationship between system (7) and fractional order « is
still an open question, which will be our future work.
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